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x + y = AB = 4
Ø

y + z = BC = 9
Ø

z + w = CD = 16
Ø

w + x = AD
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AD = w + x = (x + y) + (z + w) − (y + z) = 4 + 16 − 9 = 11

d
� dxe K2F � �+5�FM7 g A@E�FP:BEH?·7+F ÜOK@F43��*79J@58K<38; K@F43 g 367 dZ� CGA<:<  g 5�:g J2?2?@7-3$58:�=·K@F43 g 3�EG?·3�5�E��<C�7+E-Ø8LBA@E�56iPEH36CxE+J@56E-Ø83�5 g J·K@F43 g 3J23 g J2?2?@793�7·NIA<7HE·J@5_�@3�L23836:�:<3*Ü6EOEH?�5�K2FM3 g 3IE+J@56ERJ@5875�1PCG3�58;�=�L23836:U3�5�EH36:UáDEH?�N>58�83IFSEO3�5�7�=�EG?� 63_E�E+J23IK@F43 g 3?BA@EO?Bi�E+J23�K258:�â d ×�:�J2?8�ãNI58:�=�;@F���36CG3�:BEp?@CG;<36C�7 g ?BA214;J23 3�5�E�E+J23R7*F Ü K2FM3 g 3�79Ú

..

.

..

..

..

.

..

..

..

..

..

.

..

..

.

..

.

..

.

..

.

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..
..
..
..
..
..
..
..
..
...
...
...
...
...
...
....
....
....
....
.........

....................................................................................................................
...
...
...
...
...
..
..
..
..
..
..
..
.
..
..
..
.
..
..
..
.
..
..
..
..
...
..
...
...
...
...
....................................................................................................................

........
....
....
....
....
...
...
..
...
..
...
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.
..
.
..
.
..
..
..
.
..
.
..
..
.
..
..
..
..
..
..
.
.

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

...................................................................................................................................................................................
...
..
...
..
...
..
..
...
..
...
..
..
...
..
...
..
..
...
..
...
..
..
...
..
...
..
...
..
..
...
..
...
..
..
...
..
...
..
..
...
..
...
..
..
...
..
...
..
...
..
..
...
..
...
..
..
...
..
...
..
..
...
..
...
..
...
..
..
...
..
...
..
.1

2

34

5

6



�����

�
�������! "��#%$'&(�*),+-+'.' /�/��0\d
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24 �·5�=@7�EG?"CG36NQ?6�@3R5�:<;I3656E�E+J23RCG36N>56FM:@FP:<  � K@F43 g 367�Ø8it?@C�5µEG?�EG561?Bi
6 × 24 = 96

d
¿ d�� J23RK2F g EGA<CG3R79J2?8�·7�58:

8× � CG3 g E�58:< _1M3 g A@E�FM:BEG? E+J@CG3�3K2FM3 g 3�7�L�=�EÝ� ?�K<5�C�5�1D143�1x7+1M5�:BEH3�;�1PFP:<3�7 d�� J23µE+J@CG383·K2FM3 g 3�75�1D1<J@5��@3�E+J23µ7*58N>3O58CG365 d �·?8�fi458C³58K258CÝE�58CG3�E+J23O7*1P58:BEG38;1PFP:<3�79Ú
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x
L<3�E+J23y1436:< \E+Jµ?Bi6E+J23�7-J2?@CÝEx7+F4;23�?Bi6E+J23�K<5�C�5�1D143�14?2 �C�5�NÒFM:�E+J23�;@FP5� �C�5�N d� J23p5�CG3�5O?BiBE+J23�K<5�C�5�1D143�14?2 �C�5�N FM7�E+J236:

8x
Ø858:<;RE+J23�EÝ� ?OEHCGFP58:< _1M3�7�5�CG3 g ?@:< �CGAq36:BE58:<;�365 g J"J@5�7�5�CG3�5 1

2
8(9 − x) = 36 − 4x

d�� FP: g 3�E+J23pE+J@CG383O58CG36587y58CG3µ38�BA<5�1�Ø�� 3J@5��@3
36 − 4x = 8x

Ø2?@C
x = 3

d� =�E+J23 � J238?@CG36N ?Bi�0B=BE+J@58 6?@C�587_ØZE+J23QJ8=@Kq?�EG3�:@A<793Q?Bi³E+J23�EÝ� ? g ?@:< �CGAq36:BEEHCGFP58:< _1M3�7 J@5�7R1436:< \E+J √
82 + (9 − 3)2 = 10

dQ� J23Q;@FP7+E�58: g 3QL<3_EÝ� 3836:�E+J23IEÝ� ?K<5�C�5�1D143�1Z1DFM:<367pFP7�E+J23�J23�F4 6J�E�?BiZE+J23"K<5�C�5�1D143�14?2 �C�5�Nç� JBF g J�J@5�7µL25�7-3
10
58:<;�5�CG3�5

8x = 8 × 3 = 24
28E+JBA<7_Ø�E+J23 ;@FP7+E�58: g 3RFP7

2.4
d

� d�ä FM:<; 5pKq?@7+FDEGF �@3$FP:BEH3� 63�C
N
7-?OE+J@56EZE+J236CG3p58CG3p3*Ü�5 g EG1S=

25
FM:BEG38 636C�7

x
7*56EGFP7*iD=BFM:< 

2 ≤ N

x
≤ 5

d
�
�������! "��#%$'&(�*),+-+'.' /�/��0\d

� 3 g 58:RCG3�5�CHC�5�:< 63�E+J23�143�iPExFM:<3��@A<561PFSE�=pEH?R 63_E
x ≤ N/2

d�� FMN�FP1P58C�1S=pE+J23$C�F4 6J�EFM:<3��@A<561PFSE�= g 58:UL<3>CG3\�·CGFSE�EH36:U5�7
x ≥ N/5

dQ� JBA<7�Øx� 3>N�A<7+Ep�<:<;�E+J23>7*N>561P1M3�7HE�B5�1DAq3�?Bi
N
7*A g JUE+J@5�ERE+J23�CG3�58CG3 ��� FP:BEH3� 63�C�7

x
7+A g J�E+J@5�E 1

5
N ≤ x ≤ 1

2
N
d� J236CG36it?@CG3BØ�� 3R7-3�3OE+J@56E

N

2
− N

5
≥ 24

d
á � J23O�B561PAq3·?@:�E+J23RCGFM 6J�E�FP7

24
Ø@7*FP: g 3µFSE�FM7�K<?@797+F4LB143pE+J@56EyL<?�E+J

N/5
58:<;

