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�§G �@2�F*K12 6,?B0EA@FHG3?@916gFJ?�F*K12 �:������������� � £82 �>h_?BA<9<;@0S4�9<;¿4:9<;Ú 4�N@C�4�;1?@C � 254 f K125C�6 d 6767? f GO4[FHG3?@9 � â 259@G3?@C ¨ 45F*K125PV4[FHG f 6 Ú 254��§Ap2��I4�PV2 ��
	 ��� �
�
��� ��� � ���
� c

Ø � � 	�� Ø � �Xã µk³�����¬8¯�­ ½ ´J¼#­ ½ ¼#­ ½�� ¼��>°<¼ ½ ¬M°��X³#¼�®DÁ>³X°p±²�±D±~¬>®I»J¼IÀÄ»*¬>­ÈpË���Í � Ô�� É�����Ë�Ê�É���Í|Ò �"!vË�É$# 	DË"%oÉ�ÊgË'&
Ø c � ∗� � h n GS6X4�L<?@6)GTFHGT�@28GO9BFH2��525CDF*K12:9 n!

�3CH254�;)(
n
h34 f FJ?@C�GO450+* � GO6#;125�<9<2�;�FJ?QN12

n · (n − 1) · (n − 2) · (n − 3) · · · 3 · 2 · 1
c


 ?@CR2 �:4:PVL@032
6! = 6 · 5 · 4 · 3 · 2 · 1 = 720

4:9<;
4! = 4 · 3 · 2 · 1 = 24

cÞX2[FH2:CHPQGS9<2oF*K128L<?@6)GTFHGT�@2�GO9BFH2��525C
m
6)A f K>F*K@45F�F*K1289@A<PVN<25C~?Bhp672 f ?@9<;16~GS9!4=@2:4:C~GO6#N12[FÝ��2:2:9

m!
4�9<;

(m + 1)!

,.-0/2143657- 8)9�:;3=<�>?>�@�5+3+- A c� K12X9@A<P�N12:CÄ?BhB672 f ?@9<;16�GS9>4R=@254�C�GS6
S = 365×24×3600 = 27 ·33 ·53 ·73 c� hp��2�?@CH�[4:9@GE�)28F*K12>h34 f FJ?@C�6#?Bh

S
FH?�CH2:672:PVN@0O2�4>h34 f FJ?@C�GO450 � ��2��52§F �

S = 2 · 3 · 4 · 5 · 6 · 8 · 3 · 52 · 73

= 10! · 5 · 73

2 · 3 · 7
= 10! · 365

42

c



�����

� ?���2,�@25C � 1 < 365
42

< 11
c�� KBA<6 � 10! < S < 11! � ��KBG f KQGSPVL@0SGO2:6�F*K@45F m = 10GO6RF*K12>GS9BFJ2:�52:C���2�672�2:� c���:�@2:9VGSh���2�K@4�;�4:676*A<P�2:;�4�0O2:4:LQ=@254�CX4:9<;VA<672�;

366
GS916*FH2:4�;�?Bh

365 � F*K124�916H��2:C���?BA103;QK@4[�@2>CH2:PQ4:GS9<2�;!F*K12>674:P�2 c �
��� �	�
�	���
������������� ��������������� ���!�
"�#$�	% �&�!�	�'% �)(+* ,-�/. � �10'��� �2�/��. �&%
�$���3�54'�&67��% .2���!�8��92�&�	% .2%:��%7�/�

(��<;&��=>�8��(�,
?A@�;'�	�<�$=>���B���3�+. �36:���:�<��6<%3�	���
�&% .
���C�8����DE.
%7%7���'?
ß c � ∗� d PV?:�BG32�6,K1?��>GS9<�8��4�6�45F�FH2:9<;12�;�N:= 500

L<2�?@L@032 c�d ;@A10TFH6�L<45G3;GF
10
2:4 f K4�9<; f KBGE03;@CH2:9HF

4
2:4 f K c8� K12�FH?�FH450Ä4�PV?BA<9BFXF�4���259�h_?@CRFHG f ��2§FH6X��4�6IF

4,160
c?� ?��PV4:9�= f KBGS0O;1CH259V4[F�FJ259<;<2:; �

,.-0/2143657- 8�9 :KJ /7>8LGM 5�N >PO>Q0A8R�@ >TSASKU
3
1�@ >�8 3:O-V�>'R3U 57@ >TW 57Q�< ,�N
<�-4-0/ OEX
- A - 8 3+-AOZY\[^]
d 9t4�;BA10EF�L<4§=16_F

6
P�?@CH2VF*K@4�9t4 f KBGE03;+`~F*KBA<6 � F*K125CH2�4:CH2 4(500) = 2000;<?B0E0O4:C�68GO9�674503256ML@0SA<6M4�9�2 �5FJC�4aF

6a
GO9�674503256 � ��K125CH2 a

GO6�F*K12Q9@A<PVN<25C8?BhD4�;@A10TFH6GO9�F*K12V�[CH?BA<L cQ� 2QPQA<6JFMK@4§�@2
2000 + 6a = 4160

c�â ?B0T�BGO9<��h_?@C
a � ��2V?1NBF�4:GS9

a =
4160 − 2000

6
= 360

c � 2:9 f 2 � F*K125CH28��2:CH2 500 − 360 = 140
f KBGE03;@CH2:9 c

��� �	�
�	���
������������� ��������������� ���!�
"�#$�	% �&�!�	�'% �)(+* ,-�/. � �10'��� �2�/��. �&%
�$���3�54'�&67��% .2���!�8��92�&�	% .2%:��%7�/�
(��<;&��=>�8��(�,
?
	 c � ∗� d 6)6)A<PV2>F*K@45F~F*K12!254�CÝF*KQGS6�4�6)LpK125CH2>�>GTF*K f GSC f A<PQh_25CH2:9 f 2 40,250

��Pá4:9<;F*K@45FI4MN1250TF�GO6DL10S4 f 2�;�4�CH?BA<9<;�F*K1282��BA<45FH?@C � ?@9<2oP�2§FJCH284�N<?5�@2�F*K1282:4:C�F*K�� 6~6)A<C�h34 f 245F#450S0ÄLp?BGS9BFH6 c?� ?��
PQA f K��[CH2545FH2:C�F*K@4:9�F*K12 f GOC f A<P�h_2:CH259 f 2Q?BhÄF*K12!2:4:C�F*K���?BA103;F*K12>03259<� F*KQ?BhpF*K12�N1250TF�N<2�� � ?BA10O;�F*KBGO6#;@GEå�25CH2:9 f 2�N12
��34 � 2π

PV2[FJCH256 ��3N � 40,250
PV2[FJCH256 �� f � 40,250π
P�2§FJCH2:6 ��3; � 40,250
�:GS0O?@P�2§FJCH2:6 � ?@C�_2 � 9<?@9<2�?BhpF*K12�4�N<?5�@2 �

,.-0/2143657- 8�9 :KJ /7>8LGM 5�N >PO>Q0A8R�@ >TSASKU
3
1�@ >�8 3:O-V�>'R3U 57@ >TW 57Q�< ,�N
<�-4-0/ OEX
- A - 8 3+-AOZY\[^]
â A<L<L<?@6,28F*K12MC�4�;BGSA<6#?Bh1F*K12�254�CÝF*K!GS6

r
��P c�� K12:9�F*K12 f GSC f A<PQh_25CH2:9 f 2�?Bh<F*K122:4:C�F*K!GO6

C = 40,250 = 2πr
��P � ��KBGE0328F*K12 f GOC f A<P�h_2:CH259 f 2�?BhpF*K12�N<2[0EF~GS9V��P�GS6f 03254�C�0T=

2π(r + 0.001) = C + 0.002π
c~� KBA<6 � F*K12�;@GEå�25CH2:9 f 2�GS6 0.002π

��P � ?@C
2π
PV2[FJCH256 c

��� �	�
�	���
������������� ��������������� ���!�
"�#$�	% �&�!�	�'% �)(+* ,-�/. � �10'��� �2�/��. �&%
�$���3�54'�&67��% .2���!�8��92�&�	% .2%:��%7�/�
(��<;&��=>�8��(�,
?
ã c � ∗ � Ú 2[F a � b 4:9<; c

N<2!GS9BFJ2:�52:C�6 cIb ?BA�4:CH2Q�§GT�@259�F*K@4[F
a ? b

GS6M;<2[�p9<2:;�FH?�N<2
ab − 2a − 2b + 6

c ¢Ä?@PQL1A@FH2
(a ? b) ? c − a ? (b ? c)

c



�����
q c�,.-0/2143657- 8 9�:_J /+>	L M 5�N >PO\Q�A	R.@ >GSAS_U
3
1�@ >�8 3:O�V�>'R3U 57@ >GW 5 Q0< ,�N
< -4-0/7O X0- A - 8$37-AO
Y\[^]

�1�BA1GT�B4503259BFH0T= � a ? b
GO6#;125�<9<2�;Q4:6

(a − 2)(b − 2) + 2
cI� K12:9

(a ? b) ? c =
(

(a ? b) − 2
)

(c − 2) + 2

=
(

(a − 2)(b − 2) + 2 − 2
)

(c − 2) + 2

= (a − 2)(b − 2)(c − 2) + 2
c

â GOP�GS0S4�C�0T= � a? (b?c) = (a−2)(b−2)(c−2)+2
cI� KBA<6 � F*K128;@GEå�25CH2:9 f 2oGS6I�)2:CH? cqÝq c�,�-0/ 1.365+- 8 9 :\J / R�8�� 1.-AO�Q0A8R�@ >�S��\U�3
1.@ >�8$3:O�Y�� [ > 5 / /	��-0/ /7>PQ�5:R.3+>�R�8�@�
 -)N	R.365+- 8)R
/

� 8�U
365+3
1437>PO
YZU <)R�
5R3OEY\[^]

(a ? b) ? c − a ? (b ? c)

= (ab − 2a − 2b + 6) ? c − a ? (bc − 2b − 2c + 6)

=
[

(ab − 2a − 2b + 6)c − 2(ab − 2a − 2b + 6) − 2c + 6
]

−
[

a(bc − 2b − 2c + 6) − 2a − 2(bc − 2b − 2c + 6) + 6
]

= (abc − 2ac − 2bc + 6c − 2ab + 4a + 4b − 12 − 2c + 6)

− (abc − 2ab − 2ac + 6a − 2a − 2bc + 4b + 4c − 12 + 6)

= 0
c

� c � ∗ � d f ApN12��>GEF*Kt6*G3;12:6�?BhX0O2:9<� F*K 3
f P GS6�L14:GS9BFJ2:;�CH2�;�4:9<;çF*K12:9 f A@F�GO9BFH?

3 × 3 × 3 = 27
f ApN<256R�>GTF*K�6)GO;<256�?Bh�0O2:9<� F*K

1
f P c � h

a
;12:9<?�FH2:6�F*K12>9@A<P�N12:C�?Bh67PQ4:0E0 f ApN12:6��SF*K@4[F�GS6 � 1 f P × 1

f P × 1
f P f ApN<256 � F*K@4[FX4:CH2�9<?�F�L<45GO9BFH2�;V4[F�4:0E0 �

b
F*K12�9@A<P�N12:C#L14:GS9BFJ2:;�?@9�?@9<2�6)GO;<2 � c F*K12!9@A<PVN<25C#L14:GS9BFJ2:;�?@9QFÝ��?�6*G3;12:6 � 4:9<;

d
F*K12�9@A<PVN<25CRL<45GO9BFH2�;V?@9!F*K@CH2:2�6)GO;<256 � ;12[FH2:CHPQGS9<2 a − b − c + d

c
,.-0/2143657- 8 9 : J / R�8�� 1�-AOCQ�A	R.@ >aS�� U
3
1�@ >�8 3:OIY�� [ > 5 / /���-0/ /7>PQ�5:R.3+>_R08 @�
 -)N	R.365+- 8)R
/
� 8�U
365+3
1437>PO
YZU <)R�
5R3OEY\[^]� K12#;@GS4��[C�4:P 4[FÄCHGO�5K�FÄ6,K1?���6�?@9<2Xh34 f 2#?Bh�F*K12XL<45GO9BFH2�; f ApN<2 ���K12:CH2oF*K128032§F�FJ25C~?@9!4>67�@A<4:CH2M6,K1?���6DFJ?>��KBG f K f ?BA<9BFIF*K@4[F~6)PV450S0f ApN<2 f ?@9BFJC�G3NBA@FJ256 c �Ý¥v2:PV2:PVN<25CMF*K@45F�254 f K�6,�BA<4�CH2�?@9�F*K12�h34 f 2CH2:L1CH2:672:9BF�6#4�6)PV450S0 f ApN12 c � .
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d d

d d

c

c c

c

b

¢�0O2:4:CH0 =
a = 1 � 6)GS9 f 2�?@9@0T=�F*K12�67PQ4:0E0 f ApN12�GO9�F*K12 f ?@CH2�?Bh~F*K12�N@GO� f ApN12CH2 f 25G �@2:6�9<?�L14:GS9BF c�d 0S6,? � b = 6

6)GS9 f 2VF*K125CH2�4:CH2�6)G ��h34 f 2:6�4�6�GS9�F*K12�;@GS4��[C�4:P2:4 f K f ?@9BFJC�G3NBA@FHGO9<�
1
FH?

b
c�� K125CH2�4�CH2

4
6,�BA<4�CH256�0S4�N1250E032:;

c
GS9QF*K12�;@GS4��[C�4:P � N@A@F2:4 f K�?BhIF*K12 f ?@CJCH2567L<?@9<;@GS9<�Q67PQ4:0E0 f ApN<256>GO6 f ?BA<9BFH2�;�FÝ�>G f 2!��K1259���2Q6)A<PÇ?5�@2:C4:0E0�6)G ��h34 f 256�?Bh�F*K12�N@GO� f ApN<2�`RF*KBA<6 � c =

4 × 6

2
= 12

c 
 GO91450S0 = � F*K125CH2�4:CH2 46,�BA<4�CH256~0S4�N1250E032:;
d
GO9>F*K12M;BGO4��[C�4�P � 4:9<;!254 f K�?BhBF*K12 f ?@CHCH2:6)Lp?@9<;BGO9<��6)PV450S0 f ApN<256GO6 f ?BA<9BFJ2:;�F*K@CH2�2MFHGOPV2:6R��K1259!��2�6*A<P `1K1259 f 2 � d =

4 × 6

3
= 8

c ¢Ä?@91672��BAp2:9BFH0 = �
a − b − c + d = 1 − 6 − 12 + 8 = −9

c
ä c 
 ?@C���KBG f K��B450SAp2�?@C��B4:0EAp2:6#?Bh

k � GEhv4:9�= � GO6 x2 + k
4�h34 f FJ?@CR?Bh

x4 − 3x3 + 6x2 − 3kx + 8
�



�����
,.-0/2143657- 8)9�:�� A 5�N��
< R08)Q3O+Q�A	R.@ >

11
OZV�5 U�QAR0A���-0/ /+>!Q
5 R437>PO
Y 3 3:R 
5R�OEY\[^]

â A<L<L16,?12�F*K@4[F
x2 + k

GO6o4�h34 f FH?@C co� K12:9VF*K12�?�F*K12:C�h34 f FH?@C#P�A<6*F�N12�?BhÄF*K12h_?@CJP
x2 + ax + b � 4:9<;���2�K@4[�@2

x4 − 3x3 + 6x2 − 3kx + 8 = (x2 + k)(x2 + ax + b)

= x4 + ax3 + (b + k)x2 + akx + kb
c

�1�BA<45FHGS9<� f ?12�� f G3259BFH6V?@9�F*K12�032[hSF!4:9<;�CHGO�5K�F!6)GO;<256 � ��2�?1N�FH45GO9�F*K12�6�=16JFJ25P ?Bh2��BA<45FHGO?@916
�

a = −3 � � � �
b + k = 6 � � 	 �

kb = 8
c � � �


 CH?@P � 	 �*� ��2��52[F b = 6−k
`:6*ApN16JFHGEFHA@FHGS9<��F*KBGS6IGS9BFJ?�� � �*� ��2o?1N�FH45GO9 k(6−k) = 8

`F*K@45F~GS6 � (k − 4)(k − 2) = 0
c�� K125CH25h_?@CH2 � k = 2

?@C
k = 4

c
��� �	�-�	���
�����C���+���2���	��.
6:�/�'��� ���!�-"�"��	% �&�!�	�'% ��
&�	��� .
�!�
�B. ��;���6 ;'�&��� �)@����<���3%
����(�,
?

Ù cvd 9�4�9BFv�>GS6,K1256�FH?MFJC�4§�@250�h3CH?@P
A
FH?

D
?@9MF*K126)A<C�h34 f 2Q?BhI4Q6)PV450S0���?1?1;12:9�NB03? f ���>GTF*K�;@GSP�259<�6)GO?@916

2
f PÃN:=

4
f PÃN:=

8
f P � 4�6�6,K1?���9�?@9QF*K12CHGO�5K�F cR� K12�6,K1?@CÝFJ256*F�6*A f KQCH?BA@FJ2�GS9��@?B0T�@256 f CH?@6767�GO9<�oF*K12�2:;<�52

BC
4[FR4�L<?BGO9BF

E
c


 GS9<;!F*K12�;BGO6JFH4:9 f 2
BE

c .
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DEA

FJ?>N12�F*K12#67K1?@C�FH2:6JFÄCH?BA@FJ2 � GTFÄPQA<6JFN<2�4�6*FJC�45G3�5K�F�0EGO9<2 c#� N1672:C|�@2>F*K@45F~F*K12�FÝ��?QC�G3�5K�FFJCHGS4�9<�§0O2:6
DAF

4:9<;
EAB

4:CH2�6*GOP�GS0S4�C c�� KBA<6 �
BE

F D
=

AB

AF
� ��KBG f K!GSPVL@0SGO2:6RF*K@4[F

BE =
AB

AF
× FD =

2

6
× 8 =

8

3
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2 ���

4 ���

8 ���

��� �	�-�	���
�����C���+���2���	��.
6:�/�'��� ���!�-"�"��	% �&�!�	�'% ��
&�	��� .
�!�
�B. ��;���6 ;'�&��� �)@����<���3%
����(�,
?
� c�d F�=@L1G f 450I0O4:CH�52�K@4�PVN@A<CH�525C>K@4�6

427
f 4:0O?@CHGO2:6 � � ��� ?BhIF*K125P h3CH?@P h345F cV� K12674:P�2�K@4:P�NBA<CH�52:C~�>GEF*K f K12�256,2�K@4:6

31
�[C�4:PV6o?BhÄh34[F � ����� ?BhvGEF�6 f 4503?@C�G3256 f ?@PQGS9<�h3CH?@P�h345F c ¥v2��§A10S4�C 
 CH259 f K!h3C�G3256#K@4§�@2

220
f 4503?@C�G3256RGS9!FH?�FH450<4�9<;

12
�[C�4�PQ6#?Bhph34[F cd Lp?@L@A10O4:CR6*A<9<;14�2�K@4�6

360
f 4503?@C�G3256 � 4:9<; 	 ��� ?BhpF*K1256,2>4�CH2Mh345F f 4:0O?@CHGO2:6 cd KBGO�5K�6 f K1?1?B0#6*FHAp;12:9BF�K@4:6V4�P�254:0 f ?@916)GS6*FHGS9<��?Bh#F*KBGS6VK@4�PVN@A<CH�525C��>GTF*K;<?BApNB032 f K12�256,2 � 4:9�?@CH;<25CÄ?BhBCH2:�§A10O4:C 
 CH2:9 f K8h3C�G3256�4�9<;oF*K12XLp?@L@A10O4:Cv6)A<9<;@4�2 c�� K@4[FLp25C f 259BFH4��52�?Bh f 4:0O?@CHGO2:6RGO9!F*K12>P�254:0p4�CH2Mh345F f 4503?@C�G3256 �

b ?BA�9<2�2:;VFH?���9<?�� F*K@45F
1
�[C�4�PÃ?BhÄh34[F�K@4:6

9
f 4503?@C�G3256 c �IG �@2>=@?BA<CX4�916H��2:CFJ?�F*K12>9<2:4:CH2:6JFI��K1?B032>9@A<PVN<25C�L<2:C f 2:9BF�4��52 c
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(t, f)
CH25L<CH256,259BF

t
FJ?�F�4:0 f 4503?@C�G3256�4�9<;

f
h345F f 4:0O?@CHGO2:6 c�Ú 2[F

HBN<2>F*K12 f 4503?@C�G32�L<45GOCRh_?@C�4!K@4�PVN@A<CH�525C c � 9QF*K12�6)4�PV2�PV4:919<2:C � 0O2[F CB
CH2:L1CH2:672:9BF4!¢ÄK12:2:672�NBA<CH�52:C � FF

4�9�?@CH;<25C#?BhÄCH2��§A10S4�C 
 CH259 f KVh3C�G3256 � S 4�6*A<9<;14�2 � C 4�L@G32 f 2?Bh f K12�256,2 � 4�9<; DCB
4�;1?BApN@0O2 f K12:2:672�NBA<CH�52:C cI� 2�K@4§�@2

HB = (427, 48% × 427) = (427, 204.96) �
CB =

(

31 × 9

53%
, 31 × 9

)

≈ (526.42, 279) �
C = CB − HB ≈ (99.42, 74.04) �

DCB = CB + C ≈ (625.83, 353.04) �
FF = (220, 12 × 9) = (220, 108) �

S = (360, 28% × 360) = (360, 100.8)
c

� 259 f 2 � GEh M CH2:L1CH2:6)9BFH6�F*K12 f 4503?@C�G32>L14:GSC~h_?@CIF*K12�PV2:450<GO9V�BAp2:6JFHG3?@9 � F*K1259
M = DCB + FF + S ≈ (1205.83, 561.84)

c
� K125CH25h_?@CH2 � F*K12�h3C�4 f FHGO?@9�?Bh f 4503?@C�G3256X��KBG f K�4�CH2�h34[F f 4:0O?@CHGO2:6�GS9VF*K12!PV2:450ÄGS6

561.84/1205.83 � ��KBG f K!GS6X4�L1L<CH?��:GOPQ45FH250 = 47%
c

(��'�+. �'6 ���:�<��6 %3�	���7��% .2����=>��� �<��6:�/.
�����'?
� cÄd N@4�� f ?@9BFH45GO916

2
CH2:; f 4�N1N14��52:6R4:9<;

3
�[CH2:2:9 f 4�N<N@4��5256 c�� C�4 f = � ��K1?�GO6�NB0SGS9<;<�h_?B03;12�; � C�4�9<;1?@PQ0 =V67250O2 f F�6�?@9<2�?BhpF*K12 f 4�N<N@4��5256�4:9<;VL@0O4 f 256XGEF~GO9Q4�9V2:PQL@F|=VL14�9 c� K1259�6,K12oC�4:9<;<?@P�0T=�67250O2 f F�6D48672 f ?@9<; f 4�N<N@4��52�h3CH?@P F*K1?@672oCH25PV45GO9@GS9<�#GO9>F*K128N@4��4�9<;�4:0S6,?�L@0O4 f 2568F*K@45FoGS9�F*K12QL<4:9 cQ� K@4[FoGS68F*K12VL<2:C f 2:9BF�4��52Q0EG3��2[0SGOK1?1?1;�F*K@4[F � ?BhF*K128FÝ��? f 4�N1N14��52:6~F*K@45F~4�CH2M9<?���GS9�F*K12>L<4:9 � ?@9<28GO6�CH2:;�4�9<;�F*K12�?�F*K12:CIGO6X�[CH2:2:9 �

��- ��� -AU 5+3+> -���U�-0/2143657- 8)U 9 :�J /+>	L M 5�N >PO)Q�A	R.@ >ISAS�U
3
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5R�OEY\[^]� 2 f 4�9 4 f KBG32,�@2kF*K12¡;12:6*GOCH2:; ?BA@F*�f ?@PV2>N:=�67250O2 f FHGS9<�825GTF*K12:CDCH2:;!h_?B0E03?���2:;�N:=�[CH2�259ç?@C8�[CH2:2:9�h_?B0E03?���2:;�N:=�CH2�;��3672�2!F*K12;@GS4��[C�4:P � cR� K12��<C�6*FRLp?@6)6)GON@GE0SGTF�=�=@GO250O;16�F*K12L<CH?1N@4�NBGS0EGEF|=�?BhÄ6)A fJf 25676#4�6 2

5
· 3

4
= 3

10

`BF*K126,2 f ?@9<;�L<?@676*G3NBGS0EGEF|=��§GT�@256�F*K12�L1CH?1N14�N@GE0SGTF�=?BhÄ6*A f*f 2:6)6#4:6 3
5

· 2
4

= 3
10

c~â A<PVP�GO9<���§GT�@256F*K12tFJ?�F�4:0ML1CH?1N14�N@GE0SGTF�=è4�6 6
10
� ��KBG f KkGO6�4

60%
0SGO��250EG3K1?1?1; c
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P = 2
5


