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THE OLYMPIAD CORNER: 72
M.S. KLAMKIN

All communications about this column should be sent to Professor
M.S. Klamkin, Department of Mathematics, University of Alberta, Edmonton,
Alberta, Canada, T6G 2GI.

I start out with the nine problems of the 1985 Austria—-Poland
Mathematical Competition held in Hollabrunn, Austria. I am grateful to
Walther Janous for their translation and transmission. As usual, I solicit

from readers elegant solutions to these problems.
15% day, June 25, 1985 — time 4 1/2 hours.

1. If a, b, ¢ are distinct real numbers whose sum is zero, prove that
[(b-c)/a + (c-a)/b + (a-b)/c]la/(b—c) + (b/(c-a) + c/(a-b)] = 9.

A given graph has n 2 8 vertices. Is it possible for the vertices

[N]

to have the respective valences 4, 5, 6, ..., n—4, n-3, n-2, n-2,
n-2, n-1, n-1, n-1?
Prove that for any convex quadrilateral of unit area, the sum of the
lengths of its sides and diagonals is 2 4 + /8.

2" jav. June 26, 1985 — time 4 1/2 hours.

I

Determine all real solutions x, y of the system
x* + vt - xy® - 9x/8 = 0,
y* + x* - yx> - 9y/8 = 0.
5. We are given a certain number of identical sets of four integral
weights in grams. It is assumed that using all of these weights,
one can weigh all integral weights from 1 to 1985 grams inclusively. In how
many ways can such identical sets of weights be chosen if their total weight
is to be a minimum? Editorial note: There will be two answers depending on
whether or not one allows the (weighing) weights to be used on both sides of

the balance.

6. If P is an interior point of a tetrahedron ABCD, show that the
volume of the tetrahedron whose vertices are the centroids of the

four tetrahedra PABC, PBCD, PCDA, PDAB equals (vol. ABCD)/64.

~
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379 day, June 27, 1985 — time 4 hours.

Team Competition

7. Determine an upper bound for
(xy + 2yz + zw)/(x* + y* + 2% + w?)
which is valid for all real quadruples (x,y,z,w) # (0,0,0,0). (The smaller
your upper bound is, the more points you are awarded.)
8. The consecutive vertices of a given convex n—gon are Ag, Aj, ...,

An—l' The n—-gon is partitioned into n — 2 triangles by diagonals
which are non-intersecting (except possibly at the vertices). Show that there

exists an enumeration d4;, 42, ..., dn~2 of these triangles such that Ai is a
vertex of Ai for 1 £ i £n - 2. How many enumerations of this kind exist?
9. Py, Pz, ..., P“ are consecutive vertices of a given convex n—gon.
Show that there exists an interior point Q of the n—gon and three

x 41 and QPkP'k+1 are

acute (F"m_1 = Py). Editorial note: I have edited this problem to remove an

vertices Pi’ Rj’ P, such that the angles QP1P1+1’ QeiP

ambiquity in the translation I received. It is quite possible that the
original version is a different problem. A related problem is to determine

the maximum number of angles QPiPi+1’ i=1,2,...,n which can be acute for an

interior point Q.

*

Now through the courtesy of P.J. O’Halloran, I give the official
solutions of the 1983 Australian Olympiad [1983: 173].

March 15, 1983 -- time 4 hours.

Each positive rational number occupies an infinite number of

|

positions in the following pattern:
1,2 1,3 2 1 4 3 2 1.5
T°’1°2°1°2°3°*1T°*2°3°'34° 1

For instance the number % occupies positions 9, 42,

4 2 1,
:§$'3"z’5:

W

s . 1
(a) Find the first five positions occupied by the number 5 -
(b) Find an expression for the nth occurrence of the number % .
(c) Find an expression for the first occurrence of the number g, where p

and ¢ are relatively prime and p < gq.
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Solution.

1,2 3 2 1.4 3 2 1.5 4 3 2 1.6

I*1*12}|°1*2°3*'"717°2°3°4°1°2°3* 114|571
5 4 3 2 1 7 6 5 4 3 2 1. 8 7 6 5 4 3
2”?’1’5"6’T"{Z’E’Z’E’B”T’I’?’ﬁ’?{—’g’ E ’
2 1. 9 8 7 6 5 4 3 2 1,10 9 8 7 6 5 4 3
V)E’Taﬁagaa”g’Eav’g’g:T:‘z:gazsgagi'l?"g"
2 1 11 10 9 8 7 6 b 4 3 2 1 .12 11 10
9"['0’—1"_2’3’2!’5"6’7” '8 ,gsm’n,js’?v—g’
9 8 7 6 5 4 3 2 1 13 14 13 12 11 10 9
E:E;Eaﬁ:gagimsﬁ1ﬁa—"i:'° ’—T’——i’—ﬁ’j’_ﬁ’g’
8 7 6 5 4 3 2 1
7*8*9 | T0|*T1°>12°13°* 14 -

(a) The first 5 occurrences of 1/2 are at positions
3, 14, 34, 63, 101.