N/2
58CG3FM:BEG38 636C�7 d â � : g 1M3�5�CGFP:< ·E+J23�i4C�5 g EGFM?@:27�ØqE+JBFP7pFM:<3��@A<561PFSE�=�L<3 g ?@N>3�7

3N ≥ 240
Ø�?@C

N ≥ 80
d�� 3 NI5�=�EHC�="�B5�1DAq3�7p?Bi

N
L<3� _FM:2:@FP:< µ�RFDE+J

N = 80
A<:BEGFD1<� 3·�q:<;IE+J2379NI5�1D14367+Eµ?@:<3Q7*56EGFP7*iD=BFM:< "E+J23 g ?@:<;BFDEGFM?@:27 d�� J23�:

N = 80
Ø�� 3Q 63�E

N/5 = 1658:<;
N/2 = 40

Øq5�:<;IE+J23�CG3 58CG3�3+Ü�5 g EG1 =
25
FP:BEH3� 63�C�7

x
7*56EGFP7*iD=BFM:< 

16 ≤ x ≤ 40
d� J236CG36it?@CG3BØBE+J23·7*N>561P1M3�7HE��B5�1DAq3 ?Bi

N
it?@C³E+JBFM7�K2CG?2L@1M3�NãFP7

N = 80
d

� d�e N�=xØ � 58CÝE-Ø�5�:<;U�¼58CG?B1�56EG3I7-?@N>3 g 58CGCG?�EO7HEGF g �87 d e N�=�5�EH3>J@561Pi�E+J23I:@A<NQL23�CE+J@56E � 58CÝE$56EG3@Ø¼K@1PA<7O?@:<38�GE+JBFMCG;>E+J23":@A<N>L<36C�E+J@5�Ep�¼58CG?B1Z56EG3@Ø¼K@1PA<7O?@:<3 d � 5�C�E$5�EH3J@5�1Di�E+J23�:@A<N>L<36CZE+J@5�E��¼58CG?B1�56EG3@Ø6K21DA<7�?@:<3��HE+JBFPCG;µE+J23�:@A<N>L<36CxE+J@56E e N�=R56EG3@Ø�K@1PA<7EÝ� ? d �x5�CG?B1B5�EH3�J@5�1Di�E+J23�:@A<N>L<36CxE+J@56E e N�=R56EG3@Ø�K@1PA<7�?@:<38�GE+JBFMCG;OE+J23�:@A<N>L<36CZE+J@5�E� 58CÝEy56EG3@Ø@K@1PA<7yE+J@CG383 d �R?8� NI58:�= g 5�CHCG?�Ey7HEGF g �87$;@FM;"E+J23-=>3656E�5�1SEH?2 63_E+J23�CHÚ
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a
Ø

b
Ø$5�:<;

c
L<3�E+J23�:@A<NQL23�C�?Bi g 5�CHCG?�E"7HEGF g �87>3�5�EH36:hL�= e N�=xØ � 58CÝE-Ø58:<;��¼58CG?B1�Ø¼CG3�7*Kq3 g EGFS�@3�1S= dO� J23 EH3+Ü�E�E+J236:QEHC�5�:27*1P56EG3�7$EG?IE+J23�it?B1P1M?8�RFM:< ·7�=@7+EG3�N�?Bi38�BA<56EGFM?@:27 �

a = 1
2
b + 1

3
c + 1

Ø
b = 1

2
c + 1

3
a + 2

Ø
c = 1

2
a + 1

3
b + 3

d
� J23�:�� 3 g 143658C³E+J23Ri4C�5 g EGF4?@:27_Ø8� 3· 63�E�E+J23·38�BA2FS�B561436:BE�7�=@7+EG3�N �

6a = 3b + 2c + 6
Ø

6b = 3c + 2a + 12
Ø

6c = 3a + 2b + 18
d

� A<N>N�FM:< �561P1ZE+J@CG3�3>38�BA<56EGFM?@:27p=BF43�14;@7
6(a + b + c) = 5(a + b + c) + 36

Ø�?@C
a + b + c = 36

d
� d³e N>?�EH?@C�F��*3�; g ?B1DA<N>:IFP7$5�;8�B58: g FP:<  ?6�@3�C��q5�E g ?BA<:BEHC�=I56E�E+J23·C�56EG3�?Bi

15
��FP1M?2�NQ3_EHCG3�7RKq36CµJ2?BA<C dI� J23 g ?B1DA<N>:�FP7

1
�8FD14?@N>3�EHCG3�1M?@:<  d"e ;@FP79K256E g J�CGFM;<36CpFP7R7-36:BEi4CG?@N»E+J23µCG3658C�EG?·E+J23Oi4CG?@:BE�?@:"5RN>?�EH?@C g = g 143�EHC�5��@3�1P1DFM:< p5�E�5 g ?@:27+E�58:BE�79K<383�; d �·3CG3�EGA<CG:27yFMNINQ3�;@FP56EG361 =�56E�E+J23µ7*58N>3O7*Kq3�38;�58:<;"JBFM7�EG?�EG561BEGFMN>3pFM7

3
N�FM:@A@EG3�7 d �R?8�i4587HE�FM7$J23· 6?BFM:< 6Ú

�
�������! "��#%$'&(�*),+-+'.' /�/��0\d
��3�E

t1
L<3RE+J23REGFMN>3·FM:�J2?BA<C�7�E+J@5�EyE+J23 CGFM;<36CyE�5��8367�EH?> 6?Ii4CG?@NãE+J23"L@5 g � EG?E+J23µi4CG?@:BE�?Bi<E+J23 g ?B1PA<NI:xØB1M3�E

d1
L23OE+J23·;@FP7+E�58: g 3µFP:>�8N
E+J@5�E�E+J23 g ?B1DA<N>:�EHC�5��@3�1M7;@A<C�FM:< �E+J@5�E³EGFPNQ3BØB5�:<;�143_E

v
L23pE+J23 g ?@:27+E�58:BE�79K<383�;�?Bi2E+J23µCGFM;<36C d�� J23�:·� 3RJ@5_�@3
t1 =

d1

15
=

1 + d1

v

d
� ?B1S�BFM:< pE+J23·CGFM 6J�E�3��@A<5�EGF4?@:�it?@C

d1
=BF43�14;@7

d1 = 15/(v − 15)
d � 7*FP:< OE+JBFP7�FP:�E+J23143�iPE�38�BA<56EGFM?@:  _F �@3�7�A<7

t1 = 1/(v−15)
d %�36�<:@FM:< 

t2
5�:<;

d2
FP:R5�7+FMN�FP1P58CxNI58:2:<36Cit?@C�E+J23OEHCGFPKIi4CG?@N E+J23µi4CG?@:BE�?BiqE+J23 g ?B1PA<NI:"EH?�E+J23RCG3�5�C-Ø8� 3· 63�E