���


P = 3
5

����� ���

P = 1
4

�����

P = 3
4

����� ���

P = 2
4

�����

P = 2
4

����� ���

�! #"%$'&)(* 
�,+.-!/ �1032�4 (� 

�5+

� �4@+]%6Äd 9V450EFH2:CH9145FH2�PV2[F*K1?1;!F*K@45F�4[�@?BGO;16�;12 f GS6)GO?@9�FJCH2:2:6XGO6#450O67?Q4§�B4:GE0O4�N@0O2 c� K12�FH?�FH450�9@A<P�N12:CQ?Bh8L<?@676*G3NB032���4[=@6�FJ?�L@G f ��FÝ��? f 4�N1N14��52:6Qh3CH?@P F*K12çN14���GS6
(5
2

)

= 10
c�� C�4 f =�9<2:2�;@6>FH?�L@G f ��?@9<2�?BhIF*K12QFÝ��?�CH2:; f 4�N1N14��52:6 � ��KBG f K f 4�9çN<2;<?@9<2QGO9 (2
1

)

= 2
��4§=16 � 4�9<;�?@9<2�?BhDF*K12�F*K@CH2�2��[CH2�259 f 4�N1N14��52:6 � ��KBG f K f 4:9çN<2;<?@9<2>GS9 (3

1

)

= 3
��4§=16 c�� KBA<6 � F*K12�L1CH?1N14�N@GE0SGTF�=Q?Bhv6)A fJf 25676�GS6 2·3

10
� ?@C 60% c �



	 ���
Ø à c�� K@CH2:2V67PQ4:0E0 f GSC f 03256�2:4 f K�?Bh~C�4�;@GEA<6

1
f P 4�9<;?@9<2�0S4�CH�525C f GSC f 032�4:CH2�03? f 45FH2�;�4:6!GO9<;BG f 45FH2�; ?@9tF*K12CHGO�5K�F c ÞX2§FJ25CJP�GO9<2MF*K12>4�CH254�?Bh<F*K12>0S4�CH�525C f GOC f 0O2 c

b ?BA<C�4�916H��2:C�67K1?BA103;MN<2X2 ��L<CH2567672�;oGS9oF*K12�h_?@CHP
(

a + b
√

3

c

)

π � ��K125CH2 a � b � 4:9<; c
4:CH2>GS9BFJ2:�52:C�6 c
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A � B � C
N<2�F*K12 f 259BFJCH2:6ç?Bh�F*K12�F*K@CH2�2GO9BFH2:C�G3?@C f GOC f 0O2:6 � 0O2[F D � E � F N12#F*K12oL<?BGO9BF�6~4[Fv��KBG f KF*K12:672�F*K@CH2�2 f GSC f 03256XFJ?BA f K � 4:9<;V032§F O

N12�F*K12 f 2:9BFJCH2?BhpF*K12>0S4�CH�52 f GOC f 0O2�4:6X6,K1?���9 c� 2o;12:9<?�FH2XF*K12�C�4�;BGSA<6~?Bh�F*K12#0S4�CH�52 f GSC f 032�N:=
r
c£8?�FH2�F*K@4[F

r = AO + 1
cQ� K12:CH2[h_?@CH2 � ?BA<CoL<C�GOPQ4�C|=GO9BFH2:9BFHGO?@9QGS6RFJ?�;<2§FJ25CJP�GO9<2MF*K12M03259<� F*KV?Bh
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B CD

EF

O

Ü@=�/B=�F*K@4��5?@C�4:6 � � K12:?@CH2:P � ��2�K@4§�@2
AD =

√

AC2 − DC2 =
√

4 − 1 =
√

3
c


 A<CÝF*K12:CHP�?@CH2 � 6*GO9 f 2 4AEO ∼ 4ADC � ��2��52[F AO

AE
=

AC

AD

`�F*K@4[F~GO6 �
AO =

AC

AD
× AE =

2√
3

c
� 259 f 2 � r =

2√
3

+ 1
c £o?���F*K12�4:CH2:4�?BhpF*K12>0S4�CH�52 f GOC f 0O2MGO6

πr2 = π

(

2√
3

+ 1

)2

= π

(

7 + 4
√

3

3

) c
(��'�+. �'6 ���:�<��6 %3�	���7��% .2����=>��� �<��6:�/.
�����'?

� ËpÏ_É �
· Ø c~� K12�6*A<Pá?Bhv�B�@2 f ?@916,2 f A@FHGT�@2�9@A<PVN<25C�6#GO6 130

c ¢v450S0<F*K12�6)PV450S0O2:6JF�?Bh�F*K1256,29@A<P�N12:C�6
A
c� CHGTFJ28F*K128�B450SAp2�?Bh

A
GO9�Ü�?���� � ?Bh<F*K12Q¥v2[0O4§= d 916H��2:C â K12�2§F c

,.-0/2143657- 8�9 :KJ /7>8LGM 5�N >PO>Q0A8R�@ >TSASKU
3
1�@ >�8 3:O-V�>'R3U 57@ >TW 57Q�< ,�N
<�-4-0/ OEX
- A - 8 3+-AOZY\[^]Ú 2[F�F*K12��@�@2 f ?@91672 f A@FHG �@289@A<PVN<25C�6�N<2
x−2 � x−1 � x � x+1 � x+2

c�� K125GSC6)A<P�GO6
5x = 130 � GSPVL@0T=BGO9<�oF*K@4[F x = 26

cI� K12>67PQ4:0E03256*FDGS6
A = x − 2 = 24

c
· ß cvd FJCHGS4�9<�§0O2MK@4�6��@2:CÝFHG f 2:6~45F (0, 0) � (A/6, 0) � 4:9<; (0, 5)

c�� ?��¡PV4:9�=�Lp?BGS9BFH6�>GEF*K!GS9BFJ2:�52:C f ?1?@CH;@GS9145FH2:6�0EG32MGS916)GO;<28F*K12MFJC�GO4:9<�§032��� CHGTFJ2o=@?BA<CR4:916J��25C � B � GO9�Ü�?���� 	 ?BhpF*K12�¥v250S4[= d 916J��25C â K12:2[F c



	 � 	
,.-0/2143657- 8�9 :KJ /7>8LGM 5�N >PO>Q0A8R�@ >TSASKU
3
1�@ >�8 3:O-V�>'R3U 57@ >TW 57Q�< ,�N
<�-4-0/ OEX
- A - 8 3+-AOZY\[^]� K12�9@A<P�N12:C#?Bh�0S45F�FHG f 2�Lp?BGS9BFH68?@9QF*K12!N<?BA<9<;@4�C|=?Bh#F*K12�FJCHGS4�9<�§0O2�GO6 f 0O2:4:CH0 =

10 � 6*GO9 f 2�F*K12çK�=@Lp?�FH2:9@A<672;<?1256�9<?�F8GO9BFH2:C�672 f FM4�9�=�0S45F�FHG f 2VLp?BGS9BFH6�?�F*K12:CoF*K@4:9�GEF�62:9<;1�)L<?BGO9BF�6 c Ú 2[F
E
;<259<?�FJ2�F*K12g9@A<PVN<25C�?Bh�0O4[F�FHG f 2Lp?BGS9BFH6M?@9�F*K12!6*G3;12:6M?BhÄF*K12�FJCHGS4�9<�§0O2 cM� K12!4:CH2:4Q?Bh�F*K12FJCHGS4�9<�§0O2>GO6

∆ = 10
c Ü@=�/1G f � � 6 � K12:?@CH2:P � F*K12>9@A<P�N12:C?Bh�0O4[F�FHG f 2>Lp?BGS9BFH6�GO916*G3;128F*K12MFJC�GO4:9<�§032MGO6

∆ − E/2 + 1 = 10 − 5 + 1 = 6
c -

6
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1

5

� �4@+]%6R� GTF*K�4�9�4 f*f A<C�4[FJ2�;BGO4��[C�4�PÃ6*A f K�4:6#F*K12�?@9<2!4�N<?5�@2 � ��2 f 4:9�6)GSPVL@0T=f ?BA<9BFDF*K12�9@A<PVN<25CX?Bhp0O4[F�FHG f 2>Lp?BGS9BFH6�GO9!F*K12MGO9BFH2:C�G3?@C c �
· 	 c ÞX2[FH2:CHPQGS9<2 c

GSh
(B + 18)c + 7d = 4 �

d + e = 20 �
e + f = 36 �

f + 5c = 15
c

� CHGTFJ28F*K128�B450SAp2�?Bh
c
GO9�Ü�?���� � ?BhpF*K12�¥v250S4[= d 916J��25C â K12:2[F c

,.-0/2143657- 8�9 :KJ /7>8LGM 5�N >PO>Q0A8R�@ >TSASKU
3
1�@ >�8 3:O-V�>'R3U 57@ >TW 57Q�< ,�N
<�-4-0/ OEX
- A - 8 3+-AOZY\[^]� ?@C*�:GO9<��N14 f �5��4:CH;16 � ��28K@4§�@2 f = 15−5c = 36−e � ��KBG f K�GOPQL10EG3256IF*K@4[F
5c + 21 = e = 20 − d � hOA<CÝF*K12:C~GOPQL10 =@GS9<�oF*K@45F d = −(5c + 1)

cI� KBA<6 � F*K12>�<C�6*F2��BA<45FHGO?@9�N12 f ?@P�256
24c − 7(5c + 1) = 4

`:��K1259 f 2 � −11c = 11 � ?@C c = −1
c

· ã c�� K12o6)GO;<256R?Bh@F*K12o0S4�CH�52o6,�BA<4�CH2�GO9�F*K128;@GS4��[C�4:P4�CH2�FÝ�>G f 2 F*K12 03259<� F*K&?Bh>F*K12g6*G3;12:6�?Bh�F*K12�67PQ4:0E06,�BA<4�CH2 c�� K12>FÝ��?Q4:C f 6#4�CH2�L<?@C�FHGO?@916o?Bh f GSC f 03256��>GTF*KC�4�;BGSG�2:�@A<4501FH?�F*K12M03259<� F*KQ?Bh<F*K12M6)GO;<256#?Bh<F*K12M67PQ4:0E06,�BA<4�CH2Q4:9<;��>GEF*K f 2:9BFJCH256>4[F#F*K12QL<?BGO9BF�6
A
4:9<;

B
c

� h<F*K12M4�CH254�?Bh<F*K12>K@4[F f K12:;�CH2:�§G3?@9!GS6
c2 � ;12[FH2:CHPQGS9<2F*K12>03259<� F*KQ?BhpF*K12�6*G3;12:6#?BhpF*K12>67PQ4:0E0p67�@A<4:CH2 c� CHGTFJ2kF*KBGO6��B450SAp2eGS9áÜ�?�� �@��?Bh�F*K12 ¥v250S4[=d 916J��25C â K12:2[FR4:9<;VK@4�9<;�GTFDFH?�=@?BA<CRL1CH? f FJ?@C c
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,.-0/2143657- 8�9 :KJ /7>8LGM 5�N >PO>Q0A8R�@ >TSASKU
3
1�@ >�8 3:O-V�>'R3U 57@ >TW 57Q�< ,�N
<�-4-0/ OEX
- A - 8 3+-AOZY\[^]â L10EGEFvF*K12X0O4:CH�52#6,�BA<4�CH2#GS9BFJ?o�>6)PV450S0�6,�BA<4�CH256 c £8?�FHG f 2�F*K@4[FvF*K12�4:CH2:4�PQGS676*GO9<�GO9!F*K128FH?@Lp�J032[hSFR4:9<;VN1?�F�FJ?@PV�)C�G3�5K�F~6,�BA<4�CH256X6)A<P
FJ?�?@9<2>67PQ4:0E0p67�@A<4:CH2 c�� KBA<6 � ��2K@4[�@2 � 6)PV450S0B67�@A<4:CH2:6D4:6�F*K12o67K@4�;12�;�4�CH254 cIâ A<L1Lp?@672#F*K12�6)GO;<2[03259<� F*K�?BhBF*K12�67PQ4:0E06,�BA<4�CH2>GS6
x
c�� K1259

3x2 = c2 = 1 � =@GO250O;@GS9<� x = 1√
3

c
� K@4[F�N1C�GO9<�[6XA<6RFJ?�F*K12�259<;V?Bhv4�9<?�F*K125C~GS676*Ap2 c



	 ���
� ������� � �����	� ��
 � ��
���� �

¨ 45F*K125PV4[FHG f 4:0 ¨ 4[=1K12:P	N12��[4:9tGS9 �:����� 4�6�
�i�
���������
�������
5z��Jy ��!#"�
5z%$Ýy !

&"('*) +�m,�.-/�*0/�1�@y@y�z2
&"('43%"5�.65��!#71� �#+40����8'5��"/��7 c � F f ?@9BFHGS9@Ap2:6 � �>GTF*KçF*K12�674:P�22:PQLpK@4:6)GS6 � 4:6>4:9�GS9BFJ2:�[C�4:0IL<4:C�F8?Bh	9;:§Y=<?>A@�]CBED�F�@�]HGJI�K/:§Y&FMLNG3]CBO>A@�]PBED=F�@�]JGHI�@=Q
>A@;R/BED�F c� K12 ¨ 4§=<K125P �1;BGEFH?@C#GO6 â K@4[��9 �D?1;@GS9�� � F�FH4§��4V¢v4:CH0O2[FH?@9�ÞRGO6JFJCHG f F â�f K1?1?B0Ü�?@4�CH; � c�� K12 d 676*GO6JFH4:9BF ¨ 4§=<K125P �1;BGEFH?@CDGS6TS7?1K@9;�DC�4:9BF ¨�f§Ú ?BAp�5KB0EGO9Q�_¤#9@G �@2:C�6*GEF|=?Bho£82 �ÇÜpC�A<916J�>G f � � c�� K12�?�F*K12:CM6*F�4:å�PV2:PVN<25C�6�4:CH2 d P�=ç¢v4:P�25CH?@9t�_¢�4�C�032§FJ?@9¤#9@GT�@25C�6)GTF�= �*� Þ�4:9 ¨ 4 f1U GO919<?@9�� � F�FH4§��4�¢�4�C�032§FJ?@9gÞRGS6*FJC�G f F â�f K1?1?B0oÜ�?@4:CH; �J� 4:9<;� 4�9 © 4�9<;12:C,Ü<A<CH�5KV�_¤#9@G �@2:C�6*GEF|=V?Bh � 4[FJ25CH0O?1? � c

V WYX4ZO[]\ ^`_,acbed/[]\gf

h5i�j�k l lmionqp5r j�sutwvJx=p&soy�i=tHtwvzi|{�r�s�s�r1lJj&t}kmr=p/s�x j#~]��vzr/��l=�i�y�i�sY�5ju��v �i#s�i�p�t,p(j�yO�i�vzr
x/{#x=p5t5lmi��&�C�1�	� �1�%���z�������z�	�1�=�&� �5�&i�s�s�r1lJj&t}kmr=p/s�vzi/�� j&i�s�x���v5�i#s � i=tHtmi2��x/tJiTp5i�s�i�vzr=p5t ��vHk.s�i�si�p � r=y	�EtJi,�5j&iTs�� k l5p5r j�s�vzi�s�tJiN�5j�tJi�y��5s�x/{ox=p�t�l.x2��j/��l k � x/t}kmr=pq�;i#s�s�r1lJj/t}kmr=p&s��

� � x&�5j/i]��vzr/��l��i�y�i|s�i�vJxe��j/��l k��ie��x=p/s�lmi�s �;i=j�~el.x=p&¡ j&i�s?r�¢ � kmiol lmi�s �5j � x=p/x&��x£ x=p&¡1l.x1k.s¤i=t%¥}vJx=pE�� x1k.sJ¦���§�x=p&s¨lmi#s	p(j�yO�i�vzr�s¤©#ª�«�ª�¬Yi=tN­�ª®lP� x=p�¡1l.x1k.s,��v �i � �i��;i�vJx¯lmi�¥�vJx=pE�� x1k.sCªi=tE��x=p&s�lmi#s�p�j=yO�i�vzr�s�°�ª�±�ª�²¨i=tE³�ª5lmi�¥�vJx=pE�� x1k.s���v �i � �i1�;i�vJxNlP� x=p&¡1l.x1k.s1���x|v �i���x � t}kmr=p?s�r j � x1kmtJiYvzi�y�i�v � kmi�v2´1i�x=p5µ�¶]x=v ��· i�vCvJkmi�v¯i=t	¶]x=v�t}k}p*¸�r1lw��s�tmi#k}p�ª¨�;i
lP��¹8p�km{�i�vJszkmt��iN�;i¨¶er=p5twv �i#x1l ªE�(� x/{�r1k}v�twvJx&�5j�kmt5lmi�s���vzr/��l��i�y�i#s��

¾ Ø �Xã c�º A - � -AU®»> � R�A »�8¼�1�5 � > @ >�½ R :0< > � c� 9�6*A<L<L<?@6,2��@Ap2
n − 1

2[F
n + 1

67?@9BFX;<256�L<CH25PQGO2:C�6N¾3A<PV2:45A�� � ?DÛA n ∈ ¿2[F
n ≥ 3

c�¨ ?@9BFJCH2:C��@Ap2
1 � 2 � 3 � . . . � n L<25AB�@259BF 
2[FJCH2!4:CJC�4:9<�<æ2:6M;@4�916oA<9<2�0SGS6*FH2;<2�FJ2[0S0O2V67?@C�FH2��BAp2V0S4�67?@PVPV2�;12�;<2[A�� æ2[0Hæ25P�259BFH6 f ?@916�æ2 f A@FHGEh36��BAp250 f ?@9<�BAp2:6�2:6JFA<9�9<?@PVN1CH2�L<CH25PQGO2:C c ��/B4:C#2 ��2:PQL10O2 � 6)G n = 6 � A<9QFH250v4:CJC�4:9<�52:PV2:9BF#2:6JF 6 � 5 � 2 �

1 � 4 � 3 c �
¾ Ø � � c�º A - � -AU®»> � R�A%À�]
M R�/237>�AKV�:�8+N
<)O)J 3=< >�8)U�O � JCO¨Á ,!J8c

� 9�;BGT�BGO672�A<9��<0I;<2�03?@9<�§Ap2[A<C
1
259�FJCH?BGO6MP�?@C f 2:45A����@A � ?@9ç;�æ25h_?@CHP�2QL<?BA<C2:9�h345GOCH2MA<9 f 4:CJC[æ2 � A<9 f 25C f 032�2[FDA<9!FJCHGS4�9<�§0O2�æ2:�@A1GE0O4[F5æ2:C�450p4[=B4:9BF~0O2:6RFJCH?BGS6�0S4�P�
25P�24:GSCH2 c@� CH?BAB�@25C~0O4>0O?@9<�§Ap25A<C�;12 f K@4 f A<9V;<256#PV?@C f 254:A���;<2M�<0 c

¾ Ø �8ä c�º A - � -AU®»> � R�A »�8¼�1�5 � > @ >�½ R :0< > � c� 9 f K125C f K12 Û4�h_?@CHP�25C�;<256 f ?@PQGTF5æ2:6�Û4�L14�CÝFHGOC>;�� A<9 �[CH?BA<L<2�;<2�L<2:C�67?@919<2:6 c¨ ?@9BFJCH2:CX�BAp2�0O2�9<?@PVN1CH2�;<2 f ?@P�GEF[æ256#Lp?@6)6)GON@0O2:6 f ?@PQLp?@CÝFH4:9BFRA<9V9<?@P�N@CH2�GOPQL<45GOC;<2�PV2:PVN1CH256�2:6JF�2 �:4 f FJ25P�259BF�0O2�P 
2:PV2��BAp2�032�9<?@P�N@CH2�;12 f ?@PQGTF5æ2:6�Lp?@6)6)GON@0O2:6f ?@PQLp?@CÝFH4:9BFRA<9Q9<?@P�N@CH2�L14:GSC�;12�P�25P�N@CH2:6 c



	 � �

¾ Ø � Ù c�º A - � -AU®»> � R�A5[ >��0>�8�À01�A 5��N	O �3R�Q0A >�9AO �4A -1R.365+>�cÞX?BA@�)2QN@45FH2:45A�� � ? f*f A<L14�9BF f K@4 f A<9�FJCH?BGO6 f 4:6,256MK1?@CHGT�)?@9BFH4503256M?BA��@25C�FHG f 4503256;14:916DA<9<2o�[CHGE0S0O2
10×10 � 6,?@9BF�;�æ2:6*G3�[9�æ256DL<4:C�0O2:6�032§F�FJCH2:6~;12 A

Û4
L
f ?@PVPV2#GO9<;BG3�BADæ2;14:916�0S4��p�§A<CH2 c ¢vK@4��BAp2!N@45FH2:45A f ?@9BFHGO2:9BFRA<9 f 25C�F�4:GS9�9<?@PVN1CH2�;<2�L14�6)674��52:C�6 c�Ú 2569<?@P�N@CH2:6��BA1G#���§A<CH259BF�Û4ç;1CH?BGTFJ2�;<2�0S4ç;<25CJ9@GHÛ2:CH2 f ?B0O?@919<2ç2§F�2:9<�);<256767?BA<6V;<2�0O4;<25CJ9@GHÛ2:CH2Q0EG3�[9<2�GO9<;BG3�BAp2:9BFo032!FH?�FH450~;12:6>L14�6)674��52:C�6�;12�FH?BA<6>0O2:6�N@45FH2:45A��VFH?BA f K�æ2:6L<4:C�0S4�0SGO�[9<2�?BA 0S4 f ?B0O?@919<2 f ?@CHCH2:6)Lp?@9<;@4�9BFH2 c /B4:C�2 ��25PVL@032 � 03256Q;125A��çN14[FJ254:A��

B
2§F

L
;12�0S4V;12:CH9@GHÛ25CH2 f ?B03?@919<2 f ?@9BFHG325919<2:9BF8259�FH?BA@F

9
L<4:676)4��525C�6 c � Ap2[0I2:6JF#0329<?@P�N@CH2M;12oL<4:676)4��525C�6R;12 f K@4 f A<9!;12:6R;1?BA@�)28N14[FJ254:A�� � 6)4 f K@4:9BFD�BAp28;<2[A��>;�� 2:9BFJCH225A��!9�� 259 f ?@9BFHG325919<2:9BFX4:A f A<9�2§F#�BAp2�03256o;@G �!CH2:6JFH4:9BFH6o2:9�?@9BF

1 � 2 � 3 � 4 � 5 � 6 � 7 �
8 � 9 2§F 10

�

.............................................................................................................................................................................................................................................................................................................................................................................................................................
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..............................................................................................................................................................................................................................................................................................................................................................................................................................

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

..

.

..

..

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

..

.

..

..

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

..

.

..

..

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

..

.

..

..

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

..

.

..

..

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

..

.

..

..

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

..

.

..

..

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

..

.

..

..

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

..

.

..

..

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

.

....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... .....

....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... .....

....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... .....

....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... .....

....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... .....

....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... .....

....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... .....

....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... .....

....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... .....

A A A

B

B

B

C C C

D D D

E

E

E

F F F

G

G

G

H H H

I

I

I

J

J

J

K

K

K

L

L

L

8 21 6 9

6

19

15

17

¾ Ø � � c�º A - � -AU®»> � R�A »�8¼�1�5 � > @ >�½ R :0< > � c� 9g;<?BGTF!L@0O4 f 25C f K@4 f A<9k;12:6V2:9BFHGO2:C�6V;<2
1
Û4

12
;14:916A<9�;12:6 f 2:C f 0O2:6M;12!0S4!���§A<CH2Q;12�FH250E032�6,?@CÝFJ2��BAp2 � 6)A<C f K@4��@Ap2f 
?�F5æ2M;<2o0O48�p�§A<CH2 � 0S4M6,?@PQP�2M;12:6�2:9BFHGO2:C�6R67?BGEF 25 c�� CH?BAB�@25CI0O46,?@PQP�2�;<256#�@A<4[FJCH2�2:9BFHGO2:C�6XL10S4 f æ256#;14:916X03256 f ?BGS916 c

.

.

.

.

.

.

.

..

..
..
..
....
..............

..

.

.

.

.

.

.

.

.

.

.

.

..

.................
..
..
..
..
..
.
.
.
.
.
............................... .

.

.

.

.

.

.

..

..
..
..
....
..............

..

.

.

.

.

.

.

.

.

.

.

.

..

.................
..
..
..
..
..
.
.
.
.
.
............................... .

.

.

.

.

.

.

..

..
..
..
....
..............

..

.

.

.

.

.

.

.

.

.

.

.

..

.................
..
..
..
..
..
.
.
.
.
.
............................... .

.

.

.

.

.

.

..

..
..
..
....
..............

..

.

.

.

.

.

.

.

.

.

.

.

..

.................
..
..
..
..
..
.
.
.
.
.
.

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

..

.

.................
..
..
..
..
..
.
.
.
.
.
.

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

..

................
...
..
..
.
..
.
.
.
.
.
.

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

..