(b) Using finite differences

1 3 11

2 14 20 9
3 34 29 9
4 63 38 9
5 101

suggests the quadratic function
£(n) =3+ 1lm - 1) + 3(n - D(a - 2)

1

il

%(an - Bn + 2).

. n . . .
The nth occurrence of is TS This occurs in the section
1

- 3n - 2 n
1 3 2 'o-t ,Z'?', LIRS .

There are 3n — 2 sections preceding this one containing 1, 2, ..., 3n - 2

2
3n

terms respectively, so the number of terms preceding this section is

1(3n ~ 2)(3n — 1). Therefore 7 first occurs in position
2 on
l3n-2)3r-1) +2n=2%9n -5n+2).
2 2

(¢) Similarly, the first occurrence of p/q (p < q) occurs in the section
p+tqg-1 P
—

q
There are p + ¢ — 2 sections preceding this one so the total number of terms

preceding this section is

P +ra-2)p+aq- D).
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Thus the position in which p/q (p < q) first occurs is
1
sp+tqg-2)(pt+q-1) +q.

Subsequent occurrences of p/q are of the form %g (k > 1) which is in position
kq in the string beginning
k(p+q) -1
1 3o e

As k > 1, this string occurs after the stated first occurrence.

2. ABC is a triangle and P is a point inside it. Angle PAC=angle PBC.
The perpendiculars from P to BC, CA meet these sides at L, M

respectively, and D is the midpoint of AB. Prove that DL = DM.

Solution.
Draw altitudes AX, BY. D is the
centre of circle AYXB, with radius . D

r = AB/2. So
LD* - r? = LX-LB
MD?* - r? = MY-MA 2 v -
(see for example Corollary page 29 of Advanced Eucl idean Geometry by
R.A. Johnson) so we have to prove LX°'LB = MY-MA. Now (YBX = (YAX, so
subtracting the given equal angles we obtain (YBP = [PAX = 8 (say) and thus

ﬂ:.’f_X:sine
BP AP :

Since ABPL and 4APM are similar,

Therefore
LX-LB = MY-MA.
3. A box contains p white balls and ¢ black balls. Beside the box
there is a pile of black balls. Two balls are taken out from the
box. If they are of the same colour, a black ball from the pile is put into
the box. If they are of different colours, the white ball is put back into
the box. This procedure is repeated until the last pair of balls are removed

from the box and one last ball is put in. What is the probability that this
last ball is white?

Solution.
If the two balls taken out are both white, then the number of white balls

decreases by two, in the other cases it remains unchanged. Hence the parity
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of the number of white balls does not change during the procedure. Therefore
if p is even, the last ball cannot be white - the probability is 0. If p is
odd, the last ball has to be white — the probability is 1.

Editorial note: See also #30 in Olympiad Corner 63 [1985: 71].

4. Find all pairs of natural numbers (n,k) for which
(n + l)k -1=n

Solution.

For n = 1, the equality 2k - 1 = 1 must be satisfied, whence k¥ = 1, so
one pair is (1,1).

For n = 2, the equality 3k - 1 = 2 must be satisfied, whence k¥ = 1, and

(2,1) is a required pair.

Now if n 2 2, then n! is even; therefore the pair (n,%k) for n 2 2
satisfies the given equality only if n is even.

For n = 4, the equality 5k - 1 = 24 must be satisfied, so another pair is
(4,2).

For n > 4, an even number, take n = 2m and a pair (n,k) satisfying the
given equality. Then n! = (2m)! = 2m(2m - 1)!, and (2m - 1)! contains both

2

factors 2 and m where m # 2. Therefore n* divides n! and must also divide

(n + l)k - 1. But (n + 1)k = n]r + ...+ (lzr)n2 + kn + 1, hence n must divide

k. That means kX 2 n is true, which leads to (n + l)k 2 (n + l)n >n!' + 1.
This contradicts the assumption that the pair (n,k) satisfies the given
equality. So there is no solution for n > 4, and the only solutions are
(n,k) = (1,1), (2,1), and (4,2).

5. (a) Find the rearrangement {a;,az,...,an} of {1,2,...,n} which

maximises

ayaz + azaz + ... + ana1 = Q.
(b) Find the rearrangement that minimises Q.

Solution.

(a) Suppose we have a rearrangement {al,az,...,an}. Then if
< ; i < i N _ . .
12£i<i+2% j<nand (ai aj+1)(aj ai+1) > 0, we can increase Q with
the rearrangement

{a;,...,ai,aj,aj_l,...,ai+2,a1+1,aj+1,aj+2,...,an}.