t2 =
d2

15
=

1 − d2

v

Ø
� JBF g J =@FM361M;27

t2 = 1/(v + 15)
d �·36: g 3BØ

t1 + t2 =
1

v − 15
+

1

v + 15
=

3

60

d
� : g 1M3�5�CGFP:< pE+J23Ri4C�5 g EGF4?@:27_Ø8� 3·J@5��@3

60(v + 15) + 60(v − 15) = 3(v2 − 225)
Ø



���'�

� JBF g J�CG3�79?B1S�@367yEG?
v2 − 40v − 225 = 0

d
� JBA<7_Ø

(v − 45)(v +5) = 0
Ø8FMNIK21 =@FP:< $E+J@56E

v = 45
?@C

v = −5
d�� 3µ3+Ü g 1PAq;23pE+J233*Ü6EHC�58:<3�?BA<7$:<3� �56EGF �@3·7-?B1DA@EGF4?@:�EG?�7-3�3OE+J@56E�E+J23RCGFM;<36C-æ 7$79K<383�;�FP7
45
�8N��8J d

Õ ¾ d�ä FM:<;µE+J23�CG3�NI5�FP:<;<36Cx� J23�:RE+J23�Kq?B1 =2:<?@N�FM561
x+x3 +x9 +x27 +x81 +x243FM7$;BFS�BF4;238;>L�=

x2 − 1
d

�
�������! "��#%$'&(�*),+-+'.' /�/��0\d
� ?�EG3·�<C�7+E�E+J@56E�E+J23�3+Ü�K<?@:<3�:BE�?BiZ3�5 g J"EH36CHN°?Bi¼E+J23 ;BFS�BF4;23�:<;IFP7�?2;2; d � 3*Ü6E� 3�?2L@7-36C��@3IE+J@5�E

x2k+1 = (x2 − 1)x2k−1 + x2k−1 ØZ� JBF g J�EH3�1P1P7RA<7RE+J@5�EOE+J23CG3�NI5�FP:<;<36C�� J23�:
x2k+1 FM7 ;BFS�BF4;238;UL�= x2 − 1

FM7µE+J23>795�NQ3>5�7µ� J236:
x2k−1 FP7;@F �@FM;<3�;�L�=

x2 − 1
dp� JBFM7 g 58:�L23 g ?@:BEGFP:@Aq38;

k − 1
NQ?@CG3·EGFPNQ367$EH?>7-3�3·E+J@56E�E+J23CG3�NI5�FP:<;<36CyFM7�E+J23·795�NQ3·587y� J236:

x1 FP7�;@F �@FM;<3�;QL�= x2 − 1
Ø258:<;�E+J@5�E�CG3�NI5�FP:<;<36CFM7

x
d�� JBA<7�Ø83�5 g J·?BiBE+J23�7+F Ü$EG3�CGN>7�FM:µE+J23p;@F �@FM;<36:<;O=@FM361M;27³5pCG36N>56FM:<;23�C�?Bi

x
� J23�:;@F �@FM;<3�;>L�=

x2 − 1
Ø8� JBF g J"FMNIK21DF4367yE+J@56E�E+J23RCG3�NI5�FP:<;<36C�FM7

6x
d

ÕOÕ d %�3_EH36CHN�FM:<3QE+J23�K<3�C�FMN>3�EG3�C ?Bi$5�CGFM 6J�EREHCGFP58:< _1M3>�RFDE+JvJ8=@Kq?�EG3�:@A<793
H
5�:<;58CG365

A
d

�
�������! "��#%$'&(�*),+-+'.' /�/��0\d
��3�E

a
58:<;

b
L<3�E+J23I1436:< \E+J@7�?Bi³E+J23I143� �7 ?Bi�E+J23>CGFM 6J�EpEHC�FM5�:< _143 d�� J23�:�� 3J@5��@3

A = 1
2
ab
Ø�58:<;

H2 = a2 + b2 á4L�=�E+J23 � J23�?@CG3�N¹?Bi$0B=BE+J@58 6?@C�587Gâ d � ?8�
(a+b)2 = a2+2ab+b2 = H2+2A

Ø_� JBF g JµFPN>K@1PFM3�7ZE+J@5�E
a+b =

√
H2 + 4A

d� FM: g 3·E+J23 Kq36CGFPNQ3_EH36C$?Bi¼E+J23·EHC�FM5�:< _143·FP7
a + b + H

ØB� 3 79383RE+J@5�EyE+J23 Kq36CGFPNQ3_EH36CFM7
H +

√
H2 + 4A

d
Õ ½ d>� J236:U5>Kq?@7+FDEGF �@3IFP:BEH3� 63�C

n
FP7 ;BFS�BF4;238;UL�=

3
ØZE+J23>CG36N>56FM:<;23�CpFM7

1
d>� J23�:

n + 1
FM7�;BFS�BF4;238;�L�=

2
Ø8E+J23µCG36N>56FM:<;23�C³FM7

1
d�� J@56E³FP7�E+J23OCG3�NI5�FP:<;<36C�� J236:

n − 1FM7$;BFS�BF4;238;>L�=
6
Ú

�
�������! "��#%$'&(�*),+-+'.' /�/��0\d
ä CG?@N E+J23O7-3 g ?@:<;�793�:BEG3�: g 3R?Bi@E+J23µK2CG?2L@1M3�N
7HEG5�EH36NQ36:BE-Ø�� 3p7-3�3�E+J@56E

n +1FM7y?2;<; d �·36: g 3BØ�E+J23O:@A<NQL23�C
n
FM7y3-�@36: dyä CG?@N E+J23p�<C�7+E�7-36:BEH36: g 3µ?Bi@E+J23pK<CG?2LB1436N7+E�56EG3�N>3�:BE-Ø2E+J23�:@A<N>L<36C
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∠CAD = tan−1(1
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gcd(m, n) = 1
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mn
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T
L<3�E+J23µ793�E�?Biq561P1<?@CG;23�CG3�; EHCGFPK21M3�7

(p, q, r)
?Biq:<?@:<�+:<38 �5�EGFS�@3OFP:BEH3� 63�C�7 d

%�3�EG3�CGNIFP:<3µ561P1BiMA<: g EGFM?@:27
f : T → �

7+A g J·E+J@56E�FDi
pqr = 0

Ø�E+J236:
f(p, q, r) = 0

Ø58:<;�FDi
pqr 6= 0

ØBE+J236:
f(p, q, r) = 1 + 1

6

[

f(p + 1, q − 1, r) + f(p − 1, q + 1, r)

+ f(p − 1, q, r + 1) + f(p + 1, q, r − 1)

+ f(p, q + 1, r − 1) + f(p, q − 1, r + 1)
] d
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a
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b
L<3pFP:BEH3� 63�C�7³�RFSE+J