................
...
..
..
.
..
.
.
.
.
.
................................

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

..

................
...
..
..
.
..
.
.
.
.
.
................................

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

..

................
...
..
..
.
..
.
.
.
.
.
................................

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

..

................
...
..
..
.
..
.
.
.
.
.
.

..

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

.

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

..

................
...
..
..
.
..
.
.
.
.
.
.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

.

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

..

.

.................
..
..
..
..
..
.
.
.
.
.
.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

¾ Ø � � c�º A - � -AU®»> � R�A »�8¼�1�5 � > @ >�½ R :0< > � c¢Ä2
L1CH?1N@0HÛ2:PV2�2:6JFgA<9<2
P�?1;BGS� f 4[FHG3?@9Ã;BA L1CH?1N@0HÛ2:PV2L<C[æ2 f æ2:;<259BF c���f G � ?@9�;12:PQ4�9<;12V;�� A@FHGS0EGO672:C f K@4 f A<9�;<256>2:9BFHGO2:C�6;<2
1
Û4

16
;<2!FJ2[0S0O2Q6,?@CÝFJ2V�@Ap2�03256��@A<4[FJCH2�2:9BFHGO2:C�6�;<256 f ?BGO9162 �5F5æ2:C�G32[A<C�6!4:GO2:9BF>0O4�P�
25P�2�67?@PVPV2��BAp2�03256��BA<45FJCH2�2:9BFHGO2:C�6h_?@CJPQ4�9BFM0S4����§A<CH2VGO9BF[æ25CHGO25A<CH2 c�� Ap250E032�256*F80O4�67?@PVPV2�PV4 ��GO�PV45032��@A � ?@9VL@A1GO6)6,2�?1NBFH2:9@GSC � 6*G f � 256*FRL<?@676*G3NB032 � .

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

..

.

.................
...
..
..
.
..
.
.
.
.
.
............................... .

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

..

.

.................
...
..
..
.
..
.
.
.
.
.
............................... .

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

..

.

.................
...
..
..
.
..
.
.
.
.
.
............................... .

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

..

.

.................
...
..
..
.
..
.
.
.
.
.
.

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

..

................
...
..
..
.
..
.
.
.
.
.
.

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

..

................
...
..
..
.
.
.
.
.
.
.
.
.

.

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

..

................
..
..
..
..
.
.
.
.
.
.
.
................................

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

..

................
..
..
..
..
.
.
.
.
.
.
.
................................

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

..

................
..
..
..
..
.
.
.
.
.
.
.
................................

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

..

................
..
..
..
..
.
.
.
.
.
.
.
.

..

.

..

.

.

..

.

.

..

.

..

.

.

..

.

..

.

.

..

.

.

.

.

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

..

................
...
..
..
.
.
.
.
.
.
.
.
.

..

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

.

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

..

................
...
..
..
.
..
.
.
.
.
.
.

..

.

.

..

.

.

..

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

.

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

..

................
...
..
..
.
..
.
.
.
.
.
............................... .

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

..

................
...
..
..
.
..
.
.
.
.
.
.

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

..

................
...
..
..
.
.
.
.
.
.
.
.
................................

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

..

................
...
..
..
.
.
.
.
.
.
.
.
.

..

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

¾ ß�à8à c�º A - � -AU®»> � R�A »�8¼�1�5 � > @ >�½ R :0< > � cÞ�4�916#A<9 f 4�CHC[æ2�;�� 45GOCH2�A<9@GTFH45GOCH2�?@9�;12:6)6)GS9<2�;125A���;@CH?BGEFH2:6�L<2:CHLp259<;@G f A10O45GOCH256L<4:676)4�9BFvL14�Cv67?@9 f 2:9BFJCH2 � 0O2#;BGT�BGO6)4�9BFv45GO916*G�2:9 4
PV?@C f 254:A�� c � Ap250E032X256*F�0 � 45GOCH2�PV4 ��GO�PV45032>Lp?@6)6)GON@0O2>L<?BA<C~0 � A<9��BAp250 f ?@9<�BAp2�;�� 2:9BFJCH2�25A�� �2S*A<6JFHGS�p2[�I�@?�FJCH2�C[æ2:L<?@916,2 c



	 ���

¾ Ø �Xã c º A - � -AU�>�@ 9 : �4@ 
5R�A @ X�] W ] M R�8�Q�O M 5 /�� A 5+@ V�R41�A 57>�AAÁ 8�5 �0>�A	U 523 :�O
M R437>�A /7-4-AOEY\[�c

â A<L<L<?@6,2
n − 1

4:9<;
n + 1

4:CH2�FÝ�>GO9�L1CHGSP�256���K125CH2
n ∈ ¿ �>GTF*K n ≥ 3

câ K1?���F*K@4[F
1 � 2 � 3 � . . . � n

f 4�9�N<2Q4�CHC�4�9<�52:;�GS9�4�CH?�� 67?�F*K@4[F�F*K12V6)A<P ?Bh~4:9�=FÝ��? f ?@916,2 f A@FHGT�@2�9@A<PVN<25C�6�GO6�L1CHGSP�2 c � 
 ?@C�2 �:4�PQL10O2 � ��K1259 n = 6 � ?@9<2�6)A f K4�CHC�4�9<�525P�259BFRGO6
6 � 5 � 2 � 1 � 4 � 3 c �

¾ Ø � � c,º A - � -AU�>0@�9�:�À�]
M R�/237>�AKV�:�8+N
<)O)J 3=< >�8)U�O � JCO,Á ,!J8c
d �>GOCH2�?Bh�A<9@GTF�0O2:9<� F*KçGS6�;BGT�BG3;12�;çGS9BFJ?�F*K@CH2�2�L@G32 f 256 � ��KBG f Kç4�CH2�A<672�;�FH?f ?@916JFJCHA f F!4ç6,�BA<4�CH2 � 4 f GSC f 032 � 4�9<;�4�9g2��BA1GS0S45FH2:C�450XFJCHGS4�9<�§0O2�6*A f K�F*K@4[FQ254 f K�?BhF*K12:PáK@4:6�F*K12>674:P�2>4:CH2:4 c 
 GS9<;!F*K12>0O2:9<� F*KQ?BhÄ254 f KQ?BhpF*K128F*K@CH2�2�L@G32 f 256#?Bh<�>GOCH2 c

¾ Ø �8ä c,º A - � -AU�>0@�9�:;3=<�>�½ R :0< > � ,43 R � c
¢Ä?@PQPQGTF�FJ2:2:6M4:CH2!FH?�N<2!h_?@CJPV2�;�h3CH?@P 4V�[CH?BA<L�?BhDLp2:?@L10O2 c�â K1?��
F*K@4[F�F*K129@A<P�N12:C8?BhIL<?@676*G3NB032 f ?@PQPQGTF�FJ2:2:6�F*K@45F f 4:9�N12!h_?@CJPV2�;V�>GTF*K�4:9�?1;1;�9@A<P�N12:Co?BhP�25P�N12:C�6�GO6#2 �:4 f FH0 =�F*K12>674:P�2>4:6RF*K12>9@A<P�N12:C�?Bh�Lp?@6)6)GON@0O2 f ?@PVP�GEF�FH2�256RF*K@4[F f 4�9N<2>h_?@CHP�2:;��>GTF*K�4�9V2,�@259Q9@A<P�N12:C�?BhvP�25P�N12:C�6 c

¾ Ø � Ù c,º A - � -AU�>0@�9�:_[ >��0>�8�À01�A 5��N	O �3R�Q0A >�9AO �4A -1R.365:R1c
� K125CH2#4�CH2RFÝ��2[0T�@2X67KBGOL16�6)GTFHA<45FH2�;>?@9>4

10×10
�[C�G3; c�� K12#67KBGOL16�4�CH2#;<259<?�FJ2:;N:=�F*K12�032§F�FJ25C�6

A
F*K@CH?BAp�5K

L � 4�9<;�2:4 f K�67KBGOL f ?@916)GS6*F�6M?BhÄF*K@CH2�2 f 2[0S0S6M?BhÄF*K12��[CHGO;GO9�2[GEF*K125C#4�K1?@CHGT�)?@9BFH450�?@CX4��@25C�FHG f 450v0SGS9<2 � 4�6o67K1?���9�GO9QF*K12�;BGO4��[C�4�P c �B4 f K�67KBGOLf ?@9BF�4:GS916D4 f 2:CÝFH45GO9�9@A<P�N12:C�?BhBL<4:67672:9<�525C�6 cÄ� K125CH2�4�CH2#4:0S6,?M67?@P�2#9@A<PVN<25C�6IGO9MF*K120O4:6*F#CH?���4�9<;�F*K12!0S4�6JF f ?B0SA<PQ9�?Bh�F*K12Q;@GS4��[C�4:P c>� K1256,2�9@A<PVN<25C�6MCH2:L1CH2:672:9BF#F*K12FJ?�F�4:0:9@A<PVN<25CÄ?Bh�L14�6)6,259<�52:C�6�?@984:0E0[F*K12�6,KBGSL<6ÄGS9BFJ25C�6,2 f FJ2:;>N:=�F*K@4[FvCH?��k?@C f ?B0SA<PQ9 c

 ?@CD2 �:4�PQL10O2 � F*K12�FÝ��?�6,KBGSL<6 B

4:9<;
L
GS9�F*K12o0S4�6JFD�OCHGO�5K�F*�)PV?@6*F � f ?B0SA<PQ9�FH?1�52[F*K125Cf ?@9BF�4:GS9

9
L14�6)6,259<�52:C�6 c � ?���PV4:9�=�L<4:67672:9<�525C�6>;1?12:6M2:4 f K�?Bh�F*K12�FÝ��250 �@2!6,KBGSL<6f ?@9BF�4:GS9 � GSh@F*K12:CH284:CH289<?�L14�6)6,259<�52:C�6R?@9�FÝ��?�?Bh@F*K12867KBGOL16R4:9<;�F*K128CH25PV45GO9@GS9<�#FH2:96,KBGSL<6 f ?@9BF�4:GS9

1 � 2 � 3 � 4 � 5 � 6 � 7 � 8 � 9 � 4:9<; 10
L14�6)6,259<�52:C�6 �

.............................................................................................................................................................................................................................................................................................................................................................................................................................
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..............................................................................................................................................................................................................................................................................................................................................................................................................................

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

..

..

.

..

..

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

..

.

..

..

..

.

..

.

.

..

.

..

.

.

.

..

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

..

..

.

..

..

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

..

.

..

..

..

.

..

.

.

..

.

..

.

.

.

..

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

..

..

.

..

..

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

..

.

..

..

..

.

..

.

.

..

.

..

.

.

.

..

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

..

..

.

..

..

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

..

.

..

..

..

.

..

.

.

..

.

..

.

.

.

..

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

..

..

.

..

..

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

..

.

..

..

..

.

..

.

.

..

.

..

.

.

.

..

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

..

..

.

..

..

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

..

.

..

..

..

.

..

.

.

..

.

..

.

.

.

..

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

..

..

.

..

..

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

..

.

..

..

..

.

..

.

.

..

.

..

.

.

.

..

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

..

..

.

..

..

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

..

.

..

..

..

.

..

.

.

..

.

..

.

.

.

..

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

..

.

..

.

.

..

.

..

..

..

.

..

..

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

.

.

.

..

..

.

.

.

..

.

..

.

.

..

.

..

..

.

..

..

..

.

..

.

.

..

.

..

.

.

.

..

.

.

....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... .....

....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... .....

....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... .....

....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... .....

....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... .....

....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... .....

....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... .....

....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... .....

....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... ....... .....

A A A

B

B

B

C C C

D D D

E

E

E

F F F

G

G

G

H H H

I

I

I

J

J

J

K

K

K

L

L

L

8 21 6 9

6

19

15

17



	 ���

¾ Ø � � c,º A - � -AU�>0@�9�:;3=<�>�½ R :0< > � ,43 R � c
�@4 f Kg?Bh#F*K12�GS9BFJ2:�52:C�6Qh3CH?@P

1
FJ?

12
GO6!FJ?�N<2�L@0O4 f 2:;GO9�?@9<2V?Bh�F*K12 f GSC f 03256MGS9�F*K12Q�p�§A<CH2V67?�F*K@45F�F*K12Q6)A<P ?Bh�F*K12GO9BFH2��525C�6D4:0O?@9<�#2:4 f K>6)GO;<2�?Bh�F*K12#�p�§A<CH2#GO6

25
c ÞX2§FJ25CJP�GO9<2�F*K126)A<P ?BhpF*K12>h_?BA<CDGO9BFH2��525C�6#L10S4 f 2�;!GO9!F*K12 f ?@CH9<2:C�6 c

.

.

.

.

.

..

.

..

..
..
...
................

..

.

.

.

.

.

.

.

.

.

.

.

.

..................
..
..
..
..
.
.
.
.
.
.
.
............................... .

.

.

.

.

..

.

..

..
..
...
................

..

.

.

.

.

.

.

.

.

.

.

.

.

..................
..
..
..
..
.
.
.
.
.
.
.
............................... .

.

.

.

.

..

.

..

..
..
...
................

..

.

.

.

.

.

.

.

.

.

.

.

.

..................
..
..
..
..
.
.
.
.
.
.
.
............................... .

.

.

.

.

..

.

..

..
..
...
................

..

.

.

.

.

.

.

.

.

.

.

.

.

..................
..
..
..
..
.
.
.
.
.
.
.
.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

.

.

.

.

.

.

..

..

..
..
...
................

..

.

.

.

.

.

.

.

.

.

.

.

.

..................
..
..
..
..
..
.
.
.
.
.
.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

.

.

.

.

.

..

..

..
..
...
................

..

.

.

.

.

.

.

.

.

.

.

.

..

.................
..
..
..
..
..
.
.
.
.
.
.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

.

.

.

.

.

.

..

..
..
..
....
..............

..

.

.

.

.

.

.

.

.

.

.

.

..

.................
..
..
..
..
..
.
.
.
.
.
................................

.

.

.

.

.

.

..

..
..
..
....
..............

..

.

.

.

.

.

.

.

.

.

.

.

..

.................
..
..
..
..
..
.
.
.
.
.
................................

.

.

.

.

.

.

..

..
..
..
....
..............

..

.

.

.

.

.

.

.

.

.

.

.

..

.................
..
..
..
..
..
.
.
.
.
.
................................

.

.

.

.

.

.

..

..
..
..
....
..............

..

.

.

.

.

.

.

.

.

.

.

.

..

.................
..
..
..
..
..
.
.
.
.
.
.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

.

.

.

.

.

..

..

..
..
...
................

..

.

.

.

.

.

.

.

.

.

.

.

..

.................
..
..
..
..
..
.
.
.
.
.
.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

.

.

.

.

.

..

..

..
..
...
................

..

.

.

.

.

.

.

.

.

.

.

.

.

..................
..
..
..
..
..
.
.
.
.
.
.

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

..

.

¾ Ø � � c,º A - � -AU�>0@�9�:;3=<�>�½ R :0< > � ,43 R � c� KBGS6>GO6>4�PV?1;@GE� f 45FHGO?@9�?BhDF*K12VL1CH2,�@GO?BA<6�L<CH?1NB0325P c�� 9F*KBGO6 f 4�672 � F*K12!CH2:�@A1GSCH2:PV2:9BF#GO6#FJ?VA<6,2!450S0�F*K12�GO9BFH2��525C�6oh3CH?@P
1
FH?

16
?@9 f 2V254 f K�67?�F*K@45F�F*K12�GS9BFJ2:�52:C�6>4:0O?@9<�Q254 f K�?Bh�F*K12h_?BA<C�?BA@FH2:C#2�;1�52:68?BhvF*K12�0O4:CH�52��p�§A<CH2!4:9<;VF*K12�h_?BA<C�GO9BFH2��525C�6F*K@45FXPQ4���2�A<LVF*K12�GO919<25C��p�§A<CH2!K@4§�@2�GO;<259BFHG f 4:0v6*A<PV6 cX� K@4[FGO6RF*K12>0S4�CH�5256*F~6)A<P � GShv4:9�= � F*K@4[F f 4:9VN<2�?1N�FH45GO9<2:; � .

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

..

................
..
..
..
..
.
.
.
.
.
.
.
............................... .

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

..

................
..
..
..
..
.
.
.
.
.
.
.
............................... .

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

..

................
..
..
..
..
.
.
.
.
.
.
.
............................... .

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

..

................
..
..
..
..
.
.
.
.
.
.
.
.

.

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

..................
..
..
..
..
.
.
.
.
.
.
.
.

..

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

.

.

.

.

.

.

.

.

..

..
..
..
...
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..................
..
..
..
..
.
.
.
.
.
.
.
.

..

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

..

.

..

.

.

.

.

.

.

.

.

.

.

..

..
..
..
...
...............

..

.

.

.

.

.

.

.

.

.

.

.

.

..................
..
..
..
..
.
.
.
.
.
.
.
................................

.

.

.

.

.

.

..

..
..
..
...
...............

..

.

.

.

.

.

.

.

.

.

.

.

.

..................
..
..
..
..
.
.
.
.
.
.
.
................................

.

.

.

.

.

.

..

..
..
..
...
...............

..

.

.

.

.

.

.

.

.

.

.

.

.

..................
..
..
..
..
.
.
.
.
.
.
.
................................

.

.

.

.

.

.

..

..
..
..
...
...............

..

.

.

.

.

.

.

.

.

.

.

.

.

..................
..
..
..
..
.
.
.
.
.
.
.
.

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

.

.

.

.

.

..

..
..
..
...
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..................
..
..
..
..
.
.
.
.
.
.
.
.

.

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

..................
..
..
..
..
.
.
.
.
.
.
.
.

.

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

.

.

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

..................
..
..
..
..
.
.
.
.
.
.
.
............................... .

.

.

.

.

.

.

..

..
..
..
....
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

..................
..
..
..
..
.
.
.
.
.
.
.
.

..

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

.

.

.

.

.

.

.

.

..

..
..
..
...
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..................
..
..
..
..
.
.
.
.
.
.
.
................................

.

.

.

.

.

.

..

..
..
..
...
...............

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..................
..
..
..
..
.
.
.
.
.
.
.
.

.

.

.

..

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

..

¾ ß�à8à c,º A - � -AU�>0@�9�:;3=<�>�½ R :0< > � ,43 R � c
� ��?!Lp25CJL<2:9<;BG f A10S4�CD0SGS9<2:6�4:CH2�;@C�4[��9�F*K@CH?BAp�5K�F*K12 f 259BFJCH2�?Bh�4>6,�BA<4�CH2o�>GTF*K4�CH254
1
67�@A<4:CH2�A<9@GEF � f A@F�FHGO9<��F*K12�6,�BA<4�CH2�GS9BFJ? 4

L@G32 f 256 c�� K@45F�GS6�F*K12�0O4:CH�52:6JFLp?@6)6)GON@0O2>4�CH254�h_?@C~4�9�=Q?BhpF*K12�L@G32 f 256 �¯S*A<6JFHGShE=�=@?BA<CR4:916J��25C c

^`_,acbed/[]\ a����¤ZO[�V a����¤Z

�	�o+�
��o+�
� #"�%���"��������¡+�'��> #"B-v'H$�� ����� ��$p #"@(,���
!�!)y5)�z���� � 	 ��� ��¤#9@GEFH2�; U GO9<�5;1?@P ¨ 4[F*K12:PQ45FHG f 6 � CHA<6JF,S*A<9@GO?@C ¨ 45F*K � 0 =1PQL1GS4�; �d F�4�6*A<PVPV2:C f 4:PVL � �@�@2#6JFHAp;<259BFH6 � f 450S0O2�; A � B � C � D � 4:9<; E � 2:4 f K8FH4���2#L<4:C�FÄGS9�@�@282,�@259BFH6 � f 4:0E032:; V � W � X � Y � 4�9<; Z

c
� 9!254 f K f ?@PQLp2§FHGEFHGO?@9�6 f ?@CH2:6~?Bh
5 � 4 � 3 �

2 � 4:9<; 1
4:CH2M4§��4�CH;12�;�h_?@C

1 " � � 2 #%$5� 3 &'$5� 4�E  � 4�9<; 5
�E  � CH2567L<2 f FHG �@250 = c�� K12:CH2M4�CH289<?FHG3256 c�â FHAp;<259BF

A
6 f ?@CH2:6I4#FJ?�F�4:0@?Bh

24
Lp?BGS9BFH6 � 6JFHAp;<259BF C

6 f ?@CH2:6�F*K12o6)4�PV2#GS9�2:4 f K?BhIh_?BA<Co2,�@259BFH6 � 6*FHAp;12:9BF D
6 f ?@CH256

4
GS9 f ?@PVL<2[FHGTFHG3?@9

V � 4�9<;�6*FHAp;12:9BF E
6 f ?@CH256

5
GO9

W
4�9<;

3
GO9

X
c>â A<CHL<C�GO6*GO9<�§0 = � F*K125GSC�?:�@25C�4:0E0�L<?@6)GTFHG3?@916�4�CH2�GS9�4:0SLpK@4�N<2§FHG f 4:0?@CH;<25C c�� K12:CH2>4:CH2>9<?�FHG3256RGO9�F*K12M�<914:0<6JFH4:9<;@GS9<�[6 cDâ K1?��¡F*K@4[FIF*KBGO6RGS9@h_?@CJPQ45FHGO?@9!GS62:9<?BAp�5K!FH?!�<9<;Q4:0E01F*K12�6 f ?@CH256 � 4�9<;!F*K@4[FDF*K12:CH2MGO6#?@9@0 =V?@9<2>6,?B0EA@FHG3?@9 c� C|=@GS9<�çFH?è67?B0T�@2çF*KBGS6�L<CH?1NB0325P GS6�4��5?1?1;¡2 ��2:C f GS6,2tGS9è0O?1�§G f � 4�6V��2[0S0M4:69@A<P�25CHG f 450ÄPV4:9@GOL@A10O4[FHG3?@9 cX� K12:CH2�GS6�9<?�KBG3�5K1�J032,�@2[0ÄPQ45F*K125PV4[FHG f 6#GO9��@?B0 �@2�; c � F�GS64�L1CH?1N@0O2:P
��KBG f KQ6JFHAp;<259BFH6#?Bhv4:0E0p4��5256 f 4�9Q4�L1L<CH?@4 f K c � F~GO6X4�NBGEFRCH25PQGS9@GO6 f 259BF�?Bh03?1�§G f L<CH?1NB0325PV6I��2oFJC�G32:;���K12:9���2���25CH28GS9�250O2:PV2:9BF�4�C|=!6 f K1?1?B0

�
( d 0 � Ü�2§F�F�= � 4:9<;¢ÄK@4:CH0O2:6�K@4§�@2oF*K@CH2:2>;BGSåÄ2:CH259BF~�:GO9<;@6�?BhpL<2[F�6R4�9<;�0SG �@2oGS9�F*K@CH2:2>;BGSåÄ2:CH259BF f ?B0O?BA<CH2�;K1?BA<6,256�*)(�4:9<;�F*K12:9�=@?BA�4�CH2V�§GT�@259�4�N@A<9 f K�?Bh~672�25PQGS9<�§0T=�A<9 f ?@919<2 f FH2�;�6JFH4[FJ2:�P�259BFH6#4:9<;Q4:6,��2:;���K1?Q?���916RF*K12>6 f K@9145A@�)2:C c



	 ���

0:y�z � ���Sy " c�� K12QPV4 ��GSPQA<P 6 f ?@CH2Q4:9�=�6JFHAp;<259BF f 4:9�K@4[�@2V?:�@25C#F*K12Q�B�@2V2,�@2:9BF�6>GS6
5 × 5 = 25

Lp?BGS9BFH6 cDâ GO9 f 2
A
6 f ?@CH256

24
Lp?BGS9BFH6RGS9�FJ?�F�4:0 � 67K12>P�A<6*FRK@4§�@2>6 f ?@CH2:; 5GO9�h_?BA<CD2,�@2:9BF�6�4�9<;

4
GO9�F*K12>?�F*K125C~2,�@259BF cDâ GO9 f 2

E
6 f ?@CH256

5
GS9�2,�@2:9BF

W � F*K12:9 APQA<6JFR6 f ?@CH2
4
GO9

W
4:9<;

5
GS9!F*K12�CH256*F�?Bh<F*K12�2,�@259BFH6 cd FDF*KBGS6#6JFH4��52 � GTF~GS6X4��5?1?1;!GO;<254>FH?�PV4���2�4MF�4�NB032 �
V W X Y Z

� ?�F�4:0
A 5 4 5 5 5 24
B
C
D 4
E 5 3â ?�h34:CMGEF�;1?12:6�9<?�F>0O?1?1���5?1?1;�� � ?���2,�@25C � F*K12:CH2�GO6�4:9çA<9@A<6*A<4:0R4�L1L<CH?@4 f K (�FJ?03?1?1��4[FDF*K128FH?�FH450p6 f ?@CH2:6 c £o?�FJ28F*K@4[FDF*K128FJ?�F�4:0�?Bh<F*K12>�B�@2>6*FHAp;12:9BF�6 �:FJ?�F�4:0p6 f ?@CH256PQA<6JF�N<2