Indeed, by this alteration we increase Q by the quantity
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a (a, - aj+1)(aj -~ ai+1) > 0.

+ - - =
%7 %in% e 2% T 4% n i
Let A be a rearrangement that maximises Q (since the number of rearrangements
is finite, A exists). Using a cyclic permutation (which does not alter the

value of Q) we can suppose that A is of the form {1 = al,az,...,an}. Let
2 = a,. Then, since (1 - aj_l)(Z - az) 20, we must have i = 2 or i = n

because otherwise we could increase Q. We can suppose i = n for otherwise we
use a cyclic permutation and a reflexion (which does not alter Q either). If

3 = ai, then j = 2 since otherwise, from (1 - ai+1)(3 - az) > 0, we could

improve A again. Applying a reflexion, we get the rearrangement
{2,b2,...,3,1}.
In the same way as above we can prove that b, = 4. Continuing this

argument we obtain that
_ n—1 n
A = {1,3,5,...,2[—5—] + 1, 2[2],...,4,2}

(or a cyclic permutation and/or reflexion of this).
{(b) A similar argument leads to the minimising rearrangement
{1,n,2,n—1,...,[{2’] + 1}.

Editorial note: See also #34 in Olympiad Corner 63 [1985: 71], and
Problem 1059 (Cyclic extrema) by D.E. Daykin, Math. Mag. 53 (1980) 115.

6. The right triangles ABC and AB,C, are similar and have opposite
orientation. The right angles are at C and C;, and LCAB = (C,AB,.
M is the point of intersection of the lines BC; and CB;. Prove that if the

lines AM and CC,; exist, then they are perpendicular.

Solution.
Take A to be the origin for a
system of Cartesian co-ordinates. Let
the co—-ordinates of C be (a,b) and the Cy (uy)
co-ordinates of C; be (u,v).
If the ratio AC:CB = 1:k, then
the co-ordinates of B are A(0,0)
k(-b,a) + (a,b) (kb + a,ka + b),

1

and those of B; are
k(v,~u) + (u,v) = (kv + u,~ku + v).
The equations of the lines BC, and B;C are
((ka + b) — v)x — ((~kb + a) — u)y = (ka + b)u - (-kb + a)v
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and
(b~ (~ku + v))x — (a - (kv + u))y = b(kv + u) — a(-ku + v).
Rearranging these we have
kax + kby = kau + kbv + bu — av — (b — v)x + (a — u)y
kux + kvy = kau + kbv + bu — av — (b — v)x + (a — u)y.
The co-ordinates (s,t) of the point M satisfy both these equations, so
kas + kbt = kus + kvt,
that is,
s__b-vw
t a-—u

which means the lines AM and CC; are perpendicular.

THE EUGENE STRENS MEMORIAL CONFERENCE ON INTUITIVE
& RECREATIONAL MATHEMATICS & ITS HISTORY

July 27 to August 2, 1986
THE UNIVERSITY OF CALGARY

to mark the acquisition by the University Library of the Strens Collection.

There will be 15-20 principal talks. There will also be opportunities
for short contributed talks, and displays, both amateur and commercial, of
books, games, puzzles, and films.

For further information, write to:

Richard K. Guy or Bill Sands

Department of Mathematics and Statistics
University of Calgary

Calgary, Alberta T2N 1N4

Canada.
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PROBLEMS

Problem proposals and solulions should e sent Lo the editorn, whose
address appears on the fronl page of LALS (sawe. Proposatls should, whenewen
possibée, e accompanied &y a solulion, references, and other inaights which
ane Cikely Lo e of Relp Lo Lhe editor. An asterisk (%) after o numben
indicates a problem submitted wilhout a solution.

Orniginal problems arne particularly sought. Bul olher inleresting
problems may also e acceplable provided Lhey are nol toe well Rnown and
refenences ane given as to thein prowvenance. Ordinarnily, (f the orviginalon of
a problem can e Cocaled, (U should not be asubmitted &y somebody ebse without
Ris o Renr perumission.

To facilitate Lhein considernalion, goun solulions, lypewrillen or neatly
Rendwrillen on signed, separate sheets, should preferably e mailed Lo Lhe
editon before Feplembenr 1, 1986, allhough aolulions received after that date
witl also e conaidered unlil the Lime when a sobution (5 published.

1111. Proposed by J.T. Groenman, Arnhem, The Netherlands.

Let a, B, v be the angles of an acute triangle and let

f(a,B,v) = cos % cos g + cos g cos % + cos % cos %.

(a) Prove that f(«,8,v) > % 3.

(b)* Prove or disprove that f(«,8,7) > % + J2.

112, Proposed by Allan W. Johnson Jr., Washington, D.C.