0 < a < b
dZe 7-3_E {x

Ø
y
Ø
z} ?Bi<:<?@:<�*:<3� �56EGF �@3FM:BEG38 636C�7$FP7 ���*&#·S³  Aº FDi

x < y < z
58:<;�FPi {z − y

Ø
y − x} = {a

Ø
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P
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BC
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A
FP7yE+J23·N�F4;2�*K<?BFM:BE�?Bi

QR
ØB58:<;

átL8â
QR

LBFM793 g E�7
∠BAC

5�:<;
BC

LBFM793 g E�7
∠QPR
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0<CG?��@3OE+J@56E

AB + AC = PQ + PR
d

Õ å d ��3�E
p
L23·58:>?2;<;IK2CGFPNQ3·5�:<;I1M3�E

a
L23·58:�FM:BEG38 636C�:<?�E�;@F �@FP7*FML@1M3·L�=

p
d�� J2?8�E+J@56E�E+J236CG3�5�CG3

p2 + 1
EHC�FMK@14367µ?Bi�FP:BEH3� 63�C�7

(x, y, z)
�RFSE+J

0 ≤ x
Ø
y
Ø
z < p

5�:<;7*A g J�E+J@56E
(x + y + z)2 ≡ axyz (mod p)
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Õ � d ��3�E

x1
Ø
x2
Ø
. . .
Ø
xn

L23·CG365�1q:@A<NQL23�C�7 d 0<CG?��@3OE+J@56E
x1

1 + x2
1

+
x2

1 + x2
1 + x2

2

+ · · · +
xn

1 + x2
1 + x2

2 + · · · + x2
n

<
√

n
d
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(1 + iT )n = f(T ) + ig(T )
Ø�� J23�CG3

iFM7yE+J23·79�@A<5�CG3·CG?2?�E�?Bi −1
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f(T ) + kg(T ) = 0
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C = (n, n)
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SP = SR

Ø
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∠PSR = 2∠QPR
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∠QTP = 2∠RQP
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∠RUQ = 2∠PRQ
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S′ Ø T ′ Ø�5�:<; U ′ L23�E+J23OKq?BFP:BEG7�?Bi2FP:BEH36C�7-3 g EGF4?@:"?Bi SQ

58:<;
TU

Ø
TR

58:<;
US

Ø�5�:<;
UP

5�:<;
ST
Ø@CG3679K<3 g EGF �@361 = d %�3_EH36CHN�FM:<3µE+J23p�B5�1DAq3 ?Bi

SQ

SS′ +
TR

TT ′ +
UP

UU ′
d

½�¾ d ��3�E
a
Ø
b
Ø@5�:<;

c
L23·K<?@7*FSEGFS�@3RCG365�1q:@A<NQL23�C�7 d 0<CG?6�@3µE+J@5�E

a

b
+

b

c
+

c

a
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f(x) = n
J@587�56E�1436587HE
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x
5�:<;

y
795�EGFM7+�¼367

3y2 = x4 + x
d
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3y2 = x4 + x = x(x + 1)(x2 − x + 1)
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gcd(a, b)
L<3OE+J23  �CG3�5�EH367+E g ?@N>N>?@:>;@F �@FP7-?@C�?BiqE+J23RFP:BEH3� 63�C�7

a
5�:<;

b
d³� J23�:

gcd(x, x + 1) = 1,

gcd(x2 − x + 1, x) = gcd(x2 + 1, x) = 1,

gcd(x2 − x + 1, x + 1) = gcd
(

(x + 1)2 − 3x, x + 1
)

= gcd(3x, x + 1)
Ø
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gcd(x2 − x + 1
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x + 1) = 1
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x2 − x +1
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IA

L@FP7-3 g EG7
∠BAC

Ø 58:<;
IB

LBFM793 g E�7
∠ABC

dÖ Ü6EH36:<;
BA

EH?'5fK<?BFM:BE
D
7*A g JÒE+J@56E

AD = AI = a − b
d ��3_E

F
L23�E+J23it?2?�E�?BiZE+J23�Kq36CHK<3�:<;BF g A21P58C�i4CG?@N
I
?@:BEH?

AB
2

F
FP7 E+J23�K<?BFM:BE ?Bi g ?@:BE�5 g E ?BiyE+J23FM: g FPC g 143��RFSE+J

AB
d ×4E�FP7�� 3�1P1M�9�8:<?8�·:E+J@56E

BF = s − b
58:<;

AF = s − a
d� J236:

DF = (a−b)+(s−a) = s−b = BF
Ø

7-?
IB = ID

d �Z?@:27938�BAq3�:BEG1 =xØ
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A

B
C

D

F

I

∠IBF = ∠IDA = ∠AID = 1
2
∠BAI

26J23�: g 3@Ø
∠ABC = ∠BAI = 1

2
∠BAC

d� 3O� 36CG3  _F �@3�:"E+J@5�E
∠BAC = 70◦ Ø@7-?

∠ABC = 35◦ d
½ d ��3�E

f :
� → �µØ8� J23�CG3��lFP7yE+J23·793�Ey?Bix5�1D1qC�56EGFM?@:25�1q:@A<N>L<36C�7�Ø<L23·7+A g J�E+J@56E

f(x + y) = f(x) + f(y) + 2547
Ø

it?@Cy561P1
x
Ø
y ∈ � 5�:<;

f(2004) = 2547
d�ä FM:<;

f(2547)
d

�
������+'. $�& µ  Eº ) + � 
�¶
�e¶� ���/+�� � � �
+ # � �'0�¶�#�º + ��±�¶
� �"��´^µU¶'0w¶"f � �
.5¶ �' u´���±� 0 +�¶(´ �
� 0 +�+�º + �Pg,¶'#  /+ � j ´0¶� �I´�� �
.	+ # � � j ¶  .³ +� ^�I· + 0  AºJ¶'# ��º ),����� � j ¶  .³ +� � j ¶� ��¶�#&�	¶'#,.
j  /� ���
����#!¶'0�� �
	,��· �¶'#,+��´ �! ��� ��·3¶�#
 u¶ ��� +�� 0J´ ��f� ��+"
�¶��u¶  �� �"+�� ´ � 0  /�/+�� �;³ �

� 3·79J2?8��E+J@5�E
f(2547) = 2547·515

334

d ��3_E
g :
� → �fL23 ;236�<:<38;>L�=

g(x) = f(x) + 2547
d

� J236:xØ
g(x+y) = f(x+y)+2547 = f(x)+2547+f(y)+2547 = g(x)+g(y)

it?@C�561P1@C�56EGFM?@:25�12:@A<N>L<36C�7
x
58:<;

y
d ×4E³it?B1D14?8�·7³E+J@5�E³it?@C³7-?@N>3OC�5�EGF4?@:25612:@A<NQL23�C

r
Ø� 3 J@5��@3

g(x) = rx
it?@Cy561P1

x ∈ �fáPE+JBFP7�FM7�5µ� 3�1P1M�9�8:<?8�·:>CG367*A21SE�58L<?BA@Ey5�;2;@FSEGFS�@3iMA<: g EGF4?@:27�?@:�E+J23·C�56EGFM?@:25�1q:@A<N>L<36C�7Hâ d� FM: g 3
f(2004) = 2547

Ø�� 3  63�E
g(2004) = 2 · 2547

5�:<;xØ<?2L@7-36C��@FP:< OE+J@56E
g(2004) = 2004r

5�7�� 361D1�Ø�� 3·?2LBE�5�FP:
r =

2 · 2547

2004
=

849

334

d
ä FP:25�1D1S=¼Ø

f(2547) = g(2547) − 2547 = 2547 · 849
334

− 2547 = 2547 · 515
334

d



�����

��+�¹	� ��+ f� ��+ j ´�¶  �� ´ � 0  ��"+��3��³ �
��3�E

x ∈ � 58:<;�1M3�E
n
L<3·5·Kq?@7+FDEGF �@3µFM:BEG38 636C d³� 3·K2CG?��@3 L�=�FP:<;@A g EGFM?@:Q?@:

nE+J@56E
f(nx) = nf(x) + 2547(n − 1)

d
ä ?@C

n = 1
ØOE+JBFM7�FP7QEHCGF �@FP5�1 d e 7*7*A<N>3�E+J23 58L<?6�@3�3��@A<5�EGF4?@:ÒJ2?B1M;27�it?@C>7-?@N>3Kq?@7+FDEGF �@3QFP:BEH3� 63�C

n
5�:<;�it?@CR561P1

x ∈ � d�� J23QFP:<;@A g EGFM?@:v7+EG3�K�FP7 g ?@N>K@143_EH3�;vL�=E+J23 g 561 g A21P56EGFM?@:
f
(

(n + 1)x
)

= f(nx + x) = f(nx) + f(x) + 2547

= nf(x) + 2547(n − 1) + f(x) + 2547

= (n + 1)f(x) + 2547n
d

� ?8��Ø�� 3�J@5��@3
f(2004 · 2547) = 2004f(2547) + 2547 · 2003

58:<;>561M79?
f(2547 · 2004) = 2547f(2004) + 2547 · 2546

28E+JBA<7�Ø

f(2547) =
2547f(2004) + 2546 · 2547 − 2547 · 2003

2004

=
25472 + 2546 · 2547 − 2547 · 2003

2004
=

1311705

334

d
=������($�� d ��3_E

C ∈ � 58:<;�1M3�E
f :

� → � d³� J236:
f(x + y) = f(x) + f(y) + Cit?@C�561P1

x
Ø
y ∈ � FDiZ5�:<;Q?@:@1S=�FDi

f(nx) = nf(x) + C(n − 1)
it?@C�561P1

x ∈ � 58:<;5�1D1
n ∈ �

d
Þ d ��3�E

a
Ø
b
Ø�5�:<;

c
L23OKq?@7+FDEGF �@3pCG3�5612:@A<N>L<36C�7y7*A g JRE+J@56E

a+ b+ c ≥ 1

a
+

1

b
+

1

c

d
0<CG?��@3OE+J@56E

a3 + b3 + c3 ≥ a + b + c
d

�
������+'. $'& � 0
��¶
.
& � �/� � ��¶�#�����´ + � 	����"� �
����µ  Eº ) + � 
�¶��u¶  �� �"+ � � � � +�# � �'0�¶�#�º + �
±�¶ ���/��´�µ[¶�0�¶Nf
� � .5¶(�' �´ �¡±� !0 +;¶#´�� � 0 +�+�º + � � +�.,� �u¶ � �,µ��'0 � &�� g�� ��+ 0��¡±N��� � �%���
� +'��0:f
+ j ´0¶;³�¶(�' ".' u´��P��f'0  !#
 "��� � 0 +'+#º + ��¶'#,.?±�¶�# ��´ � � j ´�¶
� �(´�´ ��f �"� ���P���*),+�#�´ �
� 0 +�+�º +
� � + f� ��+�� �/� � ´ f
+ # + 0�¶��  ��¶��! "��# �

� =�Û936:27-36:xæ 7p×�:<38�BA<5�1DFDE�=xØ8� 3 J@5_�@3
a3 + b3 + c3

3
≥
(

a + b + c

3

)3 d
� 3·561M79?�J@5��@3

(a + b + c)2 ≥ (a + b + c)

(

1

a
+

1

b
+

1

c

)

≥ 9
d

� 3 g ?@: g 1PAq;23µE+J@5�E
a3 + b3 + c3 ≥ (a + b + c)(a + b + c)2

9
≥ a + b + c

d



���#


� ��%!��$&�6}.� �������D|�% d ��3_E
n
L23R5R:<?@:<�+:<38 �5�EGFS�@3µFP:BEH3� 63�C d�� FDE+J·E+J23R7*58N>3RJ8=2K<?�E+J23�793�7_Ø� 3 J@5_�@3

an+1 + bn+1 + cn+1 ≥ an−1 + bn−1 + cn−1 d
± 0 ������dyä ?@C�:<?@:<�*:<3� �56EGF �@3RFP:BEH3� 63�C�7

n
5�:<;

m
Ø8� 3·J@5_�@3

an+m + bn+m + cn+m ≥ (an + bn + cn)(am + bm + cm)

3

d
×�:<;<3�38;¼Ø

3(an+m + bn+m + cn+m) − (an + bn + cn)(am + bm + cm)

=
∑

� ����� � �
(an+m + bn+m − anbm − ambn)

=
∑

� ����� � �
(an − bn)(am − bm) ≥ 0

d
� 7*FP:< pE+JBFM7�FM:<3��@A<561PFSE�=�58:<;

a2 + b2 + c2 ≥ (a + b + c)2

3
≥

(a + b + c)( 1
a

+ 1
b

+ 1
c
)

3
≥ 9

3
= 3

Ø
� 3RFPN>N>38;BFM5�EH3�1S=I?2L�EG56FM:

an+1 + bn+1 + cn+1 ≥
(

an−1 + bn−1 + cn−1
)

(

a2 + b2 + c2

3

)