5(5 + 4 + 3 + 2 + 1) = 75
c� K@45F�GS6!F*K12�P�GO9@GSPQA<P L<?@676*G3NB032�FH?�FH450X6 f ?@CH2�h_?@C

E
� â GO9 f 2

E
PQA<6JF��52§F45F�0O2:4:6*F

1
GO9�254 f K ?Bh�F*K12�F*K@CH2:2�A<916)Lp2 f GS�p2�;�2,�@259BFH6 � F*KBGS6QP�GO9@GSPQA<P	PQA<6JF!N<2

1 + 5 + 3 + 1 + 1 = 11
c £8?�� � f ?BA10O; E

K@4§�@2>6 f ?@CH2�;
12
?@C~PV?@CH2�L<?BGO9BF�6 � � h

E6 f ?@CH2:6
12 � F*K12:9 D

6 f ?@CH256o4[F�03254�6JF
13 � C 45F�0O2:4:6*F

14 � 4:9<; B
45F�0O2:4:6*F

15 � 6)GS9 f 2F*K12:CH2V4�CH2V9<?�FHGO2:6 c Ü<A@F�F*K12:9�F*K12�FH?�FH450~?BhIF*K12V�B�@2V6*FHAp;12:9BF�6 �pFJ?�F�4:0S6>GS6�4[F80O2:4:6*F
24 + 15 + 14 + 13 + 12 = 78 � ��KBG f K!GS6�GOPQLp?@6)6)GON@0O2 c� K125CH25h_?@CH2 � E

P�A<6*F!K@4§�@2�4�FH?�FH450#?Bh
11
�3K12:9 f 2 � 1

GS9�254 f K ?Bh�F*K12�F*K@CH2:2CH2:PQ4:GS9@GO9<�#2,�@259BFH6 � c�� KBA<6 � E 4:9<;
A
FH?1�52[F*K125C�6 f ?@CH2

35
Lp?BGS9BFH6 � 0O2:4§�@GS9<� 40

Lp?BGS9BFH6h_?@C
B � C � 4�9<; D � �>GEF*K�2:4 f K�?BhÄF*K1256,2�6JFHAp;<259BFH6o6 f ?@CHGS9<��45F�03254�6JF 12

c Ü<A@FX6)GS9 f 29<?@9<2�?Bh~F*K12�F*K1256,2VFJ?�F�4:0S6 f 4�9�N12�2:�@A<450 � F*K12,=çPQA<6JF�N12 12 � 13 � 4:9<; 15
c � � C|=��;1;@0EGO9<�M4�CH?BA<9<;��>GTF*K�F*KBGO6RFH? f ?@9��BGO9 f 28=@?BA<C�67250Eh�� �¥v2:PQ4�CJ�:4�NB0T= � ��2�9<?�� ��9<?��
F*K12�FJ?�F�4:0�6 f ?@CH2568h_?@C8254 f K�6JFHAp;<259BF � �>GTF*K1?BA@F��9<?��>GS9<�>450S0�?Bh<F*K12�6 f ?@CH256�GO9!F*K12>GS9<;@G �@GO;@A<450v2,�@259BFH6 cI� KBA<6 � ��2>9<?���K@4§�@2 �

V W X Y Z
� ?�F�4:0

A 5 4 5 5 5 24
B 15
C 13
D 4 12
E 1 5 3 1 1 11d FIF*KBGS6�6*F�4��52 � ��2M67K1?BA103;�03?1?1��N14 f ��4[FIF*K128GO9@h_?@CHPV4[FHG3?@9���2���2:CH2>�§G �@2:9�FH?6,2:2���K@4[F���2>K@4§�@2M9<?�F�=@2[FIA<672�; c�� 286*FHGE0S0<K@4§�@2M9<?�FIA<6,2:;�F*K128h34 f F�F*K@45F

C
6 f ?@CH256F*K12>6)4�PV2M6 f ?@CH28GO9�h_?BA<CR;BGSåÄ2:CH259BFR2,�@2:9BF�6 c�� KBGO6�6 f ?@CH2 f 4�919<?�FRN12

1 � 4 � ?@C 5 � 6)GS9 f 2��2M450OCH254�;�=�K@4§�@2M4[FI03254�6JF�FÝ��?�?Bh�254 f K!?Bh1F*K1256,286 f ?@CH256RGS9�?BA<C�F�4�NB032 c
� h
C
6 f ?@CH2�;

2
GS9�h_?BA<CM;BGSåÄ2:CH259BFM2,�@2:9BF�6 � F*K1259�FH?��52§F84�FJ?�F�4:0I?Bh 13 � K12QP�A<6*FMK@4§�@2V6 f ?@CH2:; 5GO9�F*K12!CH25PV45GO9@GS9<�!2,�@2:9BF � ��KBG f K�GS6oGSPVL<?@676*G3NB032 � 6)GS9 f 2�254 f K�2,�@2:9BF�450OCH254�;�=�K@4�6846 f ?@CH2!?Bh

5
4 f*f ?BA<9BFJ2:;Vh_?@C cX� KBA<6 � C 6 f ?@CH2:6

3
GO9Vh_?BA<C#;BGSåÄ2:CH259BF�2,�@259BFH68�O4�9<;

1
GS9F*K12�?�F*K12:CX2,�@259BF � 6)GS9 f 2 C

� 6�FJ?�F�4:0�PQA<6JF#N12
13� cMÚ ?1?1�:GO9<�>4[F~F*K12�2:9BFJC�G3256�4:0SCH2:4�;�=GO9!F*K12MF�4�NB032 � C PQA<6JFR6 f ?@CH2

1
GO9V2,�@259BF

X
c�� KBGO6#�§GT�@256XA<6

�



	 ���

V W X Y Z
� ?�F�4:0

A 5 4 5 5 5 24
B 15
C 3 3 1 3 3 13
D 4 12
E 1 5 3 1 1 11£8?��

D
6 f ?@CH2:6

8
Lp?BGS9BFH68GO9�F*K12�0S4�6JF�h_?BA<C82,�@259BFH6 � 4:9<;�PQA<6JF86 f ?@CH2 1

?@C
2GO9�2,�@2:9BF

W � 4:9<; 2
?@C

4
GS9�2,�@2:9BF�6

X � Y � 4�9<; Z
cQâ GS9 f 2

D
f 4:919<?�FMK@4§�@2V?@9@0T=?@9<2M?1;<;�6 f ?@CH2o4�9<;�4:9�2,�@259�FH?�FH450 � F*K12:9�6,K128P�A<6*FI6 f ?@CH2 2

GO9!2,�@2:9BF
W � 4:9<;�F*KBA<66,K12M6 f ?@CH2:6

2
GO9�F*K12>CH256*F~?Bh<F*K12>2,�@2:9BF�6RFJ?!�52[FD4MFH?�FH450p?Bh

12
c � d 6 f ?@CH2>?Bh

4
��?BA103;L1A<67K�K125C#4�N<?5�@2�F*KBGS6#FJ?�F�4:0Ä6 f ?@CH2 c � � 2 f 4�9VF*K1259��@A1G f ��0 =��10S0vGS9 B

� 6o6 f ?@CH2568N:=�4L<CH? f 2:6)6�?Bhv250EGOP�GO914[FHG3?@9
�

V W X Y Z
� ?�F�4:0

A 5 4 5 5 5 24
B 2 1 4 4 4 15
C 3 3 1 3 3 13
D 4 2 2 2 2 12
E 1 5 3 1 1 11� 2oK@4§�@2#�p�§A<CH2�;�?BA@F�450S0B?Bh�F*K12#6 f ?@CH2:6 cÄ� K1256,2#4�CH2�F*K12o?@9@0 =�L<?@676*G3NB032#6 f ?@CH256N<2 f 45A<6,2 � GS9V2:4 f K�6*FH2:LV?BhÄ?BA<C~4�CH�§A<PV2:9BF � F*K125CH28��4:6#?@9@0T=Q?@9<2�L<?@676*G3NBGS0EGEF|= cd 6#F*KBGO6�GO6#F*K12�0S4�6JF>/<CH?1NB0325P ?BhÄF*K12 ¨ ?@9BF*K�N<2[h_?@CH2!6*A<PVPV2:C � � ��?BA10O;�0EG3��2FJ?VF*K@4:9<� â K@4[��9)�~?1;BGO9�h_?@C#4�67��GS9<��P�2�FJ?���CHGTFJ2�F*KBGO6 f ?B0EA<PV9 c � K1?@Lp2�F*K@45F�=@?BAK@4[�@2>259;¾|?:=@2:;�F*K128L<CH?1NB0325PV6DF*KBGO6I=@254�C � 4:9<; � 0O?1?1�Mh_?@C���4�CH;�FJ? f ?@9BFHGS9@A1GO9<��GO9�F*K12h34:0E0 c�� 4[�@2>4��5?1?1;�6*A<PVPV2:C �

^ �aed�XOW��#f ^OW|_2W��|a��

� ¯�­�� »_ÀIÁ µ ¯�Â �>³#°<±
	��>¼#°�À ã�

� ����� +���� 
>',+

Ú 4�6JFvGO6)6)Ap2~��2XGO9BFJCH?1;BA f 2:;MF*K12XG3;12:4�?Bh@PV?1;@A10S4�CÄ4:CHGTF*K@P�2§FHG f � 4�9<;o��2X0O?1?1��2�;45F�A<6*GO9<��;@GO�§GEF�4:0#6*A<PV6!FJ? f K12 f � f 4:0 f A10O4[FHG3?@916 c�� K12ç;@GO�§GEF�4:0#6)A<P ?Bho4�9@A<P�N12:CGO6>4 f FHA<4:0E0T=�4V6)GS9<�§032V;BG3�§GTF f ?@9<�[C�Ap2:9BF�FJ?�F*K12V9@A<PVN<25CMPV?1;@A10O?
9
c 
 ?@C82 �:4:PVL@032 �h3CH?@P 0O4:6*FMGS676*Ap2 � 43 658 912 ≡ 38 ≡ 11 ≡ 2 (mod 9)

c�� K1259���2 f K12 f ��4f 450 f A10S45FHGO?@9QA<6)GS9<��;@GO�§GEF�4:0�6)A<PQ6 � ��2�4:CH2�CH2:450S0 = f K12 f �:GO9<�o��K12[F*K125CX?BA<C�4:916J��25CRGS6f ?@CHCH2 f FRP�?1;BA103?
9
c



	 ���
� ?�� f 4:9���2�67K1?��áF*KBGS6 f ?@9<�[C�Ap2:9 f 2�N<2§FÝ��2�259t4�9@A<PVN<25C�4�9<;�GEF�6!;@GO�§GEF�4:06)A<P�P�?1;BA103?

9
� � FDN12 f ?@P�256DC�45F*K125C�6)GSPVL@032���K1259>��2�CH25P�25P�N12:CÄF*K@4[F�4�9

n
� ;BG3�§GTF9@A<P�N12:C

dn−1dn−2 . . . d2d1d0
GO6XCH254:0E0T=�F*K12�9@A<PVN<25C

dn−1 × 10n−1 + dn−2 × 10n−2 + · · · + d2 × 102 + d1 × 10 + d0
c

£8?��á��2�6)GSPVL@0T=�K@4[�@2�FJ?t9<?�FHG f 2�F*K@45F
10 ≡ 1 (mod 9) � ��KBG f KtGOPQL10EG3256�F*K@4[F

10k ≡ 1 (mod 9)
h_?@CR4:9�=

k
c � 2:9 f 2 �

dn−1 × 10n−1 + dn−2 × 10n−2 + · · · + d2 × 102 + d1 × 10 + d0

≡ dn−1 × 1n−1 + dn−2 × 1n−2 + · · · + d2 × 12 + d1 × 1 + d0

≡ dn−1 + dn−2 + · · · + d2 + d1 + d0 (mod 9)
c� K12!L<CH? f 2:6)6M?Bh f 4:0 f A10O4[FHGO9<�>F*K12Q;BG3�§GTFH450�6)A<P ?Bh�4�9@A<P�N12:CoK@4:6M?BhSFJ259�N<2:2:9f 450S0O2�;"( N/R�U�365 8�Q)- 1.3�8�5 8�>PU * � N<2 f 45A<6,2���K1259�=@?BA f 4:0 f A10O4[FJ2!F*K12V;@GO�§GEF�4:0�6)A<P¿=@?BAf 4:9�G3�[9<?@CH2VP�A10EFHGSL10O2:6�?Bh

9
c 
 ?@CM2 �:4:PVL@032 � GSh�=@?BA���25CH2�FJ?�0O?1?1��4[F 43 658 912 �=@?BA<C��<C�6*F�6*FH2:L���?BA10O;�N<2�FJ?��52[F�CHGO;�?Bh�F*K12

9
6oFH?��52§F

43 658 6 912 c�� K12:9 � 6)GS9 f 2
4 + 5 = 9 � 3 + 6 = 9 � 4:9<; 8 + 1 = 9 � ��2��52[F

6463 666568 69612 c� K125CH25h_?@CH2 � F*K12�;BG3�§GTFH450�6)A<P�GS6 2 � 4�9<;���2�P�A<6*F�K@4[�@2 43 658 912 ≡ 2 (mod 9)
c¤#6,28F*KBGO6RFJC�G f �>FJ?�4:PV4[�)2o=@?BA<CRL14�CH259BFH6#4:9<;�GOPQL<CH25676~=@?BA<C~Lp2:2:C�6 �� KBGS6 f 4�9�N<2�FHA<CJ9<2:;�GO9BFH?�4ç;BGT�BGO6*G3NBGS0EGEF|=çFJ256*F � 6)GS9 f 2 9 | a

GSh�4:9<;�?@9@0 =�GEh
a ≡ 0 (mod 9)

�T��K�= � � c
���.6;�.7��.)5� z.� ��+ );+

9 �
d 9@A<PVN<25CoGO6>;@G �@GS6)GON@0O2VN:=

9
GEh~4:9<;�?@9@0T=�GEhIGEF�6�;BG3�§GTFH450I6)A<P GS6;@G �@GS6)GON@0O2�N:=Q9@GO9<2 c� 2 f 4�9�2 �5FJ259<;QF*KBGS6#GO;<254�4�0EGEF�FH0O2>hOA<C�F*K125C c Ü@=V9<?�FHGO9<�8F*K@45F

102 = 100 � ��2f 4:9 f ?@9��@25C�F~4�9@A<P�N12:C~h3CH?@P N@4�6728FJ259!FH?QN@4�672�KBA<9<;@CH2�;V�@A1GTFJ2�254�6*GS0 =QN:=!03?1?1�:GO9<�45F�NB03? f ��6#?BhpFÝ��?Q;BG3�§GTFH6X6JFH4:C�FHGS9<�8h3CH?@P�F*K12�C�G3�5K�F c 
 ?@C�2 �:4�PQL10O2 �
43 658 912 = 4 × 107 + 3 × 106 + 6 × 105 + 5 × 104

+8 × 103 + 9 × 102 + 1 × 10 + 2

= 43 × 1003 + 65 × 1002 + 89 × 100 + 12

= 43,65,89,12100 ���K12:CH2�F*K12 f ?@PQPV4:6R672:L14�C�4[FJ2�F*K12 ( ;BG3�§GTFH6�*X4�9<;�F*K1286)ApN@6 f C�GOLBF
100

P�254�916���284�CH2��?@C*�:GO9<�~GO9>N@4�672#KBA<9<;@CH2�;MGS916*FH2:4�;>?BhBN14:6,2~FJ259 cÄ� K1259 � 6)GS9 f 2 100 ≡ 1 (mod 99) ���2 f 4�9!672�2�F*K@4[F�F*K12M;@GO�§GEF�4:016*A<P��>GE0S01N<2M2��BA1GT�B4503259BF�FJ?�F*K1289@A<P�N12:CDPV?1;@A10O?
99
c� K@4[F�GO6 � 43 + 65 + 89 + 12 = 209

4�9<;
2 + 09 = 11

c�� KBGO6�GSPVL@0SGO2:6�F*K@4[F
43 658 912 ≡ 11 (mod 99)

câ ?���K@45F �>=@?BAV6)4[= c�� ?���?BhSFH2:9V;1?�=@?BA!��4�9BFIFJ?�;@G �@GO;<2>6,?@PV2[F*KBGS9<�>N:=
99
�� K12�CH254:0IN1?@9@A<6>K12:CH2!GS6�F*K@45F

43 658 912 ≡ 11 (mod 99) � ��KBG f K�FH250E0O6oA<6oF*K@4[F
43 658 912 = 99k +11

h_?@CI67?@P�2oGS9BFJ2:�52:C
k
cIâ GO9 f 2���2M��9<?��eF*K@45F

99 = 9 × 11 ���2�672�28F*K@4[F
99 ≡ 0 (mod 9)

4:9<;
99 ≡ 0 (mod 11) � ��KBG f KQ�§GT�@256XA<6

43 658 912 ≡ 11 �A<6)GS9<��2[GEF*K125C
mod 9

?@C
mod 11

c�� KBGO6�P�254�916 � GS9ç25åÄ2 f F � F*K@4[F���2�K@4[�@2 f ?@P�2A<L!�>GEF*KQ?@9<28FJ256*FIF*K@45FDFH2:6JFH6�h_?@CR;@G �@GS6)GON@GE0SGTF�=�N:= 94- 3=<
9
4�9<;

11
c



	 �:�
� 2 f 4:9QA<672MF*K12�6JFJCHA f FHA<CH2�?Bh�?BA<CR9@A<PVN<25C�6�=16JFJ25P�FH? f ?@P�2>A<L!�>GEF*KQ?�F*K12:C;@G �@GS6)GON@GE0SGTF�=�C�A103256 c�� K12�9<2 �:FDFÝ��?�67K1?BA103;QN<2o��250E0���9<?���9

�
���.6;�.7��.)5� z.� ��+�) +

2 �
d 9@A<P�N12:CDGO6X;BGT�BGO6*G3NB032MN:=

2
GEh�4�9<;Q?@9@0 =�GShpGTFH6R0S4�6JFR;BG3�§GTFDGO6

0 � 2 �
4 � 6 � ?@C 8 c

���.6;�.7��.)5� z.� ��+¤);+
5 �
d 9@A<P�N12:CÄGO6D;@G �@GS6)GON@0O2oN:=

5
GSh@4�9<;�?@9@0 =>GShBGEF�6I0S4�6JF�;@GO�§GEFÄGO6D25GTF*K12:C

0
?@C

5
c� 2 f 4�9q¾3A<6JFHGShE=�2:4 f K!?Bh@F*K12:672�FÝ��?�C�A103256�N:=�9<?�FHGO9<�XF*K@45F

10 = 2 ×5
c�� KBA<6 �

10 ≡ 0 (mod 2)
4:9<;

10 ≡ 0 (mod 5)
cÄd 6X4�CH256)A10TF � ��2�K@4[�@2

dn−1dn−2 . . . d2d1d0 ≡ d0 �A<6)GS9<�k25GTF*K12:C
mod 2

?@C
mod 5

c � 2 f 4�9�2 �:FH2:9<;¡F*KBGS6�G3;12:4èN:= 9<?�FHGS9<� F*K@4[F
4 = 22 c�� K1259 100 = 102 ≡ 0 (mod 4)

c�â GSPQGE0O4:CH0 = � h_?@C 25 = 52 ��2��52§F
100 = 102 ≡ 0 (mod 25)

c�� KBA<6 �
dn−1dn−2 . . . d2d1d0 ≡ d1 × 10 + d0 (mod 4)4�9<;
dn−1dn−2 . . . d2d1d0 ≡ d1 × 10 + d0 (mod 25)

c

 CH?@P
F*KBGO6~��2��52[F
���.6;�.7��.)5� z.� ��+	);+

4 �
d 9@A<P�N12:CpGO6�;@G �@GS6)GON@0O2XN:=

4
GSh�4:9<;>?@9@0 =oGEh5F*K12RFÝ��?1�);@GO�§GEFp9@A<P�N12:Ch_?@CJPV2�;VN:=!GEF�6�0O4:6*FIFÝ��?Q;BG3�§GTFH6�GO6#;BGT�BGO6*G3NB032�N:=
4
c

���.6;�.7��.)5� z.� ��+ ) +
25 �

d 9@A<PVN<25C>GS6�;@G �@GS6)GON@0O2�N:=
25
GEh�4�9<;t?@9@0 =�GEh~F*K12VFÝ��?1�);@GO�§GEF9@A<P�N12:Coh_?@CHP�2:;�N:=�GEF�6M0S4�6JF#FÝ��?�;BG3�§GTFH6MGS6�;BGT�BGO6*G3NB032QN:=

25
�EF*K@45F�GO6 � 00 � 25 � 50 �?@C

75 � c� KBGS6>67K1?BA103;�N12V259<?BAp�5K�FH?��52§FX=@?BA��5?BGO9<� c;� 25CH2Q4:CH2Q67?@P�2�F*KBGO9<�[6oFJ?�FJC|=h_?@C�K1?@PV2§��?@CJ� c
� c�¨ ?1;BGShE=�F*K12�;BGT�BGO6*G3NBGS0EGEF|=�FH2:6JF~h_?@C

9
FJ?��52[FR4:9<?�F*K12:CDFH2:6JF~h_?@C

3
c

	 c�¨ ?1;BGShE=�F*K12V;@G �@GS6)GON@GE0SGTF�=�FH2:6JF�h_?@C
9
FH?��52[Fo4:9<?�F*K12:C#FH2:6JF�h_?@C

11
cGW 5 8 356 £o?�FJ2F*K@4[F

10 ≡ −1 (mod 11)
c � � K�= � �� c ¢v?@916*FJC�A f F�;@G �@GS6)GON@GE0SGTF�=�FJ256*F�6�h_?@C

2n 4�9<; 5n h_?@CR4:9�=�GS9BFJ2:�52:C n > 1
c

� c ÞX2,�@2[03?@L�;@G �@GS6)GON@GE0SGTF�=>FJ256*F�6Rh_?@C
101 � 1001 � 10001 � c5c[c 4:9<; 999 � 9999 � 99999 �c[c5c � 4�9<;Q672�2o��K@4[F�250S6,2 f ?@P�256#?BA@F�?Bh�GEF c� 9<2�0O4:6*F�9<?�FJ2

�
F*K12#;BGT�BGO6*G3NBGS0EGEF|=8C�A1032�h_?@C�4 f ?@PVL<?@6)GTFJ2�9@A<PVN<25CvGS6®¾3A<6JFv4 f ?@P��N@GS9145FHGO?@9�?BhvF*K12�CHA10O2:6#h_?@C~F*K12�L<C�GOPV2�Lp?���25C�6���KBG f KV4:CH2�h34 f FJ?@C�6o?Bh�F*K12�9@A<P�N12:C c


 ?@C�2 �:4�PQL10O2 � FJ?�FH2:6JFX;BGT�BGO6*G3NBGS0EGEF|=QN:= 12 � =@?BA���?BA10O;�¾3A<6*FDFJ256*F~h_?@C�;BGT�BGO6*G3NBGS0EGEF|=QN:=
3
4:9<;

22 � 6)GS9 f 2�489@A<P�N12:C�GS6R;BGT�BGO6*G3NB032oN:= 12
GSh14�9<;�?@9@0 =�GSh@GEF�GS6R;BGT�BGO6*G3NB032oN:=!N1?�F*K

3
4�9<;

22 c� 4§�@2�4��[CH2:4[FR6)A<PQP�25C � â 2:28=@?BAV4��[4:GS9�GO9 â 25L@FH2:PVN<25C �



	 ���
V ��f��[]_,[�� W|\�[]f

� "�$ � ��"�� �M(7- ��� �!-� #" �o+�
�� �o"1�M( 
 �� �'J$< #"
	 Ó � ��Ô[ÉvÒ � c� K12�F*K12:?@C|=�?Bh�0S4�6JF*�)L@0O4§=@2:CJ�H�>GS919@GO9<� f ?BA<9BFJ25C*�*L1G f ��A<L��[4�PV2:6�GS6Ä��2[0S0���9<?���9 câ 2�2 � ��� 4:9<; � 	 � c!� K12 f ?@CHCH2:6)Lp?@9<;BGO9<� � 57U�
>�A > �[4:P�256MGO9���KBG f K�F*K12�0O4:6*FoL@0O4§=@2:C03?@672:6Q4:CH2�0325676���2[0S0XA<9<;12:C�6JFJ?1?1; c � 9�F*KBGO6Q9<?�FJ2 � ��2�;<2[�p9<2�4�67L<2 f GS4:0 f 0S4�6)6V?Bhf ?@PVN@GS9145FH?@CHGS4:0<�[4:P�256R4�9<;��p9<;�F*K12#�>GO919@GS9<�o6*FJC�4[FJ2:�§G3256~h_?@CI4:0E0 f ?@PVL<?@6)GTFJ28�[4�PV2:6�>GEF*K�F*K12:672V67L<2 f GS4:0D�[4�PV2:6�4:6 f ?@PQLp?@9<259BFH6 c�� 9�F*K12V�<C�6*F86,2 f FHG3?@9���2VCH2 f 450S0�F*K12P�2§F*K1?1;�?Bh@A<6*GO9<�M£#GOP��B450SAp256~?Bh f ?@PQLp?@9<259BFI�[4�PV2:6�FH?�67?B0T�@2�4 f ?@PVL<?@6)GTFJ2o�[4:P�2 c
� 9>F*K12#672 f ?@9<;>6,2 f FHG3?@9 � ��2�;<2[�p9<2 U � >�N25:R�/ �[4�PV2:6I4:9<;>�<9<;8�>GS919@GO9<�X6JFJC�45FH2��§GO2:6�h_?@CPQGS6�Û25CH2��[4:P�256 c
ÈpËvÒ �:Í � �
������Ë�Ô5Ê�Í=� � Ï � # �

�T���("5� ���Ey;" c�d �p9@GTFJ2QGSPVL14�CÝFHGO450~�[4:P�2
G
L@0O4§=@2�;�A<9<;12:C89<?@CJPQ4:0DC�A103256�?Bh~L10S4[=�GS6f 450S0O2�;�4 A >PQ41
/ R�A �[4:P�2 c�� KBGS6#PV2:4:916�F*K@4[F

� c FÝ��?!L10S4[=@25C�6#450EFH2:CH9145FH2�PV?:�BGO9<� �	 c F*K125CH2>GS6X9<?!GO9@�<9@GEFH2�672��BAp2:9 f 2�?BhvP�?5�@2:6 �� c N1?�F*K�L10S4[=@25C�6�K@4§�@2MF*K12>674:P�2>P�?5�@2:6X4§�B4:GE0O4�N@0O2 � 4�9<;� c F*K12o�>GO919<25C~GS6RF*K12>0S4�6JFRL@0O4§=@2:CIFJ?�PQ4���2>4�PV?:�@2 c
â A f KQ4��[4�PV2 f 4:9�N<2MF*K1?BAp�5K�FX?Bhv4�6X4�;@GSCH2 f FH2�;Q4 f = f 0SG f �[C�4�L<K c �B4 f K �0>�A 37>8L?BhIF*K12V�[C�4:LpK f ?@CJCH2567L<?@9<;16oFJ?�4VL<?@6)GTFHG3?@9�GO9�F*K12V�[4�PV2Q4�9<;�254 f K @�5 A >AN 37>�@ >�@1Q�>f ?@CHCH2:6)Lp?@9<;@6XFJ?Q4�P�?5�@2 cR� K12 �+-0/ /7- 
 >�A/U ?BhÄ4M�@2:CÝFJ2 �!4�CH2>F*K1?@672�L<?@6)GTFHG3?@916T¾|?BGO9<2:;FJ?�GTF8N:=�4�9�?BA@FH�5?BGO9<��2:;<�52 c�� 2��>GS0E0IN1C�G32��@=�6)4[=�F*K@4[F

G
GS6M4QCH2��§A10S4�C�GSPVL14�CÝFHGO450�[4�PV2 c

� � �¿w�
5z �8�&7 c�� K12VP�GO9@GSPQA<P 2 � f 0EAp;<2:;��B4:0EAp2 � ;<259<?�FJ2:; mex � ?Bh~4Q�<9@GEFH2V672[F8?Bh9<?@9<�)9<2:�[45FHG �@2QGO9BFH2��525C�6>GO68F*K12Q0O2:4:6*Fo9<?@9<�)9<2:�[45FHG �@2QGS9BFJ2:�52:C89<?�FoGS9�F*K12V6,2§F c 
 ?@C2 �:4:PVL@032 � mex{1 � 2 � 4 � 0} = 3 � mex{2 � 4 � 5} = 0 � mex{} = 0
c�� K12 [�5 �

�PR
/21.> ?Bh�4�L<?@6)GTFHG3?@9 � ;12:9<?�FH2�;tN:= g(n) � GS6�F*K12 mex
?Bh~F*K12ç£#GOP �B450SAp256!?Bh�GEF�6h_?B0S0O?���2:C�6 c�d Lp?@6*GEFHGO?@9M�>GEF*K�9<?>h_?B0E03?���25C�6~�SF*K@4[F�GS6 � 4 37>�A � 568 R�/ Lp?@6*GEFHGO?@9 � K@4:6#£#GOP�B4:0EAp2

0
c � FXGS682:4:6�=QFJ?V6,2:2�F*K@4[F�F*K12��>GS919@GO9<��6JFJC�45FH2��,=VGO6#FH?�PV?:�@2�FJ?�4!L<?@6)GTFHG3?@9�>GEF*K�£�GSP �B450SAp2

0 � h_?@C�F*K12:9�F*K12�?@L<L<?@9<2:9BFR25GTF*K12:CRK@4:6X9<?!PV?:�@2>4[F~4:0E0p4:9<;!03?@672:6GOPQP�2:;@GS45FH250 = � ?@C~PQA<6JFRPV?:�@28FH?!4�Lp?@6*GEFHGO?@9��>GEF*K�£#GOP �B450SAp2��[CH2545FH2:CIF*K@4�9 0
4:9<;K12:9 f 2�PQA<6JF�2,�@2:9BFHA<450S0 =�03?@672 cr�y;���<y;7�� �1���%
&���&7 c ��- ��� -AU 5+3+>TQAR � >PU � ;<259<?�FJ2:; G = G1 ⊕ G2 ⊕ · · · ⊕ Gk �4�CH2��[4�PV2:6�F*K@45F�K@4§�@2�672,�@2:C�450 f ?@PVL<?@9<2:9BF�6 c�� ��?ML10S4[=@25C�6D450EFH2:CH9145FH2�PV?:�@256 c �@4 f KL10S4[=@25C8?@9�KBGO6oFHA<CH9�67250O2 f F�6M4 f ?@PVL<?@9<2:9BF8�[4:P�2

Gi
GO9���KBG f K�4Q0O2��[450�P�?5�@2 f 4�9

����� �"!$# %'&'(
c© )+*�*�, ��-+."- /�# -+.10�-2(2&�3'4�-2(5# 67-+8�9+�"65# 35($�



	 � 	
N<2MPV4�;<2M4:9<;�PQ4���256�4M032:�[4:0<PV?:�@28GS9�F*K@4[FR�[4�PV2 c�� K12��>GO919<25CDGS6~F*K1280S4�6JF~L@0O4§=@2:CFJ?�P�?5�@2 c�� 2�;<2[�p9<2�F*K12�£�GSPá�B450SAp2Q?Bh�F*K12 f ?@PVL<?@6)GTFJ2��[4�PV2�4�6�F*K12�£�GSP 6)A<P�_;12:9<?�FH2�; N:= ⊕� ?Bh�F*K12t£�GSPÇ�B450SAp256Q?Bh�2:4 f K ?Bh�F*K12 f ?@PVL<?@9<2:9BF!�[4:P�256 cg� K12£�GSPá6)A<P�GO6�?1NBF�4:GS9<2�;�N:=!��C�GEFHGS9<�8F*K12�GO9BFH2��525C�6#GO9�NBGO914:C|=�4:9<;V4�;1;@GS9<��PV?1;@A10O?

2�>GEF*K1?BA@F f 4�CHC|=@GS9<� c 
 ?@Co2 �:4�PQL10O2 � 6 ⊕ 3 = 110(2) ⊕ 11(2) = 101(2) = 5(10) �6)GS9 f 2 � N:= f ?@916)GO;<25CHGS9<��F*K12Q;@GO�§GEF�68GS9�F*K12�6*A<PVPQ45FHGO?@9�h3CH?@PÃ032[hSF#FH?�CHGO�5K�F � ��2Q�52§F
1 ≡ 1 (mod 2) � 1 + 1 ≡ 0 (mod 2) � 4:9<; 0 + 1 ≡ 1 (mod 2)

c
01��!#
��1�&-�+ cÄ� K12 91R�/:R08BN >�@ L<?@6)GTFHG3?@916Ä4�CH2~F*K1?@672�Lp?@6*GEFHGO?@916���K1?@672o£�GSPè�B4:0EAp2:6�4:CH2

0
c� K12 108$91R�/:R08BN >�@ Lp?@6*GEFHGO?@916I4:CH2XF*K1?@672#Lp?@6*GEFHGO?@916Ä��K1?@672M£�GSP��B450SAp256I4�CH2#9<?�Fv�)2:CH? c

� hX4�Lp?@6*GEFHGO?@9�GO6�N1450O4:9 f 2:; � GTF8�>GE0S0~4:0 ��4[=@6!N12 f ?@P�2�A<9<N@4:0S4�9 f 2�;t45hSFJ25CMF*K12P�?5�@GS9<�RL10S4[=@25C�P�?5�@2:6 cÄ� KBGO6Äh_?B0E03?���6vh3CH?@PeF*K12X;125�<9@GEFHGO?@9>?Bh
mex

6)GS9 f 2RGEh�4XL@0O4§=@2:CP�?5�@2:6�h3CH?@P
ni
FJ?

mi
GO9

Gi � F*K1259 g(ni) 6= g(mi)
cd 0O67? � GShD4VLp?@6*GEFHGO?@9�GO6MA<9<N@4:0S4�9 f 2�; � F*K12QP�?5�@GS9<��L10S4[=@25C f 4:9�4:0 ��4[=@6>PV?:�@2FJ?�4�N@4:0S4�9 f 2�;�L<?@6)GTFHG3?@9 c�â A f K�4��>GO919@GS9<�VPV?:�@2 f 4�9�4:0 ��4[=@6�N12�67250O2 f FH2�;�h3CH?@PF*K12 f ?@PVL<?@9<2:9BF

Gi
F*K@4[F f ?@9BFJCHGON@A@FH2:6>F*K12V0O25hSF*�*P�?@6JF

1
GS9�F*K12�£#GOPÇ6*A<P ?Bh~F*K12f ?@PQLp?@9<259BFv�B4:0EAp2:6 c�� KBGO6Ih_?B0E03?���6�h3CH?@P&F*K12o;<2[�p9@GTFHG3?@9�?Bh
mex

6*GO9 f 2#GSh
g(ni) ≥ 1GO9��[4:P�2

Gi � F*K12�PV?:�BGO9<�>L10S4[=@25C f 4�9VPV?:�@2>GO9 Gi
FJ?Q4M�@25C�FH2 �

mi
K@4[�BGO9<�>4�9�=V?BhF*K12��B4:0EAp2:6 {0 � 1 � 2 � . . . � g(ni) − 1} c � 9çL14�CÝFHG f A10S4�C � F*K12�PV?:�BGO9<�QL10S4[=@25C f 4�9P�?5�@2�FJ? 4çL<?@6)GTFHG3?@9

mi
��K1?@6,2��B4:0EAp2�GO6!F*K12�6)A<P ?Bh#F*K12 £�GSP �B450SAp256�?Bh�F*K12?�F*K12:C f ?@PVL<?@9<2:9BF�6 cè� h f ?BA<C�6,2 � 4:0E0~FJ25CJP�GO91450XLp?@6*GEFHGO?@916�K@4[�@2�4�£#GOP �B4:0EAp2�?Bh

0 ⊕ 0 ⊕ · · · ⊕ 0 = 0 � ��KBG f K!GS6#N1450O4:9 f 2:; cÈpËvÒ �:Í � ��Õ
> GS\��D=:1DN65��!#71�Sy "�y/$�
�-&
&�u� cÄ� K12oP�GO6�Û2:CH2X�@25C�6)GO?@9�?Bh<4oCH2��§A10S4�C�GOPQL<4:C�FHGS4:0@�[4�PV2

GiGO68L@0O4§=@2�;�N:=�F*K12!674:P�2!C�A10325684�6
Gi

2 � f 2:LBFXF*K12!0O?@6,25CXGS6�F*K12!L10S4[=@25C���K1?�PV4���2:6F*K12>0O4:6*F~PV?:�@2 c� K12MPQGS6�Û25CH2o�@25C�6)GO?@9Q?Bhp4 f ?@PVL<?@6)GTFJ2>�[4:P�2
G1 ⊕ G2 ⊕ · · · ⊕ Gk

GO6RL10S4[=@2:;N:=�F*K12�6)4�PV2�CHA10O2:6#4�6
G1 ⊕ G2 ⊕ · · · ⊕ Gk

2 � f 25L@F~F*K12>03?@672:C~GS6�F*K12�0S4�6JF�L@0O4§=@2:CFJ?�PV?:�@2 c
0��(�/�1�.
5z1�%
&���&7 â A<L1Lp?@672

G
GS6!4�CH2:�§A10O4:C�GOPQL<4:C�FHGS4:0X�[4:P�2 cg� 2�6)4[=�F*K@45F

Gi
GS6

U � >�N25:R�/ GEh � h_?@C�254 f K�Lp?@6*GEFHGO?@9 n
GO9

G � ��K12:9 g(n) = 0 � ��2�K@4§�@2�25GTF*K12:CR�OG � n
GS6#4FJ25CJP�GO91450�L<?@6)GTFHG3?@9Q?@C��SGSG � F*K125CH2�2 ��GS6*F�6X4>h_?B0S0O?���2:C m

?Bh
n
6)A f K�F*K@4[F

g(m) = 1
c

!�!)y5)�z������ cQâ A<L<L<?@6,2
G1 � G2 � . . . � Gk

4:CH2Q6)Lp2 f GO450 � CH2:�§A10O4:CoGSPVL14�CÝFHGO450I�[4�PV2:6 c
 GS9<;Q4�6*FJC�4[FJ2:�,=�h_?@C~L10S4[=BGO9<�oF*K12�P�GO6�Û2:CH2o�@25C�6)GO?@9V?Bh
G1 ⊕ G2 ⊕ · · · ⊕ Gk

c
,.-0/2143657- 8�c�Ú 2[F

(n1, n2, . . . , nk)
;<259<?�FJ284�9!4�CJN@GTFJC�4�C|=!L<?@6)GTFHG3?@9�GS9�F*K12 f ?@PQLp?@6*GEFH2�[4�PV2

G1 ⊕ G2 ⊕ · · · ⊕ Gk
cI� 2o�>GE0S01�pC�6JF�;<2[�p9<2MF*K12�N1450O4:9 f 2:;QL<?@6)GTFHG3?@916 c

d8c � h�2:4 f K
g(ni) ∈ {0 � 1} � F*K1259 (n1, n2, . . . , nk)

GS6�N@4:0S4�9 f 2�;�GSh~4�9<;�?@9@0T=�GEh
g(n1) ⊕ g(n2) ⊕ · · · ⊕ g(nk) = 1

c
Ü c � hR4[Fo03254�6JFM?@9<2

g(ni) /∈ {0 � 1} � F*K1259 (n1, n2, . . . , nk)
GS6�N1450O4:9 f 2:;�GSh~4:9<;?@9@0T=!GSh

g(n1) ⊕ g(n2) ⊕ · · · ⊕ g(nk) = 0
c

Ú 2[F
B � U ;<259<?�FJ28F*K12�N1450O4:9 f 2:;Q4:9<;�A<9<N1450O4:9 f 2:;VL<?@6)GTFHG3?@916�CH2:6)Lp2 f FHGT�@2[0T= c



	 ���
� 2X9<?�FH2RF*K@4[FÄ450S0[FH2:CHPQGS914:0�L<?@6)GTFHG3?@916 � ��KBG f K���2X;<259<?�FJ2 0 � 4:CH2�A<9<N@4:0S4�9 f 2�; c� 28�>GE0S0<L<CH?5�@2MF*K12>h_?B0E03?��>GS9<����KBG f K���2�K@4§�@2>GE0S0EA<6*FJC�4[FJ2:;�GS9 
 GO�§A<CH2 � c

� � � � h (n1, n2, . . . , nk)
GS6XN@4:0S4�9 f 2�; � F*K12:9�450S01P�?5�@2:6�P�A<6*F~N<2oFH?!4:9!A<9<N@4:0S4�9 f 2�;Lp?@6*GEFHGO?@9 c

� 	 � � h (n1, n2, . . . , nk)
GS6>A<9<N1450O4:9 f 2:;�4�9<;�9<?@9<�JFH2:CHPQGS914:0 � F*K12:9�F*K125CH2�2 ��GS6*F�6�4P�?5�@2MFH?�4�N1450O4:9 f 2:;QLp?@6*GEFHGO?@9 c

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

..

..

.

..

..

..

..

.

..

..

..

..

..

..

.

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..
..
..
..
..
..
..
..
..
...
..
...
...
...
...
...
....
....
....
....
....
...........

............................................................................................................................
.......
...
..
..
..
...
..
..
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
..
...
..
..
..
..
...
........
............................................................................................................................

..........
....
....
....
....
....
...
...
...
...
...
...
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.
..
..
..
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
. .

..

.

..

.

..

.

..

.

..

.

..

.

..

..

..

..

.

..

..

..

..

.

..

..

..

..

..

..

.

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..
..
..
..
..
..
..
..
..
..
...
..
...
...
...
...
...
....
....
....
....
....
...........

............................................................................................................................
.......
...
..
..
..
...
..
..
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
..
...
..
..
..
..
...
........
............................................................................................................................

..........
....
....
....
....
....
...
...
...
...
...
...
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.
..
..
..
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
.

...............................
......
...
...
...
...
...
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.
..
..
..
..
..
..
..
..
..
.
..
..
.
.
..
.
.
..
.
.
.
..
.
.
..
.
.
..
.
..
.
..
..
..
..
.
..
..
..
.
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
...
..
..
...
...
....
....
.......

............................

.......................................
..................

.............
..............

...........
........
........
........
........
.......
.......
......
.....
......
......
.....
......
......
.....
..

.......................................
..................

.............
..............

...........
........

........
........

........
.......
.......
......
.....
......
......
.....
......
......
.....
..

............................................................................................................................................................................................

............................................................................................................................................................................................z

y
i

B U

0

�:�@2:C|=�P�?5�@2

â ?@P�2>PV?:�@2

 G3�§A<CH2 �


 CH?@P
� � � 4�9<;!� 	 � GTF�h_?B0E03?���6�F*K@45F�GEh (n1, n2, . . . , nk)
GS6IF*K12oGS9@GEFHGS4:0@L<?@6)GTFHG3?@9GO9!F*K12��[4:P�2 � F*K12:9�34 � GEh (n1, n2, . . . , nk)

GO6�N@4:0S4�9 f 2�; � F*K12��pC�6JF>L10S4[=@25C8FJ?�PV?:�@2Q�>GE0S0D0O?@6,2VGEhRF*K12?@L1Lp?@6*GO9<�8L10S4[=@25CRL10S4[=@6XLp25CHh_2 f FH0T= c
�3N � GEh (n1, n2, . . . , nk)
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g(n1) = 0 � F*K1259 � N:=QF*K12�;<2[�p9@GTFHG3?@9�?Bh mex � F*K12�L@0O4§=@2:C~FH?QP�?5�@2�PQA<6JFP�?5�@2#FJ?
m1

�>GEF*K
g(m1) = 1

?@C
g(m1) ≥ 2

c
� 9!2[GEF*K125C f 4�672 � F*K12o9<2§�eL<?@6)GTFHG3?@9 �
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+ b
!
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w
=

c
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m ′ +
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2
� ′ =

c
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(−−−→
A1O1
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a � b � 4�9<; c
4:CH2�CH2:450�9@A<PVN<25C�6V6)A f KtF*K@4[F�h_?@C�4�9�= Lp?@6*GEFHG �@2�CH254:09@A<P�N12:C�6

x1 � x2 � . . . � xn �
(

1

n

n
∑

i=1

xi

)a

·
(

1

n

n
∑

i=1

x2
i

)b

·
(

1

n

n
∑

i=1

x3
i

)c

≥ 1
c

/<CH?:�@2QF*K@4[F8F*K12��@2 f FH?@C
(a, b, c)

f 4�9tN12�CH2:L1CH2:672:9BFH2�;ç4:6�4�9<?@9<�*9<2��[4[FHGT�@2V0EGO9<254�Cf ?@PVN@GS9145FHGO?@9V?BhpF*K128�@2 f FJ?@C�6
(−2, 1, 0)

4:9<;
(1, −2, 1)

c
,.-0/ �0>�@ 9�:�½ - < R � � >�@ J\R3U�U 5 / R�O ,.3=A8R3U
94- 10A	Q3O

�
A8R08BN > � � - 94>�A 3 � 5 / 568)U /�5 O
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�
A8R08BN >�] M >_Q
5 �0>

J\R�U�U 5 /:R � U 
 A 5+3+>�� 1 � ]

 GSC�6*F~6,2§F

n = 1
c�� K1259

xa+2b+3c
1 = (x1)

a(x2
1)

b(x3
1)

c ≥ 1
h_?@C~450S0

x1 > 0
câ GO9 f 2�F*KBGS6DGS6IFJC�Ap2�h_?@CIN<?�F*K

x1 > 1
4�9<;

x1 < 1 � ��2�PQA<6JFDK@4§�@2 a+2b+3c = 0
c£8?�� �

(b + 2c)(−2, 1, 0) + c (1, −2, 1) = (−2b − 3c, b, c) = (a, b, c)
c

� F�CH25PV45GO916RFH?�6,K1?��¡F*K@45F
b + 2c ≥ 0

4�9<;
c ≥ 0

c� ?�L<CH?5�@2�F*K@45F
b + 2c ≥ 0 � 672[F n = 2 � x1 = 1 � 4:9<; x2 = t > 0

c�� K12�§GT�@259QGS9<2��BA<4:0EGEF|=VN12 f ?@P�256
(

1 + t

2

)a (1 + t2

2

)b (
1 + t3

2

)c

≥ 1
c

Ú 2[F�FHGS9<�
t → 0 � ��2�?1NBF�4:GS9 1

2a+b+c
≥ 1

c�� 259 f 2 � a + b + c ≤ 0
4�9<;

b + 2c = (a + 2b + 3c) − (a + b + c) ≥ 0
c

� ?�L<CH?5�@2!F*K@45F
c ≥ 0 � 6,2§F n = k + 1 � x1 = x2 = · · · = xk = 1 − t �4�9<;

xk+1 = 1 + kt � ��K125CH2 k
GO6X4�Lp?@6*GEFHG �@2MGO9BFH2��525CR4:9<;

t ∈ (0, 1)
cI� K12:9

n
∑

i=1

xi = k + 1 �
n
∑

i=1

x2
i = (k + 1)(1 + kt2) �

n
∑

i=1

x3
i = (k + 1)

(

1 + 3kt2 + (k2 − k)t3
) c

� K12��§G �@2:9�GS9<2��BA<4:0EGEF|=VN<2 f ?@PV2:6
1a(1 + kt2)b

(

1 + 3kt2 + k(k − 1)t3
)c ≥ 1

c
£8?�� � FH4���2 t = 1/

√
k
cX� K12:9

2b
(

4 + k−1√
k

)c

≥ 1
c�â GS9 f 2>F*KBGO6#GS9<2��BA<4:0EGEF|=�K1?B0O;16

h_?@C�450S0RLp?@6*GEFHG �@2�GS9BFJ2:�52:C�6
k � 4:9<; lim

k→+∞

(

4 + k−1√
k

)

= +∞ � F*K1259 c
PQA<6JF�N<29<?@9<�)9<2:�[45FHG �@2 � 4�9<;!F*K12>L<CH?1?Bh�GS6 f ?@PQL10O2[FH2 c
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ä c /<CH?:�@2�F*K@45F8h_?@CM2,�@25C|=�Lp?@6*GEFHG �@2QGO9BFH2��525C
n � F*K125CH2�2 ��GS6*F�6�4�Lp?B0 =19<?@P�GO450 p(x)�>GEF*K�GS9BFJ2:�52:C f ?12 � f GO2:9BF�686)A f KVF*K@4[F

p(1) � p(2) � . . . � p(n)
4:CH2Q;BGO6JFHGO9 f F#Lp?���25C�6?Bh

2
c
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A	R�8+N >1]� 2#�>GE0S0@L<CH?5�@284M6*FJCH?@9<�525CI6*F�45FH2:PV2:9BF
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 ?@CD2,�@25C|=�Lp?@6*GEFHG �@2oGS9BFJ2:�52:C

n � F*K125CH22 �:GO6JFH6X4�L<?B0T=@9<?@PQGS4:0
p(x)

�>GEF*K�GO9BFH2��525C f ?12 � f GO2:9BF�6X4�9<;V;12��[CH2:2�4[FRP�?@6JF
n
6)A f KF*K@45F

p(0) � p(1) � . . . � p(n)
4�CH2�;@GS6*FHGS9 f FRLp?���25C�6#?Bh

2
cÞX25�<9<2�4:9

(n + 1) × (n + 1)
PQ45FJC�G �

M
4�6�h_?B0E03?���6

�

M =















1 0 0 . . . 0
1 1 1 . . . 1
1 2 22 . . . 2n

...
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. . .