Solve the synonymical base 10 addition

LITHE
PLIANT

SUPPLE

1113? Proposed by Jack Garfunkel, Flushing, N.Y.

Consider two concentric circles with radii r and 2r, and a
triangle ABC inscribed in the inner circle. Points A', B', C' on the outer
circle are determined by extending AB to B', BC to C', and CA to A'. Prove
that the perimeter of triangle A'B'C' is at least twice the perimeter of ABC.

Equality is attained when ABC is equilateral.
1114. Proposed by George Tsintsifas, Thessaloniki, Greece.

Let ABC, A'B'C' be two triangles with sides a,b,c, a',b',c' and

areas F, F' respectively. Show that
aa' + bb' + cc' = 443 JFF'.
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1115. Proposed by Helen Sturtevant and Edward T.H. Wang, Wilfrid Laurier

University, Walterloo, Ontario.

Determine all positive integers n such that an equilateral

triangle can be dissected into exactly n equilateral triangles.

1116. Proposed by David Grabiner, Claremont High School, Claremont,

California.

(a) Let f(n) be the smallest positive integer which is not a
factor of n. Continue the series f(n), f(f(n)), F(f(f(n))), ... until you
reach 2. What is the maximum length of the series?

(b) Let g(n) be the second smallest positive integer which is not a
factor of n. Continue the series g(n), g(g(n)), g(g(g(m))), ... until you

reach 2. What is the maximum length of the series?

1117. Proposed by Jordi Dou, Barcelona, Spain.

Let ABCD be an isosceles trapezoid with bases AB > DC, and let M
and N be points on AD and BC respectively so that MN is parallel to AB and DC.
Let D' be the projection of D on AB, let E = DD' N BM, F = BD N AE, and
P = NF N DC. Prove that PA is perpendicular to AB.

1118. Proposed by P. Erdos, Hungarian Academy of Sciences.

Let a;, az, as, ... be a sequence of numbers such that

lim (a

- aj) = ®, Construct an infinite sequence b; < by < ... so that
i

i+l
[« o}

none of the sums X ejbi (where €, = 0 or 1 for each i and all but finitely

i=1

many are 0) equals any of the aj’s. See also problem #85 [1976: 29].

19. Proposed by Stanley Rabinowitz, Digital Equipment Corp., Nashua,

—

New Hampshire.

The following problem, for which I have been unable to locate the
source, has been circulating around DEC. A rectangle is partitioned into
smaller rectangles. If each of the smaller rectangles has the property that
one of its sides has integral length, prove that the original rectangle also

has this property.

1120? Proposed by D.S. Mitrinovic, University of Belgrade, Belgrade,

Yugoslavia.
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(a) Determine a positive number A so that

(a + b+ c)?(abc) 2 A(bc + ca + ab)(b + ¢ - a)lc+a-b)la+b-2c)
holds for all real numbers a, b, c.

(b) As above, but a, b, c are assumed to be positive.

(c) As above, but a, b, c are assumed to satisfy

b+c-a>0,c+a-b>0,a+b-c>0.
X X X
SOLUTIONS

No problem s ewver permanentiy closed. The editor will alwaps be pleased

to conaiden for publicalion new sclutions orn new inaighta on pest problems.

982. [1984: 291] Proposed by George Tsintsifas, Thessaloniki, Greece.
Let P and Q be interior points of triangle AjA;43. For i =1,2,3,
let PAi = X QAi =¥ and let the distances from P and Q to the side

opposite Ai be P; and 9; respectively. Prove that

Jxi1y1 + JXay2 + Jx3ys 2 2(Jp1qy + Jp2q2 + YP3q3).
When P = Q, this reduces to the well-known Erdos—Mordell inequality. (See the
article by Clayton W. Dodge in this journal [1984: 274-281].)

Solution by M.S. Klamkin, University of Alberta.

We prove a generalization of the Erdos-Mordell inequality which includes

the inequality proposed here as a special case.

Let Pj (j = 1,2,...,n) denote any set of n points lying in the interior

or on the boundary of a given triangle A;A2A; with respective sides a,, a2z,

az. Let Rij and r; (i = 1,2,3) denote the distances from Pi to the vertices

Ai and to the sides a,, respectively. It is known that

le 2 rzj(as/ax) + r3‘i(az/a1),
R2_i 2 F3J-(&1/az) + rlj(aa/az),
RBj > rlj(&z/&a) + sz(ax/aa);

with equality in all three inequalities if and only if Pj is the circumcenter

of AjA;A3. (Incidentally, these inequalities can be used to provide an
elegant proof of the Erdos-Mordell inequality. Just add the three
inequalities and note that (az/as) + (asz/az) 2 2, etc. See 0. Bottema et al,