≥ an−1 + bn−1 + cn−1 d
¿ d ��3�E

ABCD
L23·5 g ?@:��@3+Ü"�BA<5�;@CGFD1M5�EH36C�5�1 d 0<CG?6�@3µE+J@5�E

[ABCD] ≤ 1
4
(AB2 + BC2 + CD2 + DA2)

d
�
������+'. $'&[µ  Aº ),+�� 
�¶��u¶  �� �"+ �h� � �
+ # � �'0�¶�#�º + � � +���¸ 0 + & ��� e�¶'#,.5¶ ��� �'�z¶�· .	+ # �
	 j ��� �
���9±�¶ ���/��´¡µU¶'0w¶"f � �
.5¶ �' u´��£±� 0 +�¶(´ � � 0 +�+�º + � � +'��0:f
+ j ´�¶�³�¶ �' /.' �´ �2��f'0  !#
 "���
� 0 +�+�º + �r¶'#,. j  /� ��������#1¶�0�����	,��· �¶'#,+��´ �! � � ��·3¶�#
 u¶ � � +�f� ��+ �*),+�´ ��� �
�! /��# $'&
�
����#!¶'0�� �

� 3 J@5_�@3
[ABCD] = [ABC] + [CDA]

= 1
2

· AB · BC · sin ∠ABC + 1
2
CD · DA · sin ∠CDA

≤ 1
2
AB · BC + 1

2
CD · DA

≤ 1
2

(

1
2
(AB2 + BC2) + 1

2
(CD2 + DA2)

)

= 1
4
(AB2 + BC2 + CD2 + DA2)

d
Ö �BA<5�1DFDE�=>J2?B1M;27�FPix5�:<;>?@:@1 =�FDi

ABCD
FM7�5·79�@A<5�CG3 d



�����

� d � FS�@36:v5�CGFM 6J�EµEHCGFP58:< _1M3
ABC

�RFDE+J
∠B = 90◦ Ø³143_E P

L23�5�Kq?BFP:BE ?@:UE+J2358:< _1M3�LBFM793 g EG?@C"?Bi
∠A

FP:27*FM;<3
ABC

5�:<; 1M3�E
M

L<3�5UKq?BFP:BE�?@:�E+J23U7+F4;23
ABáD�RFSE+J

A 6= M 6= B
â d ��FM:<367

AP
Ø

CP
Øy58:<;

MP
FM:BEG3�C�793 g E

BC
Ø

AB
Ø�5�:<;

AC
5�E

D
Ø

E
Ø�58:<;

N
Ø�CG3679K<3 g EGF �@361 = d�� A<K<K<?@7-3>E+J@56E

∠MPB = ∠PCN
5�:<;

∠NPC = ∠MBP
dyä FM:<;

[APC]/[ACDE]
d

�
������+'. $'&h±�¶
� �"��´�µ[¶�0�¶Nf
� � .5¶(�' �´ �1±� 0 +�¶(´ � � 0 +�+�º + ��¶�# . j  �� ��������#1¶�0����G	,��· �¶�# +��´��! �
� ��·3¶�#
 u¶ � � +]f  ���+ �*) +�´��������! "��# ��� ������#1¶�0�� �

��3�E
a = BC

Ø
b = CA

ØB5�:<;
c = AB

Ø58:<;�143_E
ca = AD

ØBE+J23 LBFM793 g EG?@C�?Bi
∠A

d³� 3J@5��@3
ca =

2bc cos A
2

b + c

d
� ="E+J23 � FM793 g EG?@C � J23�?@CG3�N�Ø8� 3 ;238;BA g 3µE+J@5�E

DC =
ab

b + c

Ø
BD =

ac

b + c

d
� 3�J@5_�@3

∠BMP = ∠CNP
2�E+JBA<7_Ø

4AMN
FP7�FP7-?@7 g 3�14367 d �R3�: g 3RØ

AM = AN58:<;
P
FP7�E+J23 NIFM;<�+Kq?BFP:BE$?Bi

MN
d ��3_E

x
L<3E+J23 g ?@N>N>?@:v1M3�:< \E+J�?Bi

AM
5�:<;

AN
d ×4Eit?B1P1M?8�·7yE+J@5�E

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

....................................................................................................................................................................................................................................................................................................
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.....
...
..
...
...
...
...
...
...
..
...
...
...
...
...
..
...
...
...
...
...
...
..
...
...
...
...
...
...
..
...
...
...
...
...
..
...
...
...
...
...
...
..
...
...
...
...
...
...
..
...
...
...
...
...
...
..
...
...
...
...
...
..
...
...
...
...
...
...
..
...
...
...
...
...
...
..
...
...
...
...
...
..
...
...
...
...
...
...
..
...
...
...
...
...
...
..
...
...
...
...
...
...
..
...
...
...
...
...
..
...
...
...
...
...
...
..
...
...
...
...
...
...
..
...
...
...
...
...
..
...
...
...
...
...
...
..
....

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..

...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...

...
....
...
....
....
...
....
...
....
....
...
....
...
....
....
...
....
...
....
...
....
....
...
....
...
....
....
...
....
...
....
....
...
....
...
....
...
....
....
...
....
...
....
....
...
....
...
....
...
....
....
...
....
...
....
....

.......................

.............................

..............
..
.

.

.

.

.

..

..

.........

.

..

.

..

..

.

..

.

.

.

..

.

.

.

..

.

..

.

..

..

.

..

.

..

.

.

..

..

.

..

.

.

..

.

.

..

.

..

..

.

..

..

A
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N
P

MP = NP = x sin
A

2

Ø
AP = x cos

A

2

d
� FM: g 3 4MBP

5�:<; 4CPN
58CG3·7*FPNIFD1M5�C-Ø8� 3�J@5_�@3 BM

P N
=

P M

NC

Ø�� JBF g J"=BF43�14;@7
7*A gHg 36797+FS�@3�1S=

(b − x)(c − x) = x2 sin2 A

2

2

x2
(

1 − sin2 A

2

)

− (b + c)x + bc = 0
2

x2 · 1 + cos A

2
− (b + c)x + bc = 0

2

(b + c)x2 − 2b(b + c)x + 2b2c = 0
d

� ?B1S�BFM:< pE+JBFP7�3��@A<5�EGF4?@:�� 3·?2LBE�5�FP:
x =

b(b + c) ±
√

b2(b + c)2 − 2b2c(b + c)

b + c

=
b(b + c) ± b

√

(b + c)(b − c)

b + c

=
b(b + c ± a)

b + c

Ø
58:<;I7+FM: g 3

x < b
Ø8� 3OEG58�83

x =
b(b + c − a)

b + c

d
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AP

PD
=

x cos A
2

ca − x cos A
2

=
(b + c)x cos A

2

(b + c)ca − (b + c)x cos A
2

=
b(b + c − a) cos A

2

2bc cos A
2

− b(b + c − a) cos A
2

=
b(b + c − a)

2bc − b(b + c − a)
=

b + c − a

a + c − b

d
��3�:<3�1M56A<7�æ � J238?@CG36N	58K2K21DF43�;�EH? 4ABD

 _FS�@367 CD

CB
· EB

EA
· P A

P D
= 1

2

J23�: g 3@Ø EB

EA
=

CB

CD
· P D

P A

dR� AqL@7+EGFSEGA@EGFM:< ·E+J23"K2CG3-�@FM?BA<7*1 =�?2LBE�5�FP:<38;�3+Ü�K2CG3�7*7*FM?@:27 _FS�@367
EB

EA
=

(b + c)(a − b + c)

b(b + c − a)

d
×ti

r
FM7�E+J23µC�5�EGF4?