...
1 n n2 . . . nn














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 ?@C f ?@9��@2:9@GO2:9 f 2 � ��2V�>GE0S0DGO9<;12 ��F*K12�CH?���6�4�9<; f ?B0EA<PV916!?Bh#?BA<C>PQ45FJC�G f 2:6�4:9<;�@2 f FH?@C�686*F�4�CÝFHGO9<�M�>GTF*K
0
C�4[F*K12:C�F*K@4:9

1
cM� K12:9�F*K12!2:9BFJC�G3256M?Bh

M
4:CH2

mij = ij �h_?@C
i = 0 � 1 � 2 � . . . � n 4:9<; j = 0 � 1 � 2 � . . . � n �T�>GEF*K 00 = 1� cÚ 2[F

d
;12:9<?�FH2�F*K12�;12[FH2:CHPQGS914�9BF�?Bh

M
c&â GO9 f 2

M
GS6Q4 © 4�9�;<25C ¨ ?@9<;12PV4[FJCHG � � ��2�K@4[�@2 d =

∏

0≤i<j≤n

(i − j) � N:=�F*K12!��250E03�)��9<?���9�h_?@CJP�A10O4Vh_?@C84 © 4:9;<25C ¨ ?@9<;12�;<2§FJ25CJP�GO914:9BF c � F8h_?B0S0O?���6MF*K@4[F
d
GS6�4�9<?@9<�H�)2:CH?�GS9BFJ2:�52:CM4�9<;

M
GS6GO9��@25C�FHGON@0O2 c�� K12M259BFJCHGO2:6�?Bh

M−1 4:CH2M?Bh1F*K12oh_?@CHP tij/d � ��K125CH2 tij
GS6~4�9�GO9BFH2��525C câ GO9 f 2

M















1
0
0
...
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












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











1
1
1
...
1















�
��2�P�A<6*F�K@4§�@2

M−1















1
1
1
...
1















=















1
0
0
...
0















c

� K125CH25h_?@CH2 �
n
∑

j=0

tij

d
=

{

1 � GEh
i = 0 �

0 � GEh
i > 0

c
£8?�FH2>GS9QL<4:C�FHG f A10O4:CDF*K@4[FDF*K12�4�N1?:�@2>6)A<P�GO6X4:9�GO9BFH2��525C~h_?@C~4:0E0

i
cÚ 2[F

d = 2ab � ��K12:CH2 a � b ≥ 0
4�CH2!GS9BFJ2:�52:C�6M4:9<;

b
GS6>?1;1; cVÚ 2[F

ω
N<2�F*K12?@CH;<25C�?Bh

2
GO98F*K12#C�GO9<�X?Bh�GS9BFJ2:�52:C�6IPV?1;@A10O?

b
c�� K12:9

2ω ≡ 1 (mod b)
4�9<;

ω ≥ 1
c


 ?@CX2,�@2:C|=VGO9BFH2��525C
k ≥ 0 � ��2!K@4§�@2 2kω ≡ 1 (mod b) � 4�9<;�K12:9 f 2�F*K12:CH2!2 ��GS6*F�64�9�GO9BFH2��525C

ck
6*A f K!F*K@4[F

2kω = 1 + ckb
c
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Ú 2[F

a0 � a1 � . . . � an
N12�6*A f K�F*K@45F















a0

a1

a2
...

an















= M−1















2a

2a+ω

2a+2ω

...
2a+nω















c

� K1259 � h_?@C~4:0E0 i �
ai =

n
∑

j=0

tij

d
2a+jω =

n
∑

j=0

tij

d
2a(1 + cjb) = 2a

n
∑

j=0

tij

d
+

n
∑

j=0

tijcj
c

â GO9 f 2 n
∑

j=0

tij

d

GS6X4�9�GS9BFJ2:�52:C � ��2>672�28F*K@45F ai
GO6X4:9QGS9BFJ2:�52:CDh_?@C�254 f K

i
c

� K125CH25h_?@CH2 � F*K12ML<?B0T=@9<?@PQGS4:0 p(x) = anxn + an−1xn−1 + · · · + a1x + a0K@4�6�GO9BFH2��525C f ?12 � f GO2:9BF�6 c � F�6�;12��[CH2:2>GO6X4[FRPV?@6*F
n � f 0O2:4:CH0 = cR¨ ?@CH2�?5�@2:C � 6)GS9 f 2

M















a0

a1

a2
...

an















=















2a

2a+ω

2a+2ω

...
2a+nω















�

��2�K@4§�@2
p(i) = 2a+iω h_?@CR2:4 f K i = 0 � 1 � . . . � n � 4:9<;���2>4�CH2�;<?@9<2 c
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(a, m, n)

6)A f K F*K@4[F
am + 1

;BGT�BG3;12:6
(a + 1)n c

,.-0/2143657- 8 U
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(a, m, n)
GO6�4X6,?B0EA@FHG3?@9oGSh

a = 1?@C
m = 1

cD� 2�9<?��&0O?1?1��h_?@C~6,?B0EA@FHG3?@916~�>GTF*K
a > 1

4�9<;
m > 1

cD� 2o�>GS0E0�PQ4���2A<6,2�?BhpF*K12>h_?B0E03?��>GS9<�8h34 f F��34 f ?@91672��BAp2:9 f 2�?Bh<F*K12>A<9@G3�BAp2�L<C�GOPV2>h34 f FH?@CHGT�*45FHGO?@9Q?BhLp?@6*GEFHG �@2MGO9BFH2��525C�6 � � h_?@C~4�9�=�Lp?@6*GEFHG �@2MGO9BFH2��525C�6 u
4�9<;

v �
u | v` ==⇒ u |

(

gcd(u, v)
)` c � � �
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Ú 2[F�A<6��<C�6*FXL1CH?:�@2�F*K@4[F � GSh a > 1

4:9<;
am + 1

;@G �@GO;<256
(a + 1)n � F*K12:9 mPQA<6JFoN12Q?1;1; c � 9<;<2:2�; � GEh m

GS6M2,�@259 � F*K1259 a + 1
;BGT�BG3;12:6

am − 1 � 4�9<;�K12:9 f 2 �
gcd(am + 1, a + 1)

PQA<6JF#N12
1
?@C

2
c�� FRh_?B0S0O?���6Xh3CH?@P¿� � � F*K@45F am + 1

;BGT�BG3;12:6
2n 4:9<; � K12:9 f 2 � am + 1

GO6o4�Lp?���25C�?Bh
2 � 6)4[= am + 1 = 2s cM� 2�K@4§�@2 s ≥ 2 �N<2 f 45A<6,2

a > 1
c�� K1259

am = 2s − 1 ≡ −1 (mod 4) � ��KBG f K�GO6MGOPQLp?@6)6)GON@0O2 �6)GS9 f 2
am GO6X4�Lp25CHh_2 f FR6,�BA<4�CH2 c£8?��&6*A<L<L<?@6,2oF*K@45F

a > 1
4�9<;

m
GO6�4:9Q?1;<;!GS9BFJ2:�52:C~�[CH2:4[FJ25CIF*K@4�9

1
c�� K12:9

n > 1
c8Ú 2§F

p
N<2�4�L<C�GOPV2>F*K@4[F#;BGT�BG3;12:6

m � 4�9<;Q0O2[F m = pr
4�9<;

b = ar c�â GO9 f 2
r
GS6M?1;<; � ��2!672�2�F*K@45F a + 1

;@G �@GO;<256
b + 1

c>� KBA<6 � bp + 1 = am + 1
;BGT�BG3;12:6

(b + 1)n c�� K125CH25h_?@CH2 � F*K12�9@A<PVN<25C B = (bp + 1)/(b + 1)
;@G �@GO;<256

(b + 1)n−1 c
� 9��@GO2§��?BhD� � �*� ��2�672�2�F*K@45F B

;BGT�BG3;12:6 (
gcd(B, b + 1)

)n−1 c!â GS9 f 2
B > 1 � GTFh_?B0S0O?���6RF*K@4[F

gcd(B, b + 1) > 1
câ GO9 f 2

p
GS6#?1;<; � F*K12QÜ<GO9<?@P�GO450 � K12�?@CH25Pá�§GT�@256

B =
bp + 1

b + 1
=

(b + 1 − 1)p + 1

b + 1
≡ p (mod (b + 1))

c
� KBA<6 � gcd(B, b+1)

;@G �@GO;<256DF*K12oL<C�GOPV2
p

`§��K12:9 f 2
gcd(B, b+1) = p

c�� K1259
B;@G �@GO;<256

pn−1 � GSPVL@0T=BGO9<��F*K@4[F B
GO6I4oLp?���25C�?Bh

p
c
� 9�L14�CÝFHG f A10S4�C � p ;@G �@GO;<256 bp +1 ���KBG f K�GO9�FHA<CJ9�;@G �@GO;<256

(b + 1)n cR� K125CH25h_?@CH2 � p ;@G �@GO;<256 b + 1 � 6)4[= b = kp − 1
c¤#6)GS9<�oF*K12QÜ<GO9<?@P�GO450 � K12�?@CH25P 4��[45GO9 � ��2�K@4§�@2

bp + 1 = (kp − 1)p + 1 =

(

(kp)p − · · · −
(

p

2

)

(kp)2 + kp2 − 1

)

+ 1

≡ kp2
(

mod (kp)2
) c

� K1259
B =

bp + 1

b + 1
=

bp + 1

kp
≡ p

(

mod (kp)2
) �6,K1?��>GS9<��F*K@4[F

B
GO6M;@G �@GS6)GON@0O2QN:=

p
N@A@Fo9<?�FoN:=

p2 c!â GS9 f 2 B
GO684QLp?���25Co?Bh

p � GTFh_?B0S0O?���6RF*K@4[F
B = p

c£8?�� � GEh p ≥ 5 � ��2�K@4§�@2
bp + 1

b + 1
= bp−1 − bp−2 + · · · − b + 1 > bp−1 − bp−2

= (b − 1)bp−2 ≥ 2p−2 > p
c

� KBA<6 � ��2�P�A<6*FXK@4§�@2 p = 3 � 4:9<; B = p
FJC�4:916)0S45FH2:6XGO9BFH?

b2 − b + 1 = 3
cR� KBGO6�§GT�@256

ar = b = 2 � 03254�;BGO9<��FH? a = 2
4:9<;

m = p = 3
c � F#GS6oGOPQP�2:;@GS45FH2�F*K@4[F

(2, 3, n)
GO6X4�6,?B0EA@FHG3?@9!h_?@CR2:4 f K

n > 2
c� K12�672[FR?Bhv67?B0SA@FHGO?@916�GO6 � F*K125CH25h_?@CH2 �

{(a, m, n) | a = 1
?@C

m = 1
?@C

(a = 2, m = 3
4�9<;

n ≥ 2)} cß c � � 1�/ Q�R�A 5 R � /<CH?5�@2MF*K@45FDF*K125CH2�2 �:GO6JF~GS9@�p9@GTFJ2[0T=�PV4:9�=QLp?@6*GEFHG �@2MGO9BFH2��525C�6 n
6)A f KF*K@45F

p = nr � ��K125CH2 p
4:9<;

r
4�CH2�CH2567L<2 f FHG �@250 =�F*K12�6,25PQGSLp25CHGSP�2§FJ25C�4�9<;�F*K12GO91C�4�;@GEA<6�?Bhv4MFJCHGS4�9<�§0O28�>GTF*K!GO9BFH2��525CR6*G3;12>0O2:9<� F*K@6 c



	 	 �

,.-0/ �0>�@ 9�: À�-AU®»> V41�5 U � »� R � � �+R0A A >�A -AO�Á 8�5 �0>�A	U 523 R43 º -0/ 523 
>�N
8.5<N	R @ > �)R.3:R�/ 108 :3R3O
�+R�A�N > /+- 8)R�O , � R
568 �KR�8�@"9 : � >�- A/Q.> � �PR3Q.> /+- � - 1�/+-AU�OCJ 3=<�>�8�U�O �$A >�>�N >1] M >_Q
5 �0>3=< > 
 A 5+3+>�� 1 � 9 : � 5 R�� � �+R�A A >�A -AO � -4@�5�� >�@ 9 : 3=< > >�@�5+3+- A!]¢Ä?@916*G3;12:C�4:9 4:C*NBGEFJC�4:C|=tFJC�GO4:9<�§032V�>GEF*Kt6)GO;<256

a � b � 4�9<; c � 672:P�GOL<2:C�GOPV2[FH2:C
p = 1

2
(a + b + c) � 4:9<;�GO91C�4�;@GEA<6 r

c!Ú 2§F
x = b + c − a � y = a − b + c � 4:9<;

z = a+ b − c
c £o?�FJ2#F*K@45F

x = 2(p − a) � y = 2(p − b) � 4�9<; z = 2(p − c)
c�� K124�CH254!?Bh�F*K12MFJCHGS4�9<�§0O2�GS6o�§G �@2:9�N:= √

p(p − a)(p − b)(p − b)
� � 25CH?@9�� 6 
 ?@CJP�A10O4 �4�9<;�4:0S6,?�N:=

pr
c�� K12:CH2[h_?@CH2 � pr2 = (p−a)(p−b)(p−c)

`:F*K@4[F�GS6 � 8pr2 = xyz
c� 259 f 2 � (x + y + z)3 = (p/r)2xyz

c�� KBA<6 � h_?@CM4�9�=�GS9BFJ2:�52:C n � F*K12�CH250S45FHGO?@9
p = nr

GO6#2:�@A1G �B4:0O2:9BFDFJ?
(x + y + z)3 = n2xyz

c � � �£8?���0O2[F
n ∈ ¿ 6)A f K�F*K@4[FRF*K12:CH2!2 ��GS6*F�Lp?@6*GEFHG �@2�GO9BFH2��525C�6

x � y � 4:9<; z
F*K@4[F674[FHGO6*hE=�2:�@A<4[FHG3?@9�� � � cM� 2 f 4�9�4�6)6)A<PV2�F*K@4[F x � y � 4�9<; z

4:CH2�2,�@2:9 � N<2 f 45A<6,2�F*K122��BA<45FHGO?@9�GS6DK1?@P�?1�5259<2�?BA<6IGS9
x � y � 4�9<; z

c�Ú 2§F�FHGO9<�
a = 1

2
(y+z) � b = 1

2
(x+z) �4�9<;

c = 1
2
(x + y) � ��28672�2�F*K@45F a � b � 4:9<; c

4:CH2ML<?@6)GTFHGT�@2�GO9BFH2��525C�6D��KBG f K!4:CH2oF*K126)GO;<256R?Bh<4�FJCHGS4�9<�§0O2o6)A f K>F*K@45F
p = nr

c�� KBA<6 � F*K1286JFH4[FJ25P�259BF�GS9�F*K128L1CH?1N@0O2:P&�>GS0E0N<2#L<CH?5�@2�;>GEh���2#6,K1?���F*K@45F�2:�@A<4[FHG3?@9�� � � K@4�6ILp?@6*GEFHG �@2XGO9BFH2��525C�67?B0SA@FHGO?@916 (x, y, z)h_?@C~GS9@�p9@GTFJ2[0T=�PV4:9�=QL<?@6)GTFHGT�@2MGS9BFJ2:�52:C�6
n
c� 2QCH2:6JFJCHG f FM?BA<C8672:4:C f K�h_?@Co6,?B0EA@FHG3?@916>N:=�4�6)6)A<P�GO9<��F*K@45F

z = k2(x + y)4�9<;
n = 3(k2 + 1)

h_?@C~6,?@PV2
k ∈ ¿ c�� K1259�2:�@A<4[FHG3?@9V� � � N12 f ?@P�256

(x + y)2(k2 + 1) = 9k2xy
c � 	 �â 2[F�FHGS9<�

u = x/y � ��2�?1NBF�4:GS9 (u + 1)2(k2 + 1) = 9k2u � ?@C
(k2 + 1)u2 − (7k2 − 2)u + (k2 + 1) = 0

c
� K12�;BGO6 f CHGSPQGS914�9BF�?Bh<F*K12��@A<4�;1C�4[FHG f ?@9!F*K12>0O25hSF~6)GO;<2>4�N<?5�@2>GO6

∆ = (7k2 − 2)2 − 4(k2 + 1) = 9k2(5k2 − 4)
c

£8?��
u
�>GE0S0IN12QC�45FHGO?@914:0�GShD4�9<;�?@9@0 =�GEh

∆
GO6M4V67�@A<4:CH2 � 4:9<;�F*KBGS6o�>GE0S0IN12!FJCHAp2�GEh4�9<;V?@9@0 =�GEhpF*K125CH2>GO6X67?@P�2

` ∈ ¿ 6*A f K�F*K@45F
5k2 − 4 = `2 c � � �� 2 f 0S4:GSP F*K@45F>2:�@A<4[FHG3?@9ç� � � K@4:6�67?B0SA@FHGO?@916 (kj , `j) � h_?@C j ∈ ¿Q� ;<2[�p9<2:;CH2 f A<C�6*GT�@2[0T=VN:=

(k1, `1) = (1, 1)
4�9<; � h_?@C j ≥ 1 �

(kj , `j) =
(

3kj−1 + `j−1

2
,

5kj−1 + 3`j−1

2

) c
� 9�h34 f F � (1, 1)

GO6�4!6,?B0EA@FHG3?@9 � 4:9<;�GTFXGS68254�6�=QFH? f K12 f �!F*K@4[F (kj, `j)
GS6o4!6,?B0EA@FHG3?@9��K12:9<2,�@25C

(kj−1, `j−1)
GO6X4�6,?B0EA@FHG3?@9 c�� KBA<6 � F*K12 f 0O45GOP�h_?B0E03?���6XN:=�GS9<;@A f FHGO?@9 cd 9�2:4:6�=VGS9<;@A f FHGO?@9�67K1?���6#F*K@4[F

kj−1 < kj
h_?@CX450S0

j
c#� KBA<6 � F*K12�672��BAp2:9 f 2

{kj}∞
j=1

GO6Q6*FJC�G f FH0 =�GO9 f CH254�6*GO9<� c 
 ?@C�254 f K�GO9BFH2��525C
k
GO9�F*KBGO6Q6,2:�@Ap259 f 2 � F*K125CH2GO6Q4�C�45FHGO?@914:0#9@A<PVN<25C

u = x/y
6)A f KtF*K@45F!2��BA<45FHGO?@9g� 	 � GO6Q6)45FHGS6)�p2�; c�� K12:9 �h_?@C

n = 3(k2 + 1) � ��2VK@4[�@2Q4V67?B0SA@FHGO?@9 (x, y, z)
h_?@C82:�@A<4[FHG3?@9�� 	 � c�� 2VK@4§�@2?1NBF�4:GS9<2�;Q67?B0SA@FHGO?@916�h_?@CDGO9@�<9@GEFH250 =QPQ4�9�=��B4:0EAp2:6#?Bh

n
c



	 	 �

	 c � ��-0/7- � 905:R � Ú 2§F n ≥ 4
N12V4V����2�;�GS9BFJ2:�52:C cQd 672[F

S = {P1 � . . . � Pn} ?Bh
n
Lp?BGS9BFH6>GO6��§G �@2:9�GS9�F*K12�L@0O4:9<2�6*A f K�F*K@45FM9<?�F*K@CH2�2�4:CH2 f ?B0S0EGO9<254�Co4�9<;�9<?�h_?BA<Cf ?@9 f = f 0SG f[c 
 ?@C

1 ≤ t ≤ n � 032§F at
N<2#F*K12�9@A<P�N12:CI?Bh f GOC f 0O2:6

PiPjPk
F*K@45F f ?@9BF�4:GS9

Pt
GS9�F*K12[GOCXGO9BFH2:C�G3?@C � 4:9<;�0O2[F m(S) = a1 + a2 + · · · + an

c /<CH?5�@2�F*K@4[FXF*K125CH22 �:GO6JFH6o4!L<?@6)GTFHGT�@2�GO9BFH2��525C
f(n) � ;<25Lp259<;@GS9<�!?@9@0 =�?@9 n � 6*A f KQF*K@45FRF*K12!L<?BGO9BF�68?Bh

S
4�CH28F*K128�@25C�FHG f 256�?Bhv4 f ?@9��@2 ��L<?B0T=@�5?@9�GEhv4:9<;V?@9@0T=!GEh

m(S) = f(n)
c

,.-0/2143657- 8 U
1 ��� / 5+>0@ 9 :�� >�- A/Q.> � �PR3Q.> /+- � - 1�/+-AU�O J 3=< >�8)U�O �$A >0>AN >�]� 2�L1CH?:�@2�F*K@45F
m(S) ≤ 2

(n
4

) � �>GEF*K�2:�@A<450SGTF�=VGEh�4�9<;�?@9@0T=QGShvF*K12�Lp?BGS9BFH6o?Bh
S
4�CH28F*K128�@25C�FHG f 256�?Bhv4 f ?@9��@2 ��L<?B0T=@�5?@9 c�� K12�L<CH?1?Bh�GS6#N:=�GS9<;@A f FHGO?@9�?@9

n
c


 GSC�6*F���2oL1CH?:�@2#F*K12�4�6)6,25C�FHGO?@9�h_?@CvF*K12 f 4�672
n = 4

c�� 2 f ?@916)GO;<25CÄFÝ��? f 4:6,256 crE
/7����}� � c�� K12�L<?BGO9BF�6X4�CH2>9<?�FDF*K128�@25C�FHG f 256�?Bh�4 f ?@9��@2 ���@A<4�;1C�GS0S45FH2:C�450 c
� 9�F*KBGS6 f 4:6,2 � ��2VPQ4[=�4�6)6)A<PV2!F*K@45F P4

0SGO2:6MGS916)GO;<2!F*K12�FJC�GO4:9<�§032
P1P2P3

c� K1259
a1 = a2 = a3 = 0

4�9<;
a4 = 1

`:��K1259 f 2 � m(S) = 1 < 2
(4
4

) crE
/7�� �}�.� � cR� K12�L<?BGO9BF�6
P1 � P2 � P3 � 4�9<; P4

4�CH2 f ?@91672 f A@FHG �@2M�@25C�FHG f 256�?BhÄ4 f ?@9��@2 ��@A<4�;1C�GS0S45FH2:C�450 c� KBGS6��@A<4�;1C�GS0S45FH2:C�4505GS6Ä9<?�F f = f 0SG f �O4 fJf ?@CH;BGO9<�IFH?8?@9<2�?Bh5F*K12RCH256*FJC�G f FHGO?@916�?@9
S � c� h

∠P1 + ∠P3 > 180◦ � F*K1259 ∠P2 + ∠P4 < 180◦ 4:9<;�GEF~GS6�254�6*GS0 = f K12 f ��2:;�F*K@4[F
a1 = a3 = 1

4�9<;
a2 = a4 = 0 � �§GT�BGO9<� m(S) = 2 = 2

(4
4

) c!� F*K125CÝ�>GS6,2 � ��2PQA<6JF�K@4§�@2
∠P1 + ∠P3 < 180◦ 4�9<;

∠P2 + ∠P4 > 180◦ � ��KBG f K!4��[45GO9Q�§GT�@256�A<6
m(S) = 2 = 2

(4
4

) c£8?��
4�6)6)A<PV2�F*K@4[FXF*K12 f 0S4:GSP¿GS6�FJC�Ap2!h_?@C
n = k ≥ 4 � 4�9<; f ?@916*G3;12:C#4!6,2§F

S = {P1 � P2 � . . . � Pk+1} ?Bh k + 1
Lp?BGS9BFH6MGS9��5259<2:C�450ILp?@6*GEFHGO?@9�GO9�F*K12QL10S4�9<2 c


 ?@C�2:4 f K
i = 1 � . . . � k + 1 � 0O2[F Si = S \ {Pi}

cR� 2 f ?@PVL@A@FJ2�GS9QFÝ��?Q;@GEå�25CH2:9BF��4[=@6DF*K12o9@A<P�N12:C
N
?Bh<L<?@676*G3NB032 f K1?BG f 256�?Bh1�B�@2M;BGO6JFHGO9 f FIL<?BGO9BF�6

Pa � Pb � Pc � Pd �
Pe
h3CH?@P

S
6)A f K�F*K@4[FDF*K12 f GOC f 0O2

PbPcPd
f ?@9BFH45GO916

Pa
c� K125CH284�CH2

m(S)
f K1?BG f 256Dh_?@C�F*K12oL<45GOC

(Pa, PbPcPd)
cD� 9 f 2#��28K@4§�@28PV4�;<2F*KBGO6 f K1?BG f 2 � F*K12:CH2�4:CH2 k − 3

f K1?BG f 256�h_?@C
Pe
c � 259 f 2 � N = (k − 3)m(S)

c� 9çF*K12�?�F*K12:C�K@4�9<; � f K1?1?@6*GO9<� Pe
�pC�6JF � ��2�K@4[�@2 m(Se)

f K1?BG f 2:6�h_?@CMF*K12�L<45GOC
(Pa, PbPcPd)

c�� 2:9 f 2 � N = m(S1) + m(S2) + · · · + m(Sk+1)
c�� KBA<6 �

m(S) =
m(S1) + m(S2) + · · · + m(Sk+1)

k − 3

≤ (k + 1)2
(

k
4

)

k − 3
= 2

(

k + 1
4

) c
� 25CH2 � ��2�K@4[�@2>A<672�;!F*K12>GS9<;@A f FHGO?@9�K�=@Lp?�F*K1256)GS6Xh_?@CR2:4 f KV?BhpF*K12 k