Geometric Inequalities, 12.13 and 12.16.)
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We now employ the following case of Holder’s inequality:

(uy + v;)l/n(uz + Vz)l/n ... (un + vn)l/n 2 (u;uz...un)l/n + (V1V2,..Vn)1 n
where all U, v, 2 0. With all products running from j = 1 to j = n, we then

have

HRl/n

Li

1/n
2j

1/n
MRy

Since (az/a3z) + (asz/az) 2 2 with equality if and only if a, = a3, etc., it
follows by addition that

3 n 3 n
= n R}/" 2 £ . r}/", (1)
i=1 j=1 i=1 j=1 %

with equality if and only if the triangle is equilateral and all the points Pj

)l/n

v

(63/&1)nr%§n + (az/a))lrg /n

v

“(sz(&a/ax) + r3j(az/a1)

IR

v
v

(&1/&2)nré§n + (aa/az)ﬂrl/n

H(ng(ax/&z) + rlj(aa/az))l/" 17

v
v

n(rlj(az/aa) + rzj(al/&a))l/n (&z/&a)nrién + (a1/a3)lr, /n.

coincide with its center.
The proposer’s inequality corresponds to the special case n = 2. o
By using the following more general version of Holder’s inequality,

1/n n 1/n . n 1/n

(uy + Vl)l/nl(uz + Vz)l/nz...(u + v.) "> nu J+nmowv, j,
n n _ J - ]
J=1 J=1

where n, >1 for ¥k = 1,2,...,n and (1/ny) + (1/np) + ... + (l/nn) =1, we
obtain the following generalization of (1):

3 n 1/n . 3 n l/ni

s ne 22z nmr L (2)

i=1 j=1 M i=1 j=1

By specializing the points Pj’ (2) leads to a host of triangle

inequalities. For example, take n = 2 and let P, and P, be the circumcenter
and incenter, respectively, of an acute triangle A;A2A3. R and r being the
circumradius and inradius, respectively, we then have, for i = 1,2,3,

=R, R.,=r csc (AI/Z) » Ty T R cos Ai » TIp =T

Ri i2
This leads to the interesting triangle inequality
3 1/n 1/n
< csc 2(A /2) 22 I cos 1 A (3)
i=1 i=1

where n;, n, > 1 and (1/n;) + (1/n2) = 1. Actually, one can show that the

limiting cases n; — ® or n; — ® are valid. These lead respectively to the
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known inequalities
3 3
L csc (A./2) 26 and 322 £ cos 4..
i=] ! i=1 .

Using the last two inequalities, plus
8 sin (4;/2) sin (A42/2) sin (43/2) £ 1,
and then applying the power mean inequality, we obtain the following chain of
inequalities (where all sums and products run from i = 1 to 3):

n
$csc (4,/2) [z cscl/nz(Aj/Z) :

v

> 1 cscl/3(Ai/2) > 2

3 3
m
I cos A, T cost/M A, 1/3
24 ¢ — 214 24 - I cos A, . (4)
3 3 1

Here n,, na 2 1 but need not be otherwise related. The terms with the cube
roots correspond to the limiting cases of the power mean inequality for which
n, — ®© and ny — .

We now compare

s cosl/n‘ A ny/n;

b3 cscl/nz(Aj/Z) >3- 22/n2 (5)

3
from (4), where now (1/ny) + (1/nz) = 1, with inequality (3). We show that
(3) is stronger than (5) for n; > 2, that is,

5 COSl/nlAj ny/n;

2 = cos /nlAi 23 - 22/172 (6)

3

When 1/n; is replaced by 1 - 1/n;, (6) reduces to
32 21/’71 z cosl/nlAi s

which follows from (4) for n; > 2. For 1 £ n; < 2, (3) is weaker than (5).
Finally, it should be noted that inequality (2) holds more generally as

an n triangle inequality. Consider n triangles Ale2jA3j of sides &lj’ a2j’

a3j (j=1,...,n), and n points P;,...,Pb where Pj is an interior or boundary

point of triangle A, A, A, . for each j. Then if R, and r, , denote the
1772j73j ij ij

distances from Pi to the vertex A, . and the side aii’ respectively, inequality

1]

(2) is still valid. The same proof using Holder’s inequality goes through,

the only change being that instead of coefficients of the form a,/a, + az/a;,
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we get

n [a l/n n [a, .11/n

JF1U2 JF1UL
which are still 2 2 since the product of the two products is 1. There is
equality in the generalized inequality if and only if each of the n triangles

is equilateral and each Pj coincides with the center of its triangle.

Also solved by WALTHER JANOUS, Ursul inengymnasium, Innsbruck, Austria;
and the proposer.