EB : EA
Ø�E+J236:�E+J23OC�56EGFM?

EB : c
FM7�3��@A<561@EG?

r : 1 + r
d �R3�: g 3@Ø

EB =
(b + c)(a − b + c)

a + b + c

d
ä FP:25�1D1S=¼Ø8� 3·J@5��@3

[ACDE] = [ABC] − [BDE]

=
ac

2
− ac

2(b + c)
· (b + c)(a − b + c)

a + b + c

=
ac

2

(

1 − a − b + c

a + b + c

)

=
abc

a + b + c

Ø
58:<;I561M79?

[APC] =
AP · AC · sin

A

2

2
=

x cos
A

2
· b sin

A

2

2

=
bx sin A

4
= b · b(b + c − a)

4(b + c)
· a

b
=

ab(b + c − a)

4(b + c)

2

J23�: g 3@Ø
[APC]

[ACDE]
=

(b + c − a)(a + b + c)

4c(b + c)

d
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432 = 4 · 33 · 22
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432 + 1
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192+384 = 576
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n + 2n = 3n
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n = 192
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291548736 = 8 · 92 · 531 · 746
Ø

FM:Q� JBF g J�3�5 g J�?Bi�E+J23
9
:<?@:<� �*3�CG?�;@FM _FDE�7·? gHg A<C�7·?@:�3�5 g J�7+F4;23>?Bi�E+J23>38�BA<56EGFM?@:xØ58:<;

3351801362 = 112345723568978496
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S =

∑

� ����� � �
cos

A

2

5�:<;
P =

∏

� ����� � �
cos

A

2
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P
≤ 2

√
3 max

{

sec
A

2

Ø
sec

B

2

Ø
sec

C

2

} 2

átL8â S

P
≥ 4 max

{

sec2 B − C

4

Ø
sec2 A − B

4

Ø
sec2 C − A

4

} d
�
�������! "��#�$�& 	�)
 .³ 	 �'0 �! �´ �rµ  �´�´ � �'0  �
� �
�*) + 0 # �
�e¶
�/+ � #  ��+ 0w´  �� &�� ���(³ �� # �¡µ�� �
� �
�Od

á45_â���3�E
α
Ø
β
Ø85�:<;

γ
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A = 2α
Ø
B = 2β

Ø858:<;
C = 2γ

d�� JBA<7�Ø
S

P
= Φ =

cos α + cos β + cos γ

cos α cos β cos γ

Ø
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Φ ≤ 2
√

3 max{sec α
Ø
sec β

Ø
sec γ} d á � â
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α ≥ β ≥ γ
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sec α ≥ sec β ≥ sec γ
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cos α + cos β + cos γ ≤ 2

√
3 cos β cos γ

Ø
sin(β + γ) + cos β + cos γ ≤ 2

√
3 cos β cos γ

Ø
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sin(β + γ) + 2 cos
(

1
2
(β + γ)

)

cos
(

1
2
(β − γ)

)

≤
√

3
[

cos(β − γ) + cos(β + γ)
] d
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2p = β+γ
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2q = β−γ
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sin(2p) + 2 cos p cos q ≤

√
3
[

cos(2q) + cos(2p)
] Ø

2 sin p cos p + 2 cos p cos q ≤
√

3(2 cos2 q + 2 cos2 p − 2)
Ø

cos p(sin p + cos q) ≤
√

3(cos2 q − sin2 p)

=
√

3(cos q + sin p)(cos q − sin p)
Ø

cos p ≤
√

3(cos q − sin p)
Ø

cos p +
√

3 sin p ≤
√

3 cos q
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sin

(

π

6
+ p

)

≤
√

3

2
cos q
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α + β + γ = π
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α ≥ π
6
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β+γ ≤ π

3
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p = 1

2
(β+γ) ≤ π

6
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0 ≤ p ≤ π
8

d� J236:
sin

(

π

6
+ p

)

≤ sin
(

π

6
+

π

8

)

= sin
(

7π

24

)

≈ 0.793 <
4

5
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q ≤ p
Ø�� 3 J@5_�@3

√
3

2
cos q ≥

√
3

2
cos

π

8
>

4

5
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s��#7�� � d π

8
< p ≤ π

6

d� J236:
β − γ = 2β − 2p ≤ 2α − 2p

= 2
(

π

2
− 2p

)

− 2p = π − 6p
2
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q ≤ 1

2
(π − 6p)

d³� J23�CG3�it?@CG3@Ø
√

3

2
cos q ≥

√
3

2
cos

(

π − 6p

2

)

=

√
3

2
sin(3p)
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sin
(

π

6
+ p

)

≤
√

3

2
sin(3p)
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1

2
cos p +

√
3

2
sin p ≤

√
3

2
(3 sin p − 4 sin3 p)

Ø
cos p ≤ 2

√
3 sin p − 4

√
3 sin3 p

= 2
√

3 sin p(1 − 2 sin2 p)
Ø

1 − sin2 p = cos2 p ≤ 12 sin2 p(1 − 2 sin2 p)2
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u = sin2 p
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1 − u ≤ 12u(1 − 2u)2

Ø
48u3 − 48u2 + 13u − 1 ≥ 0

Ø
(4u − 1)(12u2 − 9u + 1) ≥ 0

d
ä ?@C π

8
< p ≤ π

6

Ø³� 3�J@5��@3 2−
√

2
4

< u ≤ 1
4
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Φ ≥ 4 max

{

sec2 β − γ

2

Ø
sec2 α − β

2

Ø
sec2 γ − α

2
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max
{

sec2 β − γ

2

Ø
sec2 α − β

2

Ø
sec2 γ − α

2

}

= sec2 β − γ

2
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cos α + cos β + cos γ ≥ 4 sec2 β − γ

2
cos α cos β cos γ

Ø
sin(2p) + cos β + cos γ ≥ 4 sec2 q sin(2p) cos β cos γ

Ø
sin(2p) + 2 cos p cos q ≥ 2 sec2 q sin(2p)[cos(β − γ) + cos(β + γ)]

= 2 sec2 q sin(2p)[cos(2q) + cos(2p)]
Ø

2 sin p cos p + 2 cos p cos q ≥ 4 sin p cos p sec2 q(2 cos2 q − 2 sin2 p)
Ø

cos p(sin p + cos q) ≥ 4 sin p cos p sec2 q(cos2 q − sin2 p)
Ø

cos2 q(sin p + cos q) ≥ 4 sin p(cos2 q − sin2 p)

= 4 sin p(cos q + sin p)(cos q − sin p)
Ø

cos2 q ≥ 4 sin p(cos q − sin p)
Ø
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(cos q − 2 sin p)2 ≥ 0
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x ∈
(

0, π
2

)

�
E DFC G
HJILK
M�I

(n + 1)!