�72[0325P�259BF�672[F�6
S1 � S2 � . . . � Sk+1

c �1�BA<4:0EGEF|=�K1?B0O;168GEhD4:9<;�?@9@0T=�GEh�F*K12
k
Lp?BGS9BFH6>?BhD2:4 f K�6,2§F

Sih_?@CJP�4 f ?@9��@2 �
k
�7�5?@9 c�� F�GO6D2:4:6)GE0T=>6,2:2:9>F*K@4[FÄF*KBGS6IGO6�FJCHAp2#GSh@4�9<;�?@9@0T=>GEhBF*K12�Lp?BGS9BFH6?Bh

S
h_?@CJP�4 f ?@9��@2 �

(k + 1)
�7�5?@9 c�� KBGS6 f ?@PQL10O2[FH2:6RF*K12�L1CH?1?Bh c

ã c � � � >�N
< � > � 1490/ 5�N � Ú 2§F n
4:9<;

k
N128Lp?@6*GEFHG �@2�GO9BFH2��525C�6R6)A f K>F*K@45F n

2
< k ≤ 2n

3

cÞX2[FH2:CHPQGS9<2>F*K12>0O2:4:6*F~Lp?@6*GEFHG �@2>GS9BFJ2:�52:C
m
h_?@CI��KBG f K�GTF~GO6XLp?@6)6)GON@0O28FJ?�L10S4 f 2�2:4 f K?Bh

m
L<4§��916>?@9�4Q67�@A<4:CH2Q?BhD4:9

n × n
f K12:6)6,N1?@4�CH;�67?�F*K@4[Fo9<? f ?B0EA<PV9�?@C�CH?��f ?@9BF�4:GS916#4�N@0O? f ��?Bh

k
4�;;¾_4 f 259BFRA<9<? fJf A<L1GO2�;Q6,�BA<4�CH256 c



	 	 �

,.-0/2143657- 8 U
1 ��� / 5+>0@ 9 :�� >�- A/Q.> � �PR3Q.> /+- � - 1�/+-AU�O J 3=< >�8)U�O �$A >0>AN >Bc
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d(n)3 = 4n
c 
 ?@C�2:4 f K L1CHGSP�29@A<P�N12:C

p � 032§F ap
;12:9<?�FH2!F*K12Q2 ��Lp?@9<259BFM?Bh

p
GO9�F*K12QL1CHGSP�2!h34 f FH?@CHGT�*45FHGO?@9�?Bh

n
câ GO9 f 2

4n
GO6M4 f ApN12 � ��2�PQA<6JF8K@4[�@2 a2 = 1 + 3β2

4�9<;
ap = 3βp

h_?@C
p ≥ 3 ���K12:CH2>254 f K

βp
GO6R4M9<?@9<�)9<2:�[45FHG �@28GO9BFH2��525C c £o?��è��28A<672oF*K12���2[0S0O�7��9<?���9!CH256)A10TF

d(n) =
∏

p
(1 + ap) � ��K12:CH28F*K12>L<CH?1;BA f FRGS6RF�4���259V?:�@25C~4:0E0pL1CHGSP�256 p

c�� 2�?1NBF�4:GS9
d(n) = (2 + 3β2)

∏

p≥3

(1 + 3βp)
c

� KBGS6�CH2[0O4[FHG3?@9�6,K1?���6DF*K@4[F
3
;<?1256R9<?�F~;@G �@GO;<2

d(n)
cDâ GS9 f 2

d(n)3 = 4n � ��26,2:2�F*K@45F
3
;1?12:689<?�F�;@G �@GO;<2

n
cM� KBA<6 � β3 = 0 � 4�9<;VF*K12Q2:�@A<4[FHG3?@9 d(n)3 = 4nN<2 f ?@PV2:6

2 + 3β2

21+β2

=
∏

p≥5

pβp

1 + 3βp

c � � �
c


 ?@C
p ≥ 5 � ��2�K@4[�@2 pβp ≥ 5βp = (1 + 4)βp ≥ 1 + 4βp

c � F~h_?B0E03?���6RF*K@4[FF*K12�C�G3�5K�FR6)GO;<2�?BhÄ� � � GO6X45F~03254�6JF 1 � 4:9<;V2��BA<4:0EGEF|=VK1?B03;@6XGShv4�9<;V?@9@0 =�GSh βp = 0
h_?@C4:0E0

p ≥ 5
c�� 2�;12�;BA f 2MF*K@4[F

2 + 3β2 ≥ 21+β2

c�� 2:9 f 2 �
2 + 3β2 ≥ 2(1 + 1)β2 ≥ 2

(

1 +

(

β2

1

)

+

(

β2

2

))

= 2 + β2 + β2
2

c
� KBGS6��§G �@2:6

2β2 ≥ β2
2 � GSPVL@0T=BGO9<�oF*K@45F β2 ≤ 2

c�� KBA<6 � β2 ∈ {0 � 1 � 2} c
� h

B2 = 0
?@C

B2 = 2 � F*K1259 2 + 3β2

21+β2

= 1
4:9<;�N1?�F*KQ6)GO;<256�?BhÄ2��BA<45FHGO?@9�� � �4�CH2�2:�@A<450<FJ?

1
c � 2:9 f 2 � 2 GS6RF*K12�?@9@0T=QL1CHGSP�2�;BGT�BGO67?@CR?Bh n cD� KBA<6 � ��2�?1NBF�4:GS9�F*K126,?B0EA@FHG3?@916

n = 2
4:9<;

n = 27 = 128
c



	 �:�
� h

β2 = 1 � F*K12:9 2 + 3β2

21+β2

=
5

4
� 4�9<;�F*K12:CH2�P�A<6*F8N12�4�h34 f FH?@Co?Bh 5 ?@9�F*K12CHGO�5K�FX6)GO;<2�?Bh�2:�@A<4[FHG3?@9�� � � `�F*K@45F�GS6 � β5 > 0

c�� 2 f 4�919<?�FXK@4[�@2
β5 > 1 � N12 f 4:A<672F*KBGO6���?BA103; �§GT�@2 5β5

1 + 3β5
>

5

4

cè� K125CH25h_?@CH2 � β5 = 1
ce� K12:9 5β5

1 + 3β5
=

5

4

c
â ApN16JFHGEFHA@FHGS9<��GO9�� � � �§GT�@256 βp = 0

h_?@CX450S0
p ≥ 7

c#� KBA<6 � ��2�?1NBF�4:GS9QF*K12�6,?B0EA@FHG3?@9
n = 24 · 53 = 2000

c
� 9 f ?@9 f 0SA<6*G3?@9 � F*K12�6,?B0EA@FHG3?@916�4�CH2 2 � 128 � 4:9<; 2000

c
Ù c � � 3 R
/ : � � K128;@GS4��[C�4:P
67K1?���6~486*F�4:GSC f 4:6,2:�7N@CHG f ���>GEF*K 3

6JFJ25L<6R?Bh��>G3;�F*K
2 � PV4�;<2?Bh

12
A<9@GEF f ApN<256 c ÞX2§FJ25CJP�GO9<2M450S01L<?@6)GTFHGT�@2oGO9BFH2��525C�6

n
h_?@CÄ��KBG f K�GEFIGS6�L<?@676*G3NB032�FH?N@A1GE03;Q4:9

n × n × n
f ApN<2MA<6)GS9<�>6*A f KQN1C�G f ��6 c
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1 ��� / 5+>0@ 9 :�� >�- A/Q.> � �PR3Q.> /+- � - 1�/+-AU�O J 3=< >�8)U�O �$A >0>AN >�]� K12X�@?B0SA<PV28?Bh<486*GO9<�§0O28N1C�G f �8GO6~2��BA<4:0�FJ?
12
c�� KBA<6 � 489<2 f 2:6)674:C|= f ?@9<;BGEFHGO?@9GO6IF*K@4[F�F*K1286*G3;128?Bh@F*K12 f ApN12oGS6~4MP�A10EFHGSL10O28?Bh

6
c�� ��?�N@CHG f ��6D�1FÄFJ?1�52§F*K12:CÄFJ?�PQ4���24>L14�C�450S0O250O2:L@GOL<2�;!?Bhp6*GE�)2

2 × 3 × 4 � 4:9<;!6*A f K!L14�C�450S0O250O2:L@GOL<2�;@6 f 4:9�N<286*F�4 f ��2:;�FH?h_?@CJP�4 f ApN12�?Bh�6*G3;12
12 � 4:6~��250E0p4:6X4:9�=�PQA10TFHGOL@032�?Bh 12 c�� 2 f 0S4:GSP
F*K@45FIF*KBGO6R0O4:6*Ff ?@9<;BGEFHGO?@9�GS6X450O67?!9<2 f 2:6)674:C|=B`:F*K@45FDGO6 � 4 f ApN<2�?Bh�6)GO;<2 n = 6`

f 4:9VN<2 f ?@916*FJC�A f FJ2:;?@9@0T=!GSh
`
GS6#2,�@2:9 c£8?���6)A<L1Lp?@672�4 f ApN<2!GO6 f ?@916JFJCHA f FH2�;�A<6*GO9<�

m = n3/12 = 18`3 N@CHG f ��6 �4�9<;QF*K@45FXGTF�GO6oL<?@6)GTFHG3?@9<2:;VGS9VF*K12!? f FH4:9BFR�>GTF*K
x � y � z ≥ 0

�>GEF*KV4��@2:CÝFJ2 �Q4[F�F*K12?@CHGO�§GO9
O = (0, 0, 0)

c ¢v?B03?BA<CR254 f K!A<9@GTF f ApN<2
[i, i + 1] × [j, j + 1] × [k, k + 1]�>GEF*K�?@9<2>?Bhv2[G3�5K�F f ?B0O?BA<C�6 � ;<25Lp259<;@GS9<�>?@9�F*K12>L14�C�GEF|=Q?Bh i � j � 4:9<; k

GS9�F*K128FJC�GOL@032
(i, j, k)

c�� 9�2:4 f K>N1C�G f � � 4:0E05F*K12�2[G3�5K�F f ?B0O?BA<C�6�4�CH2XL<CH256,259BF � 6*G ��?Bh�F*K125P 4�L1Lp254�C�GO9<�?@9�?@9@0T=�?@9<2!A<9@GEF f ApN12Q4:9<;�2:4 f K�?Bh�F*K12�CH2:PQ4:GS9@GO9<��FÝ��? f ?B0O?BA<C�6M4�L1Lp254�C�GO9<��?@9F*K@CH2�2>A<9@GTF f ApN<256 c¢ÄK1?1?@672Q?@9<2�?Bh�F*K12Q25GO�5K�F f ?B03?BA<C�6 � 4�9<;�0O2[F p
N12�F*K12�9@A<PVN<25C8?BhDN@CHG f ��68GS9��KBG f K�F*KBGS6 f ?B0O?BA<Co4�L1Lp254�C�68F*K@CH2�2!FHGOPV2:6 c�� K12Q9@A<P�N12:CM?BhRN@CHG f ��6MGS9���KBG f K�F*KBGO6f ?B0O?BA<C>4:L<L<2:4:C�6!?@9@0 =t?@9 f 2�GS6>F*K12:9

m − p
c�� KBA<6 � F*KBGO6 f ?B03?BA<CM4:L<L<2:4:C�6�GO9�F*K12f ApN<2�4�FJ?�F�4:0�?Bh

3p + (m − p) = m + 2p
FHGSP�256 c�� 9çF*K12�?�F*K125C�K@4�9<; � F*K1225GO�5K�F f ?B0O?BA<C�6#4�CH2�2��BA<4:0E0T=V;BGO6JFJCHGON@A@FH2�;QGS9�F*K12 f ApN<2 � 6*GO9 f 2MF*K12 f ApN12�K@4:6�6*G3;12:6#?Bh2,�@2:9�03259<� F*K c�� KBA<6 � 254 f K f ?B03?BA<CI4:L<L<2:4:C�6X2 �:4 f FH0T= 12m/8

FHGOPV2:6 c
� FIh_?B0S0O?���6DF*K@4[F
m + 2p = 12m/8

`B��K1259 f 2 � m = 4p
c~� K125CH25h_?@CH2 � m GO6#4�PQA10TFHGOL@032�?Bh

4 � 4:9<; `PQA<6JF�N<2�2,�@259 c
� K@4[F f ?@PVL@032§FJ256�F*K12 ��- A 8�>�A h_?@C>F*KBGO6!GO6)6)Ap2 c � �>GO67K�=@?BAg�5?1?1;�L<CH?1NB0325P6,?B0 �@GS9<�>?:�@25CDF*K12>6)A<PQP�25C cDâ 259<;VPV28=@?BA<C~9@G f 2�67?B0SA@FHGO?@916X4:9<;V�52:9<25C�4:0EGE�*4[FHG3?@916 c



	 ���
� � � � � ��������� �
��� ��+ ��" �o+M$��	��
��������>()'7+

½ R.3=< > � R4365<N	R�/�½ 5 8�5:R.3
1�A >PUÜ@= â �@2§FJ?@6*0O4§� â 4§� f K12,�t4�9<; � GTFHA d 9<;1CH2:2:6 f A � L@ApN@0EGO67K12�;�N:=�F*K12 ¨ 45F*K125PV4[FHG f 4:0d 6767? f GO4[FHG3?@9Q?Bh d P�25CHG f 4 � 	 ���B���â Ü�£ � � ��������� � � � � � �g�OL<4:Lp25C �J� 	 �:� L<4��52:6 � ¤ â F ��� c �:� c
� >�� 5+> 
 >�@�9 :
�����������������
O%½ R�N	R�/+>!U
37>�A ��-0/ /+>!Q.>!O ,.38]�º�R 1�/ O�½ [ O¨Á ,PJ8c� KBGS6!N<?1?1��GO6�4 f ?B0S0O2 f FHGO?@9t?Bh�L<CH?1NB0325PV6�h3CH?@P 4V�B4:CHGO2[F|=t?Bh�6,?BA<C f 2:6 � 6)A f K4�6�9145FHGO?@914:0 � 0 =1PQL1GS4�;@6�4:9<;�F*K12�¥�A<676*GO4:9?¾|?BA<CJ91450 � �PR08$3Hc�� K12�?:�@25C�4:0E0I032,�@2[0DGS6F*K@45F8?Bh � 0T=@PVL@GO4�;�L1CH?1N@0O2:PQ6 � NBA@F8PQ4�9�=�254�6*G325C�L<CH?1NB0325PV6>4:CH2�GO9 f 0EAp;<2:; c�¨ ?@6*FGOPQLp?@CÝFH4:9BFH0T= � F*K12�L<CH?1NB0325PV6I4�CH2 f K1?@6,259>h_?@CvF*K12[GOC�N1CH?@4�;�4�L1Lp254:0�4�9<;�4:CH2o�[CH?BA<L<2�;FJ?1�52§F*K12:CD4 f*f ?@CH;@GS9<��FJ?>FJ2 f K@9@G3�BAp2�?@C�F*K12:PV2��*4�9<;1�H�B4:CHGS45FHGO?@916 c�� K12M6JF�=B032oGO6R9@G f 2[0T=2�;BA f 4[FHG3?@91450 � 4:9<; � h_?BA<9<;!F*K12�N1?1?1��4�L10O2:4:6)A<CH28FJ?!CH2:4�; c� 9<2�?BhRP�=�h34§�@?@CHGTFJ256�GS9�F*K12�N1?1?1��GS6Q/<CH?1N@0O2:P 	 �

�
d CHC�4�9<�52QF*K12QGO9BFH2��525C�6h3CH?@P

1
FH?

n
GS9M4XCH?���67?#F*K@45F<F*K12�4[�@25C�4��52X?Bh�4�9�=�FÝ��?8;1?12:6�9<?�Fp0EG32�N<2§FÝ��2�259oF*K12:P c� K12!4:A@F*K1?@C�6 f 4:0E0vF*KBGS6 (,4:9�?B0O;�4�9<;�L<?@L1A10S4�C#L1CH?1N@0O2:P * � NBA@F � K@4�;�9<?�F�K1254�CH;�?BhGEFRN125h_?@CH2 c � FDGO6 f K@450S0O2:9<�§GS9<�MN@A@F~9<?�FIFJ?1?!;@G � f A10TF c�� K@45FIGO6�9<?�FH2§��?@CÝF*K�=!GS6~F*K@45F~4Ü<A103�[4:CHGS4�9QKBG3�5K1�*6 f K1?1?B0@FH2:4 f K12:C f 4�PV2MA<L��>GTF*K!48FÝ��?1�7;BGOPV2:916*G3?@91450B�B4�C�GO4[FHG3?@9 c
� FGO6o9<?�F�?1N:�BG3?BA<68K1?�� FJ?VLpK@C�4:6,2�6)A f K�4:9�2 �5FJ25916)GO?@9 co� K12!CH256)A10TF�F*K@45FR��4:6��<914:0E0T=L<CH?5�@2�;>GS6�F*K@45FvF*K125CH2�4:CH2#GS9@�p9@GTFJ2[0T=>PQ4�9�=MGO9BFH2��525C�6

n
6*A f K8F*K@45FvF*K12XGO9BFH2��525C�6Ih3CH?@P

1
FH?

n2 f 4:9�N<2!4:CJC�4:9<�52�;�GO9�4�67�@A<4:CH2!4�CHC�4[=�6,?�F*K@45F�F*K12!4[�@25C�4��52�?Bh�4�9�=VFÝ��?VGS69<?�F f ?@9BF�4:GS9<2�;VGS9QF*K12�CH2 f F�4�9<�§0O2�67L14�919<2:;�N:=QF*K12�FÝ��? cX� K12!N<?1?1��GS6�hOA10E0�?BhÄ6)A f K2 �5FJ25916)GO?@916 � ��KBG f K�PV4���2:6�h_?@CDGO9BFH2:CH256*FHGS9<�>CH254�;BGO9<� c� 2�4:0E0���9<?�� F*K@4[F!L1CH?1N@0O2:P L<?@6,25C�6V?BhSFH2:9gK@4§�@2�?@9@0T=�?@9<2�67?B0SA@FHGO?@9tFH? 4L<CH?1NB0325P � NBA@FÄF*K12:9�03254�CH9�?Bh14oP�A f K�6)GSPVL@0325C�6,?B0EA@FHG3?@9>h3CH?@P�486JFHAp;<259BFI?@C�¾|?BA<CJ91450f ?@9BFJC�G3NBA@FJ?@C c�d 9@G f 2�2 �:4:PVL@032�? fJf A<C�6�GS9t¢ÄK@4:L@FH2:Co� 	 � ��K12:CH2VGEF8GO6�CH2[0O4[FJ2:;�F*K@4[Fâ 2:CH�52[G U ?@9�=B4��§GS9Qh_?BA<9<;Q4�CH2:PQ4�CJ�:4�NB0T=�6)GSPVL@032 f ?@916JFJCHA f FHGO?@9V?Bhv4:9�GO9@�<9@GEFH2�672[FR?BhLp?@6*GEFHG �@2XGS9BFJ2:�52:C�6I6*A f KoF*K@45F�F*K12#6)A<P ?BhB4�9�=M�<9@GEFH2#6*ApN1672[FvGS6I9<?�FÄ4#Lp25CHh_2 f F�L<?���2:C c� K12�L1CH?1N@0O2:P�Lp?@672:CRK@4�;�4��BA1GEFH2 f ?@PQL10EG f 45FH2�;�6,?B0EA@FHG3?@9 c� K125CH2 GO6�?@9<2�L1CH?1N@0O2:P GO9kF*K12gN1?1?1� F*K@45F � ��?BA103; f ?@916*G3;12:C c5c[c ��2[0S0 c5c[cL<CH?1NB0325PV4[FHG f[c /<CH?1NB0325P � 4�67��6�h_?@CQ4 f 2:CÝFH45GO9èCH2:450M67?B0SA@FHGO?@9gFH?�F*K12 2��BA<45FHGO?@9
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f : � → � FH250E03256#�@Ap2 � L<?BA<CDFH?BA@F x ∈ ���
f
(

x − b

a

)

+ 2x ≤ a

b
x2 + 2

b

a
≤ f

(

x +
b

a

)

− 2x
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1 +
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) (

2 +
1
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) (

3 +
1

c

)
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�34 � sin x = 2n−1

n−1
∑

k=0

sin
(

x +
kπ

n

) Lp?BA<CIFJ?BA@F
x ∈ � 2§FDFJ?BA@F�259BFHG325C n ≥ 1

`

�3N � n cot nx =

n−1
∑

k=0

cot
(

x +
kπ

n

) L<?BA<C
x ∈

(

0, π
n
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x1 � x2 � . . . � xn
;12:6�9<?@PVN1CH256�L<?@6)GTFHGSh36�FH250S6Q�BAp2

x1x2 · · · xn = 1
câ G

n ≥ 3
2[F

0 < λ ≤ (2n − 1)/(n − 1)2 � P�?@9BFJCH25C��@Ap2
1

√
1 + λx1

+
1

√
1 + λx2

+ · · · +
1

√
1 + λxn

≤ n
√

1 + λ
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1 − cos(A + B) cos(A + C) cos(A + D)

≤ 2M sin

(

A + B

2

)

sin

(

B + C

2

)

sin

(

C + A

2

) �
?DÛA

M = max{sin A � sin B � sin C � sin D} c
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an = an−1 + an−2
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∞
∑
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(
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(
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A

B C

D

E

I

P

Q

(

1

BI
+

1

CI

)

IP = 2 cos
(

1
2
∠BIC

)

= 2 cos
(

1
2
∠DIE

)

=
(

1

DI
+

1

EI

)

IQ
�

� XhJ�X�D�E�HKJ�G�F M>F ��{ G^J�L%V�G
PI = 2QI

�~� G�N�PKG �

2
(

1

BI
+

1

CI

)

=
(

1

DI
+

1

EI

) � �g�m�
� G�H
HSM>N�|

r
T�G�N�E�HSG�HKJ�G�M>N�R
L�T.M>C�F ��{ G�J�L�V�G

1

BI
+

1

CI
=

sin(1
2
B) + sin( 1

2
C)

rL�N�T
1

DI
+

1

EI
=

sin(∠ADI) + sin(∠AEI)

r

=
sin(A + 1

2
B) + sin(A + 1

2
C)

r

�
w J�G�RSG�Y�E�RSG � G���C�L�HSM3E�N ���%�

U L�X�\�G { RSM_H
HQG�N�F C�PQPKG�F<FKM_V�G�W_X4L�F

2
(

sin(1
2
B) + sin(1

2
C)
)

= sin(A + 1
2
B) + sin(A + 1

2
C)

�

2 sin
(

B + C

4

)

cos
(

C − B

4

)

= sin
(

A +
B + C

4

)

cos
(

C − B

4

) �



	 ���
£8?�FH2MF*K@4[F

cos
(

C − B

4

)

6= 0 � 6)GS9 f 2 C − B

4
∈
(

−π

4
,

π

4

) c�� 259 f 2 �
2 sin

(

π − A

4

)

= sin
(

π + 3A

4

) �
sin

(

π − A

4

)

= sin
(

π − 3A

4

)

− sin
(

π − A

4

)

= 2 sin
(

A

2

)

sin
(

π − A

4

) c
£8?�FH2>F*K@45F

sin
(

π − A

4

)

6= 0 � 6*GO9 f 2 π − A

4
∈
(

0,
π

4

) c�� 2:9 f 2 � 1 = 2 sin
(

1
2
A
) �4�9<;!F*K12>CH2:6*A10EF~h_?B0E03?���6RGOPQP�2:;@GS45FH250 = cqÝq c ,.-0/2143657- 8)9�: V�5 �0<�- 1�O�º -0/ / ��- � � 1�8�523 : ��-0/ /+>!Q.>!O�M 568$37>�AKWIR �0>�8�O

�
V3O	Á ,PJ8cd 6IA<6)A<450 � 0O2[F a = BC � b = CA � c = AB � 4�9<; s = 1

2
(a+b+c)

c�� K1259�GTF
GO6~��2[0S0���9<?���9�F*K@4[F

BD =
2
√

acs(s − b)

a + c

cÄd 0S6,? � BI

ID
=

BC

DC
=

a + c

b

c�� 2:9 f 2 �
BI =

√

ac(s − b)

s

4�9<;
ID =

b

a + c

√

ac(s − b)

s
�

â GOP�GS0S4�C�0T= �
CI =

√

ab(s − c)

s

4:9<;
IE =

c

a + b

√

ab(s − c)

s

c
£8?�� � 0O2[F θ = ∠BIP

c�� K12:9
1
2
BI · CI sin(2θ) = [BIC] = [BIP ] + [PIC] = 1

2
PI(BI + CI) sin θ

c
� 259 f 2 � PI =

2BI · CI cos θ

BI + CI

cVÚ G3��2 �>GO672 � IQ =
2ID · IE cos θ

ID + IE

c�â ApN@6*FHGTFHA@FHGO9<�
F*K12!4�N1?:�@2!2 ��L<CH25676*G3?@916�h_?@C

BI � CI � ID
4�9<;