X X X
gggf (1984: 291] Proposed by D.J. Smeenk, Zaltbommel, The Netherlands.
Let Ap4, ... An be an n—-simplex in R,
(a) If m, is the median through Ak’ prove that
2.2 _ _
n mk = nSk Tk s
where Sk is the sum of the squares of all the edges meeting in Ak , and Tk is

the sum of the squares of all the edges not passing through Ak

(b) Deduce from (a), or otherwise, that if the medians of the simplex
are all equal, then the sum of the squares of all the edges meeting in a

vertex is the same for all vertices. Is the converse also true?

Solution by G.P. Henderson, Campbellcroft, Ontario.
(a) Let Aq be the origin and let the coordinates of Ak be (xlk"°"xnk)'

k=1,2,...,n. Then m¢ is the distance from the origin to the point whose ith

coordinate is £ x,, /n. Hence
X ik

n'm§ = f(f X" = f f f Xij *ix
We have
To = %Zzz(x”—x“)z=%222(x§]—2x1]x1k Xip
J ki i jk
n f f xzk - f ? i xglxzk
Hence (a) is true for ¥ = 0 and similarly for k¥ = 1,2, .

(b) Let E be the sum of the squares of all the edges of the simplex.

Then Sk + Tk = E for all k, and

2.2 _ -
my = (n + l)S]r E.
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Therefore m, is independent of k if and only if Sk is.

Also solved by O. BOTTEMA, Delft, The Netherlands; ROGER CUCULIERE,
Paris, France; M.S. KLAMKIN, University of Alberta, Edmonton, Alberta;
BASIL RENNIE, James Cook University, Australia; and GEORGE TSINTSIFAS,
Thessaloniki, Greece. The proposer noted that part (a) in the case n = 3 is
known (see Theorem 187 in N. Altshiller-Court, Modern Pure Solid Geometry,
Chelsea, 1964). Theorem 295 of the same book gives a generalization of part
(b) in the case n = 3.

X X %

986. [1984: 292] Proposed by Stanley Rabinowitz, Digital Equipment
Corp., Nashua, New Hampshire.
Let

3 3
X = Jp + Jr + Jq - Jr,
where p, g, r are integers and r 2 0 is not a perfect square. If x is

rational, prove that p = g and x is integral.

Comment and solution by Leroy F. Meyers, Ohio State University, Columbus,

Ohio.
If x = 0 then p and q need not be equal. 1Indeed, p = —q.

3 3 —
Assume x # 0, and let a = Jp + Jr and b = Jq - Jr , so that x = a + b.

If x is rational, then so is

x? = a® + b® + 3ab(a + b)

1l

p + g + 3abx.
Hence ab is rational, and so is
a’b®= pg - r + (g - p)Jr.
But since Jr is irrational, it must be that ¢ = p, in which case a’b® is the
integer p® - r, and x is a root of the polynomial equation
(x* - 2p)® = 27a%b3x?
with integer coefficients and leading coefficient 1. Every rational root of

such an equation must be an integer.

Also solved (for x # 0) by ANDREW CUSUMANO, Great Neck, N.Y.;
KARL DILCHER, Dalhousie University, Halifax, Nova Scotia; WALTHER JANOUS,
Ursul inengymnasium, Innsbruck, Austria; MARK KANTROWITZ, Maimonides School,
Brookline, Massachusetts; FRIEND H. KIERSTEAD, JR., Cuyahoga Falls, Ohio;
M.S. KLAMKIN, University of Alberta, Edmonton, Alberta; KEE-WAI LAU, Hong
Kong; ROBERT C. LYNESS, Suffolk, England; J.A. McCALLUM, Medicine Hat,
Alberta; KENNETH M. WILKE, Topeka, Kansas; and the proposer.

% X %
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§§Z¥ (1984: 292]) Proposed by Jack Garfunkel, Flushing, N.Y.

If triangle ABC is acute—angled, prove or disprove that

. A . B, . C_A4 . A . B . C
(a) sin 5 + sin 5 + sin 5 > 3 {1 + sin 5 sin 3 sin E}
(b) cos 4 + cos B, cos ¢ > 4 {1 + sin 4 sin B sin 9}.
2 2 2 2 2 2
/3
Solution to part (a) by Basil Rennie, James Cook University, Australia.
Let B8 = sin—lffg—%—l]. We prove a result slightly stronger than the one

suggested, namely: if the largest angle of triangle ABC is € w - 48
(]

(approximately 94.12 ), then inequality (a) holds.

Lemma 1. If 0 £ v <u < % , then 4 cosv cos2u - 3 sinu > 0.