2
n
∏

k=2

(k + cos x)

≤
(

x

sin x

)n−1

≤
(

π

2

)n−1

· n!
n
∏

k=2

(k + cos x)

�
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ä ?@C
k ≥ 2

Ø�143_E
fk(x) = k sin x + sin x cos x − x − kx cos x

d � J23�:
fk(0) = 0

Ø@58:<;"it?@Cy561P1
x ∈ (0, π/2)

Ø�� 3·J@5_�@3
f ′

k(x) = k cos x − sin2 x + cos2 x − 1 + kx sin x − k cos x

= kx sin x − 2 sin2 x = (kx − 2 sin x) sin x > 0
Ø

7*FP: g 3
0 < sin x < x

?@:
(0, π/2)

d �R3�: g 3@Ø
fk(x) > 0

?@:
(0, π/2)
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k ≥ 2

d
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gk(x) =
x(k + cos x)

sin x

it?@C
x ∈ (0, π/2]

d³� J23�:

g′
k(x) =

(−x sin x + k + cos x) sin x − x(k + cos x) cos x

sin2 x

=
fk(x)

sin2 x
> 0

Ø
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gk(x) ≥ lim
t→0+

gk(t) = k + 1
it?@C

x ∈ (0, π/2)
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x ∈ (0, π/2)
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n ≥ 2

Ø�� 3·J@5_�@3
n
∏

k=2

(k + 1) ≤
n
∏

k=2

x(k + cos x)

sin x
≤

n
∏

k=2

kπ

2

2
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(n + 1)!

2
≤
(

x

sin x

)n−1 n
∏

k=2

(k + cos x) ≤
(

π

2

)n−1

n!
Ø
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x
M
	��

y 
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n 
 H�M E C���� I�� G
H���	AIFH
� H D �

��DFC G
H�ILK
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(x + y)n

n
∑

k=0

1
(

n

k

)

xn−kyk
≥ n + 1 + 2

n
∑

i=1

n−i
∑

k=0

(

n

k

)

(

n

k+i

) ≥ (n + 1)2
�

� 
 � ? � H�I
x1

�
x2

�
. . .

�
xk 
 H

E C���� I�� G
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 H D��
� M
	���� H�I

n 
 H�M E C���� I�� G
H
��	AIFH
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(x1 + x2 + · · · + xk)n
∑

i1+···+ik=n

i1 * . . . * ik ≥ 0

i1!i2! · · · ik!

n!xi1
1 xi2

2 · · · xik

k

�
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a = y/x
d³� J23�:�� 3 J@5_�@3

L =

n
∑

k=0

(x + y)n

(n
k

)

xn−kyk
=

n
∑

k=0

(1 + a)n

(n
k

)

ak
=

n
∑

j=0

n
∑

k=0

(n
j

)

(n
k

)aj−k

= n + 1 +

n
∑

j=1

j−1
∑

k=0

(n
j

)

(n
k

)aj−k +

n−1
∑

j=0

n
∑

k=j+1

(n
j

)

(n
k

)

1

ak−j

= n + 1 +
n
∑

j=1

j−1
∑

k=0

(n
j

)

(n
k

)aj−k +

n−1
∑

j=0

n−j
∑

i=1

(n
j

)

( n
j + i

)

1

ai
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n
∑

j=1

j−1
∑

k=0

(n
j

)

(n
k

)aj−k =

n−1
∑

r=0

n−r−1
∑

k=0

( n
n − r

)

(n
k

) an−r−k

=

n−1
∑

r=0

n−r
∑

i=1

( n
n − r

)

( n
n − r − i

)ai

=

n−1
∑

r=0

n−r
∑

i=1

(n
r

)

( n
r + i

)ai =

n−1
∑

j=0

n−j
∑

i=1

(n
j

)

( n
j + i

)ai Ø
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L = n + 1 +

n−1
∑

j=0

n−j
∑

i=1

(n
j

)

( n
j + i

)

(

ai +
1

ai

)

≥ n + 1 + 2

n−1
∑

j=0

n−j
∑

i=1

(n
j

)

( n
j + i

)
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1

α
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n−1
∑

j=0

n−j
∑

i=1

(n
j

)

( n
j + i

) =

n
∑

i=1

n−i
∑

k=0

(n
k

)

( n
k + i

)
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n
∑

i=1

n−i
∑

k=0

(n
k

)

( n
k + i

) ≥ n(n + 1)

2

d



��
��

� FM: g 3 1
2
n(n + 1) = 1 + 2 + · · · + n
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n−i
∑

k=0

(n
k

)

( n
k + i

) ≥ n + 1 − i
d á � â
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j = n − i − k
Ø8� 3  63_E

S =

n−i
∑

j=0

( n
n − i − j

)

( n
n − j

)

d
� J236:

2S =

n−i
∑

k=0





(n
k

)

( n
k + i

) +

( n
n − i − k

)

( n
n − k

)



 =

n−i
∑

k=0





(n
k

)

( n
k + i

) +

( n
i + k

)

(n
k

)




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2S ≥ (n − i + 1) · 2
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a = 1
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x = y
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a
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x
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y 
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(

xa+1 + x + y
)(

ya+1 + y + x
)(

xa+1 + (xa + 1)y
)(

ya+1 + (ya + 1)x
)

≥ (xy)a
(

x +
√

xy + y
)4
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s = xa
�
t = ya

�
u = x + y

�
v =

√
xy

� M&	��
w =

√
st
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H&	
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(sx + u)(ty + u)(su + y)(tu + x) ≥ st(u + v)4
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H

(sx + u)(ty + u) ≥
(
√

stxy + u
)2

M
	��
(su + y)(tu + x) ≥

(
√

stu2 + v
)2
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(sx + u)(ty + u)(su + y)(tu + x) ≥

(

(
√

stxy + u
)(

√
stu2 + v

)
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(
√

stxy + u
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