4 cosv cos2u — 3sinu. Then for 0 < u < g and for fixed

H

Proof. Let g(u,v)

v, g(u,v) decreases as u increases. Thus

W _ _ 3 w3 _ 3
glu,v) 2 g(g,v) = 2 cosv 52 2 cos g5 " 3 5 0. o
Lemma 2. If B < u £ g and s = sinu then 2s? + 2s - 1 2 0.
Proof. The positive root of the quadratic 2x® + 2x - 1 = 0 is at
X = A ; 1. sing < sinu = s. ]
Now assume 0 £ A £ B2 C £ nw — 48. Then we can write A = 2u - 2v,

B=2u+2v, and C = w — 4u, vhere 0 £ v £ u and u 2 8. Furthermore, from

c 27T we see that u < I, Using elementary trigonometry,
3 6

sin % + sin g + sin % = 2 sinu cosv + cos2u
and
. A .. B . C_1 _
sin 5 sin 5 sin 5 = E(COSZV cos2u)coslu.
Let
F(u,v) = 3(sin % + sin g + sin g) -4 - 4 sin % sin g sin g
= 6 sinu cosv + 3 cos2u — 4 — 2(cos2v — cos2u)cos2u.
Then
OF _ . . .
av - -6 sinu sinv + 4 sin2v cosZu
= 2 sinv(4 cosv cos2u - 3 sinu)
2 0 by Lemma 1.
Thus

F(u,v) 2 F(u,0) = 2 cos®2u + cos2u + 6 sinu - 4.

Now put s = sinu; then cos2u = 1 - 2s?, so
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2(1 - 2s%)2 +1 - 252 +6s -4
859 - 10s? + 65 - 1

(2s - 1)%(2s? + 25 - 1)

2 0 by Lemma 2.

F(u,0)

1

Hence F(u,v) 2 0, and (a) follows.

Solution to part (b) by G.P. Henderson, Campbellcroft, Ontario; proof
adapted by the editor from Rennie's proof of part (a).
We prove that (b) holds if all angles of the triangle are
<7 - 4cos_1(J§t), where t is the unique real root of the polynomial
12x® + 12x? - 3x - 4.

Let 0 £ A<B<C, and write A = 2u - 2v, B = 2u + 2v, C = w - 4u, so
that 0 £ v £ u = % as before. Then
cos 4 + cos B + cos ¢. 2 cosu cosyv + sinlu
2 2 2
and again
. A .. B . C_1 _
sin 5 sin 5 sin 5 = E(cost cos2u)coslu.
Let
_ A B C\ 4 _ 4. A _. B . C
F(u,v) = J/3(cos 5 + cos 7 + cos §) 4 - 4 sin 3 sin 5 sin 3
= 2/3 cosu cosv + 3 sin2u — 4 — 2(cos2v - cos2u)cos2u.
Then
8F _ . .
3 - -2/3 cosu sinv + 4 sin2v cos2u

i

2 sinv(4 cosv cos2u — /3 cosu).

Letting g(u,v) = 4 cosv cos2u - /3 cosu, we see that g decreases as a function
of v, and thus for fixed u,
g(u,v) 2 g(u,u) = cosu(4 cos2u - J3).
But
h(u) = 4 cos2u - /3
, since h decreases and h(%) =2 -J3>0. Thus

ols

is positive for 0 < u <
g(u,v) 2 0 for 0 £ v = u = %, so F(u,v) increases as a function of v. Hence

cosu(2/3 + 2/3 sinu - 12 cosu + 8 cos’u).

F(u,v) 2 F(u,0)

Putting sinu = Jl - cos’u and rationalizing, we get that

2/3 + 243 sinu - 12 cosu + 8 cos3u 2 0

provided that
16 cos®u - 48 cos®u + 8/3 cos?u + 39 cosu - 12/3 < 0.

Set cosu = J/3t; then this is equivalent to



_‘35_

0 > 48t5 - 48t% + 8t? + 13t - 4 = (2t - 1)2(12¢® + 12t* - 3t - 4)
which will hold provided ¢t is less than or equal to the unique real root of
the polynomial

12x? + 12x% - 3x - 4,

— — ]
approximately x = 0.551. Thus if % 2 u Z cos 1(J3x) ~ 17.34 , F(u,v) will be

(]
> 0. This amounts to insisting that C £ 110.64 .

Henderson found the strong solutions for both (a) and (b) using

noncalculus techniques. He also pointed out that if C > 2 sinﬁl['J2 g 4]

[
~ 128.94 , then (a) will fail for all A and B (assuming A £ B £ C), and that
(] [+
If 94.12 < C < 128.94 then (a) will hold provided that B — A is small
enough. One partial solution was also received.
X X X

988. [1984: 292] Proposed by J.T. Groenman, Arnhem, The Netherlands.

Prove that

5 6
Xz sec %%5 + X sec %gf = 0.
k=1 k=1

Solution by Walther Janous, Ursulinengymnasium, Innsbruck, Austria.

We show more generally that

n nt+l

2nk 2wk
YL sec ——= + I sec =
k-1 4n-1 k=1 4n+l
n 2nk
for all n > 0. To do this we compute S = I sec L (a known series).
n k=1 2n+1
From the identity
n
cos(2n + 1)x = Z (—l)k 23;1] coszn+1—2kx sin2kx

k=0
. . . 2nt
(provable with DeMoivre’s theorem) it follows that cos Q%IT’ t =0,1,...,2n,

are all the roots of the polynomial

n pa—
1 - = (_1)k [2;;1] X2n+l 2k (1 - xz)k.
k=0
Thus sec g:il’ t =0,1,...,2n, are all the roots of the polynomial

oz k [2n+1) [1]27H172k 1 9%
L= 2 D7 o) Iz 1= 5]
k=0

which simplifies to
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n
X2D+1 = 5 (_1)]( [2127;1} (Xz _ 1)](
k=0
or
1

.
2Ly on 41y(x2 - D7 - 5
k=0

2

The negative of the coefficient of x ™ in this polynomial will be the sum of

-k [2’2’;1] (x2 - DX = 0.

its roots, and hence

2n
2nwk n
Z sec = (-1D"2n + 1).
k=0 2atl
. 2nk 2n(2n+1-k
Since sec §§:T = sec —ESEEIT——l , we get that
2n n
Z sec %géT = secl0 + 2 £ sec gﬂfl =1+28 ,
k=0 k=0 n n

IR Y PN B _ | n if n is even | _
so Sn = 2_( 1Y (2n + 1) 1] *\ -n-1 if n is odd | Hence S2n~1 + SZn = 0,

as claimed.

Also proved by CURTIS COOPER, Central Missouri State University,
Warrensburg, Missouri; KARL DILCHER, Dalhousie University, Halifax, Nova
Scotia; M.S. KLAMKIN, University of Alberta, Edmonton, Alberta; ROBERT LYNESS,
Suffolk, England; LEROY F. MEYERS, The Ohio State University, Columbus, Ohio;
VEDULA N. MURTY, Pennsylvania State University, Middletown, Pennsylvania; and

the proposer. Most solvers did the general case. Meyers comments that there

m
is no such simple formula for X csc gﬂf— , as may be seen from the sums 2
_ 2mt+] —
k=1 v3
and g—g—;}iﬁ for m = 1 and m = 2, respectively.
5
% X X

989. [1984: 292] Proposed by Kurt Schiffler, Schorndorf, Federal

Republic of Germany.
Let H be the orthocenter of triangle ABC. Prove that the Euler

lines of triangles ABC, BCH, CAH, and ABH are all concurrent. In what

remarkable point of triangle ABC do they concur?

Solution by Basil Rennie, James Cook University, Australia.
For any triangle there is a "pedal triangle" formed by the feet of the
perpendiculars from each vertex to the opposite side, and a "nine-point"

circle through these three feet. The four triangles mentioned all have the
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same pedal triangle and so they share the same nine—point circle. Since the
Euler line of any triangle contains the center of the nine-point circle, all

four Euler lines meet in this point.

Also solved by JORDI DOU, Barcelona, Spain; ROLAND EDDY, Memorial
University, St. John’s, Newfoundland; H. FUKAGAWA, Yokosuka High School,
Aichi, Japan; J.T. GROENMAN, Arnhem, The Netherlands; WALTHER JANOUS,

Ursul inengymnasium, Innsbruck, Austria; M.S. KLAMKIN, University of Alberta,
Edmonton, Alberta; ROBERT C. LYNESS, Suffolk, England; D.J. SMEENK,
Zaltbommel, The Netherlands; DAN SOKOLOWSKY, Brooklyn, N.Y.; and
GEORGE TSINTSIFAS, Thessaloniki, Greece. Klamkin observed that the result is
a simple consequence of the theorem "The four triangles of an orthocentric
system have a common nine-point circle” (see R.A. Johnson, Advanced Euclidean
Geometry, Dover, 1960, p.197). Most proofs received were alonqg these lines;
the most succinct is reproduced above.

X X X

A MESSAGE FROM THE EDITOR

With this issue the editorship of Crux Mathematicorum changes. I would
like to echo Ken Williams’ words of last month in wishing Léo Sauvé a quick
recovery and a long and happy retirement. And may we not have seen the last
of him in these pages!

In preparing this first issue, I have been struck by the immense amount
of knowledge and effort Léo has brought to Crux. Both are difficult to
replace, but knowledge the more so. Undoubtedly there will occur, for a while
at least, dubious problems, missed references, and other assorted booboos. 1
hope you will patiently, but firmly, let me know of my errors.

As it has these past eleven years, Crux will continue to increase in

interest and value to you, its readers.

Bill Sands