IE � 4�9<;�672[F�FHGS9<� PI = 2IQ � ��2�52[F
1

√

c(s − b) +
√

b(s − c)
=

2
√

bc

(a + b)
√

b(s − b) + (a + c)
√

c(s − c)
�

��KBG f K f 4:9VN<28FJC�4�916*h_?@CJPV2�;�GS9BFJ?
(

2
√

(s − b)(s − c) −
√

bc
) (

√

b(s − c) +
√

c(s − b)
)

= 0
c

� 259 f 2 � 4(s − b)(s − c) = bc
c�� K1259

cos A = 1 − 2(s − b)(s − c)

bc
=

1

2
� 67?�F*K@4[F

A = 60◦ c
��- � � >�8 356�d 6X4 f ?@916,2:�@Ap259 f 2 � 4DEP

GO6#2:�@A1GE0O4[FJ25C�4:0@�>GEF*K
I
4�6�GEF�6 f 259BFJCH?BG3; c

��� �	���	���2����� �������P�>,Z0'9 �!03(���� 
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	�(A�$9 ? ��?���DE. � .
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���#�P� . ���$! (A�����	� ����( �-, ��? ������4����3�E�3� ���'�!�%�P� �8. � .2�/�$�
�����B� 
&@ �����&� � ,Z('�����"�3�:�8��� . �'�	��(
����DC�!��� .7��DE�B9 �!�&�	���/�&6�)��1�+���	% � . �
��� �'(����������5�B?���� ,*	1� 
 
8� �B��D5�!�	���B0�@<�*���	� �+	$? ��?��,!-���&,*�3�
. ���2% �!��DCD5�/� �$% ;3��,-��% ;3�	� � ���'���/�*����@,���0�1? �E(>(A���P.
��� �-�3�&.2���	� � .2%2�8� 
���!I. � �������$0����1���	� �-@�9<@��
. 43(�, �
�
�'��0'��D&2���'��3�	% . ���1��DC����. �
�����3�C% ;3���'�<�#�A���	�	�	?
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�
	 	 � � 	 � 	 � º A - � -AU�>�@ 9�:aX0-AU <.57- ,.> 5 � 5 :3R�O �BR 
5R�U�R /�57O(À&R � R�8Äc

� 9 4ABC � F*K12�NBGO672 f FH?@C�6�?Bh ∠ABC
4�9<;

∠ACB
P�2:2[F

AC
4:9<;

AB45F
D
4�9<;

E � CH2567L<2 f FHG �@250 = � 4:9<; ∠ADE − ∠AED = 60◦ c /<CH?5�@2kF*K@4[F
∠ACB = 120◦ c
��- ��� -AU 5+3+> -�� U 5 � 5 /:R0A-U�-0/ 1.365+- 8�U�9 :�º > 37>�A��$]$M -4-AO
� 5+-0/ R Á$8.5 �0>�A/U 5+3=:3O$V�Rq½ 5 A	R.@�R3O �AJCOTÁ ,!J �)R�8�@�� 13�2> 5
�0<)R.-AOTU
3
1�@ >�8 3:O � - 8A½ 5 / /7U ��-0/ /+>!Q
5 R437> � 8)U�36523
1.3+>!O
X0- A - 8$37-AOEY\[�c� 2 �>GE0S0�L<CH?5�@2
F*K12�6JFJCH?@9<�52:CeCH256)A10TFkF*K@45F
∠ADE − ∠AED = 60◦ GEh�4�9<; ?@9@0T= GSh
∠ACB = 120◦ câ GO9 f 2

BD
N@GS6,2 f FH6

∠B � ��2��52§F DC

DA
=

BC

BA

c¤#6)GS9<�&F*K12 â GO9<2 Ú 4[�¦GO9 4AEC
4:9<; F*K1259áGO9

4ABC � ��2��52[F
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A

B C

D
D′E

EC

AE
=

sin ∠EAC

sin ∠ECA
=

sin ∠A

sin
(

1
2
∠C

) = 2 cos
(

1
2
∠C

) sin ∠A

sin ∠C

= 2 cos
(

1
2
∠C

) BC

BA
= 2 cos

(

1
2
∠C

) DC

DA

c
Ú 2[FDF*K12>4�9<�§0O2�NBGO672 f FH?@CR?Bh

∠AEC
PV2�2§F

AC
4[F

D′ c�� K1259
D′C

D′A
=

EC

AE
= 2 cos

(

1
2
∠C

) DC

DA

c
â A<L<L<?@6,2!F*K@4[F

∠C < 120◦ c�� K12:9 2 cos
(

1
2
∠C

)

> 1 � 4:9<;�F*KBA<6o��2QK@4§�@2
D′C

D′A
>

DC

DA

c � F~h_?B0S0O?���6~F*K@45FIF*K12�L<?BGO9BF�6
C � D � D′ � 4�9<; A

0EG32MGS9!F*K@4[F�?@CH;12:CR?@9
AC

c � � KBGO6�GO6RF*K12 f 4�672>6,K1?���9�GS9!F*K12�;BGO4��[C�4�P c � � KBA<6 �
∠AED > ∠AED′ = ∠CED′ > ∠CED

c
� 259 f 2 �

∠ADE − ∠AED < ∠ADE − ∠CED = ∠DCE = 1
2
∠C < 60◦ c

� h
∠C > 120◦ � F*K1259 4:0E0RF*K12�GS9<2��BA<4:0EGEFHGO2:6!GS9tF*K12�L14�C�4��[C�4�L<K 4�N1?:�@2�4�CH2CH2,�@2:C�672�; � �§GT�BGO9<� ∠ADE − ∠AED > 60◦ c 
 GO91450S0 = � GEh ∠C = 120◦ � F*K12:9

D′ = D � 4�9<;���2M�<9<;!F*K@45F ∠ADE − ∠AED = 60◦ c�� K12�CH256)A10TF~h_?B0S0O?���6 c
��� �	�G�	���2����� ����!^9 0 ��� 
 �&�>@<�+9 
 
������1�!�&�	���&��� ���36:� � 0 ����9 �'@�(�������� ��?"���P�
	 
����!�

�'� . �	%
��� �
�������197, ���1,Z� 0 �$�1,Z�'���	%:���!�	�3% ������.
���	� � .
% �C��� @����<���'%7���>@����<���'%7���)(�,��)0 �-9 �I0���� @�9 �8�
!I. �<�	�!��� . ���!�&% ;3�	�:� ��% ��%7� ����.
���	� � .
% ���-�8�#�P� . �&� ! (A� ���	� � �+� 
�@ �*��� � � ,Z('����� �3�:�8��� . �'�	��(
����DC�!��� .7��DE�B9 �!�&�	���/�&6�)��1�+���	% � . �
��� �'(����������5�B?���� ,*	1� 
 
8� �B��D5�!�	���B0�@<�*���	� �+	$? ��?��,!-���&,*�3�
. ���2% �!��DCD5�/� �$% ;3�\,-��%2;'�	� � ���3���/�$9 � , 4�� ,*	������+� ��� �B�1�3�&.2���	� � .2%2�K��� �$�&%
�	� �
�&�����-��%7�	� �2�&���-(�,��

&9 . �Z('�'� �'��� ) 0'��DCDK���&.2%2�_0'��� �
�/���/� �$. �3%
�	� �������	���"� 
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�
	 	 � � 	 � 	 � º A - � -AU�>�@ 9�:aX0-AU <.57- ,.> 5 � 5 :3R�O �BR 
5R�U�R /�57O(À&R � R�8Äc

� 9 4ABC � F*K128N@GS6,2 f FJ?@C�6~?Bh ∠ABC
4:9<;

∠ACB
PV2�2§F

AC
4�9<;

AB
45F

D4�9<;
E � CH2:6)Lp2 f FHGT�@2[0T= c8Ú 2[F I

N12>F*K12�GS9BFJ25C�6,2 f FHG3?@9�?Bh
BD

4:9<;
CE � 4:9<;Q032§F F

N<2F*K12>h_?1?�FR?BhpF*K12>Lp25CJL<2:9<;BG f A10S4�C~h3CH?@P
I
FJ?

BC
c /<CH?5�@2MF*K@4[F~GSh

∠ADE = ∠BIF �F*K12:9
∠AED = ∠CIF

c
��- ��� -AU 5+3+>?-��BR
/ � -AU
3�5+@ >�8$365<N	R�/+U�-0/2143657- 8)U 9 :�À�- < 8 �E]$W?> 1 �0>�A8O �$A8R08 @ >�º A8R�5 A 57>PO
J ��� V�5 �0<�- 1�O]º -0/ / ��- � � 108.5+3=: ��-0/ /7>PQ�>PO M 5 8 3+>�AHWIR �0>�8�O

�
V3O?Á ,PJ �IR�8�@ 3=<�>

� A - � -AU�>�A c
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∠AED = ∠AID = ∠BAI + ∠ABI = α + β = 90◦ − γ = ∠CIF
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∠ACB = 2θ
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∠ADC = 90◦ − 3θ
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(
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(
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(
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(
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L�WoMoHgX � HKJ�L�H

P
M>F MONhE�R~E�N1HKJ�G�HQR
MOL�N�|%W3G

C′D′O
�
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∠A′PB′ < ∠A′OB′ c
º A -4-��16 ¢Ä?@916*G3;12:CMF*K12�FH4:9<�52:9BF>FJ?�F*K12 f GSC f 032

A′OB′ 4[F O
c 
 CH?@P	¢�0S4:GSP � ��2K@4[�@2

∠A′OD′ = ∠A′B′O +∠OC′D′ > ∠A′B′O
`5GTF�h_?B0E03?���6�F*K@45FÄF*K12#FH4:9<�52:9BF�5?12:6XF*K@CH?BAp�5KVF*K12�GS9BFJ25CHGO?@C#?Bh

∠A′OD′ 4�9<; � 6*GOP�GS0S4�C�0T= � F*K@CH?BAp�5KQF*K12�GO9BFH2:C�G3?@CX?Bh
∠B′OC′ c�� 259 f 2 � f GSC f 032 A′OB′ GS9BFJ25C�6,2 f FH6vFJCHGS4�9<�§0O2 C′D′O

?@9@0 =845F<F*K12XL<?BGO9BF
O
c� KBA<6 � P GS6#?BA@FH6*G3;12 f GSC f 032

A′OB′ � 4�9<; ∠A′PB′ < ∠A′OB′ 4�6 f 0S4:GSP�2:; cd 676*A<PQGS9<� � h_?@C<F*K12RPV?@P�259BF � F*K@4[F<F*K12��@A<4�;1C�4:9<�§03256 C′PB′B
4:9<;

D′PA′D4�CH2 f ?@9��@2 � � ��2�K@4[�@2
∠DPA′ + ∠A′PB′ + ∠B′PB

= 90◦ − ∠A′DP + ∠A′PB′ + 90◦ − ∠PBB′

= ∠A′PB′ − ∠A′D′P − ∠PC′B′ + 180◦

< ∠A′OB′ − ∠A′D′O − ∠OC′B′ + 180◦

= 180◦ c
� 259 f 2 � B � P � 4�9<; D

4�CH289<?�F f ?B0S0EGO9<254�C c�� KBA<6 � P GO6R9<?�F�F*K12oGO9BFH2:C�672 f FHGO?@9�?Bh
AC4�9<;

BD � 4�9<;���2�4:CH2�;1?@9<2 c
� @�5+3+- A � U N - � � >�8 356 £o25GTF*K12:C�?BhçF*K12á6*ApN1P�GEF�FH2�; 6,?B0EA@FHG3?@916&4�;<;@CH2:6)6,2:; F*K12Lp?@6)6)GON@GE0SGTF�=!F*K@45F

C′PB′B
?@C

D′PA′D
P�G3�5K�FX9<?�FXN<2 f ?@9��@2 � c 
 ?@C~F*K12�h_?@CJPV2:C �9<?@9<� f ?@9��@2 �:GEF|=�PV2:4:9168F*K@4[F

B
4�9<;

P
4:CH2�GS9�F*K12Q6)4�PV2VK@4:0Eh_�)L@0O4:9<2V;<2§FJ25CJP�GO9<2:;N:=

C′B′ `#F*K@4[F�GO6 � ∠PC′B′ > 90◦ �3N<2 f 45A<6,2
∠PC′B = 90◦ � c�� K12�4�N1?:�@24�CH�§A<PV2:9BFQN12 f ?@P�256!�B450SGO;t�>GTF*K�?@9@0T= PQGS9<?@C!PV?1;@GE� f 45FHGO?@916

�
��2�P�A<6*F!CH25L10S4 f 2

∠B′PB
GO9>F*K12o6*A<P
?@9>F*K12�032[hSFIN:= −∠BPB′ � ��KBG f K�2:�@A<450O6 −∠BC′B′ �O4�9<�§0O2:6GO916 f CHGON<2:;�GS9�4 f GSC f 032o4:CH2M2:�@A<450 �J� ��KBG f K�GS9�FHA<CJ9!2:�@A<450O6 −(∠PC′B′ −90◦) � 4�6DGS9F*K12>F*KBGSCH;Q0EGO9<2�?BhpF*K12��<914:0�672[F�?Bh�2:�@A<4[FHG3?@916XGS9�F*K12�2:4:CH0EG325CR4�CH�§A<PV2:9BF cId 6)GSPQGE0O4:CP�?1;BGS� f 4[FHG3?@9���?@CJ��6�h_?@CIF*K12�2 ��L1CH2:6)6)GO?@916�GO9��@?B0 �@GS9<�

D
4�9<;

D′ c
��� �	�-�	���
�����C���1����@,�����1?��E(>(A� �P.
��� ���3�&.2���	� � .2%2�8��
��1!I. � �&���8��0��������	�B?

������� ? � �
	�����
u��	����.��	������ ���K��!"��#�$�& '�)(?�e�5�@��<nq��#%kK� p8��2Z$%� � i �5����le.$��K6

 @.- ��$%�
#K-/&.5.&(&�$ ��5�dod35.&���d>-g&�6 ��5�dod35.&���d>-g&�6q0%!95�-O@q�

a RSE�V�G�E�R T.MOF D�RSE�V�G�HKJ�L�H HKJ�G�C�N�MO��C�G�F,E.WoC�HSM3E�N�E.Y�HKJ�G�F
X�FQHQG U E.YAG��.C�L�HSMOE�N�F

bb′ + cc′ = aa′ − rr′
�

a2 = b2 + c2
�

a′2 = b′2 + c′2
�

2r = b + c − a
�

2r′ = b′ + c′ − a′
�

L U E�N�| � G�RSE�NZRSMO|�J�H HQRSM>L�N�|%WOG�F ��{ J�G�RSG
r

L�N�T
r′ L�RSG^HKJ�G�M>R�L�F<F<E�PQMOL�HQG�ThMON�R
L�T�MoM � M>F

|%M_V�G�N(\�X

a = 5
�

b = 4
�

c = 3
�

r = 1 � L�N�T
a′ = 13

�
b′ = 12

�
c′ = 5

�
r′ = 2

�
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1�@ >�8 3:O � - 8�½ 5 / / U ��-0/ /7>PQ�5:R.3+> � 8)U�36523
1.3+>!O�X0- A - 8$37-AOBY\[^]� K12�6�=16JFJ25P ;<?1256�9<?�F�K@4§�@2�4�A<9@GO�@Ap2�67?B0SA@FHGO?@9 � 6)GS9 f 2�;BGS0S45FHGS9<��25GTF*K12:C�?@CN<?�F*KQ?BhpF*K128FJCHGS4�9<�§0O2:6#N:=Q4:9QGS9BFJ2:�52:CDh34 f FH?@CI�>GE0S0<L<CH?1;BA f 2�4�9<?�F*K125CR67?B0SA@FHGO?@9 c� KBGS6!FJ2[0S0S6�A<6!F*K@4[F�F*K12�L<CH?1NB0325P f 4:9gN<2�CH2:;@A f 2�;�FH?��<9<;@GS9<��4:0E0#L14:GSC�6V?BhL<C�GOP�GEFHG �@2Q/B=�F*K@4��5?@CH254�9�FJCHGS4�9<�§0O2:6RF*K@4[FR674[FHGO6*hE=

bb′ + cc′ = aa′ − rr′ c � F~GS6~��250E0��9<?���9�F*K@4[F
b
4�9<;

c
4�CH2QF*K12V0O2:9<� F*K@6�?BhDF*K12V032:�[6�?BhR4�L<C�GOP�GEFHG �@2�/B=�F*K@4��5?@CH254�9FJCHGS4�9<�§0O2�GEho4:9<;g?@9@0 = GEh#F*K125CH2ç2 ��GS6*F�CH250S45FHG �@250 = L<C�GOPV2�Lp?@6*GEFHG �@2�GO9BFH2��525C�6

m � n ��>GEF*KQ;BGSåÄ2:CH259BF�L14�C�GEF|= � 6*A f K�F*K@45F m > n
4:9<; {b � c} = {m2 − n2 � 2mn} c� KBA<6 � 0O2[F {b � c} = {m2 − n2 � 2mn} � ��K125CH2 m

4:9<;
n
4�CH2�FÝ��?�CH250S45FHG �@250 =L<C�GOPV2¡Lp?@6*GEFHG �@2èGO9BFH2��525C�6�?Bh�;BGSåÄ2:CH259BFçL<4:CHGTF�=�4�9<;

m > n
c â GOP�GS0S4�C|= � 032§F

{b′ � c′} = {x2 − y2 � 2xy} � ��K125CH2 x
4:9<;

y
4�CH2>FÝ��?�CH250S45FHG �@250 =QL<C�GOPV2�Lp?@6*GEFHG �@2GO9BFH2��525C�6M?BhI;@GEå�25CH2:9BF#L14�C�GEF|=�4�9<;

x > y
co� K12:9

a = m2 + n2 � r = mn − n2 �
a′ = x2 + y2 � r′ = xy − y2

c� K125CH2�4�CH28FÝ��?Q2567672:9BFHGS4:0E0T=�;@GEå�25CH2:9BF f 4:6,256RF*K@45FI��2>9<2:2�;!FH? f ?@916)GO;<25C crE
/7�� �
� (b, c, b′, c′) = (m2 − n2, 2mn, x2 − y2, 2xy)

c� K1259�F*K12�2��BA<45FHGO?@9
bb′ + cc′ = aa′ − rr′ GS6#2��BA1GT�B4503259BF~FH?

(m2−n2)(x2−y2)+4mnxy = (m2+n2)(x2−y2)−(mn−n2)(xy−y2)
c

� K12:9�h34 f FH?@CH2�; � F*K12�4�N<?5�@2�2��BA<45FHGO?@9VN<2 f ?@PV2:6
(nx + ny − 2my)(my + ny − 2nx) = 0

c
� 259 f 2 � 25GTF*K12:C nx + ny = 2my

?@C
my + ny = 2nx

cMâ GO9 f 2�F*K1256,2�FÝ��? f 4�672:64�CH2>6�=1PQP�2§FJCHG f � ��28�>GE0S0<4�6)6)A<PV2MF*K@4[FDF*K12>h_?@CHP�25C~GS6RFJCHAp2 cI� KBA<6 �
n(x + y) = 2my

c
â GO9 f 2

gcd(m, n) = gcd(x+y, 2y) = 1 � ��2�P�A<6*FÄK@4§�@2 n = 2y
4:9<;

m = x+y
c� K125CH25h_?@CH2 � (m, n, x, y) = (x+y, 2y, x, y)

�39<?�FH2�F*K@45F
m > n � gcd(m, n) = 1 �4�9<;

m + n ≡ 1 (mod 2) � crE
/7���)
� (b, c, b′, c′) = (m2 − n2, 2mn, 2xy, x2 − y2)

c� K1259
bb′ + cc′ = aa′ − rr′ GO6#2:�@A1G �B4:0O2:9BFDFH?

2(m2−n2)xy+2mn(x2−y2) = (m2+n2)(x2−y2)−(mn−n2)(xy−y2) ���KBG f K!h34 f FH?@C�6�GO9BFH?
(3ny + my + nx − mx)(mx − my − nx) = 0

c
� h

3ny+my+nx−mx = 0 � F*K1259 4ny = (m−n)(x−y) � ��KBG f K8GO6ÄGOPQLp?@6)6)GON@0O26)GS9 f 2DF*K12R0O25hSF�6*G3;12~GO6�2,�@25984�9<;�F*K12RCHGO�5K�F�6)GO;<2~GO6�?1;1; c � 259 f 2 � mx−my−nx = 0 ���KBG f K!GO6#2:�@A1G �B4:0O2:9BFDFH?
(m − n)(x − y) = ny

c
d �[4:GS9 � 6*GO9 f 2 gcd(m − n, n) = gcd(x − y, y) = 1 � ��2�K@4[�@2 m − n = y

4:9<;
x − y = n

c�� KBA<6 � (m, n, x, y) = (x, x − y, x, y)
�39<?�FH28F*K@4[F

x
PQA<6JFRN<2>2,�@2:9 � c



	 �
�

d 0S0�6,?B0EA@FHG3?@916�FJ?!F*K12�?@CHGO�§GO91450vL<CH?1NB0325P f 4:9�N<2��52:9<25C�45FH2�;Qh3CH?@P F*K12�45h_?@CH2��P�259BFHG3?@9<2:;çCH2:6*A10EF�6 � �>GEF*K�FJC�GT�BGO450~Lp25CJP�A@FH4[FHG3?@916�4�9<;t;BGS0S45FHGO?@916 c � �4@+]%6 
 ?@CM4:9�=L<C�GOP�GEFHG �@2�/B=�F*K@4��5?@CH254�9�FJCHGS4�9<�§0O2 � f 4:0 f A10O4[FJ2�F*K12 f ?@CJCH2567L<?@9<;@GS9<� x
4:9<;

y
c 
 GS9<;F*K12�6,2 f ?@9<;�FJCHGS4�9<�§0O2>A<6*GO9<�oF*K12>CH2:6*A10EF�6 cÄd 0E0p6)A f K�L14:GSC�6#4:CH2MF*KBA<6 f ?@916JFJCHA f FH2�; c �

��� �	� �	���
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��9:0 � �
��	 9:? ��� � �8�
�3���'6 ;'� �&�8�
���\4'�	�<�!�	� ��0��������/���)���'� 
&9 . �
( �3�
�'��� ) 0'��DCDK���&.2%2��0'��� �2�/�&�/�
�$. �3%
�	� �������	��� � 
������	�B?

�����^� ? �j�
	�����
 �9	������8	���
�� ���K��!"��#�$�&j'�) ��5�d/f�+9$%� ?,5�@l��e�# 6 
 �S#�e�do-3@l$�@�	�)�2 �
@�5�# -[e�2�6���@�@�#�'��me.kS=�6%��e�#�f��
-O5��

� G�H
n ≥ 3

\�G�L�N ��&�& N�L�HSC�R
L�WlN�C U \�G�R � � G�HSG�R U M>N�G�HKJ�G�F U L�WoW3G�FKH�N�C U \�G�R
µ = µ(n)

FKC�P JIHKJ�L�H HKJ�G�G�N.HQR
M3G�F�E.Y9L�N�X�RSE { L�N�ThE.Y9L�N�XhPQE.W>C U NhE.Y�HKJ�G U L�HQR
M �










1 a1,2 · · · a1,µ

2 a2,2 · · · a2,µ
...

...
. . .

...
n an,2 · · · an,µ











L�RSG^T�M>FKHSM>N�PSH~N�C U \�G�R
F;Y3RSE U HKJ�G�F,G%H {1
�
2
�
. . .

�
n − 1

�
n}

� L�N�T1HKJ�G�N�C U \�G�R
F;M>N
G�L�P J�RSE { F C U HQEIHKJ�G�F<L U G V.L�W>C�G �
��&�-/f/����� # �l��2h2Z$�@9f �

��E F<E.W>C�HSMOE�N�F { G�RSGvRSG�PKG�M_V�G�T Y�E�RZHKJ.MOF D�RSE�\�WOG U
� � E { G,V�G�R �I{ G { G�RSG

MON�Y�E�R U G�T�\�X���T { L�RST wA�O�4� sZL�N�|~L�N�T��9L�M U MON�|	��J�L�E � s�M>WoY3RSMOT � L�C�RSMOG�R � N�M_V�G�R
F M_H/X �
sZL�HSG�R
W3E�E ��
 � � HKJ�L�H�HKJ�G,X J�L%V�G`E�\�HSL�MON�G�T F<E U GZD�L�R
HSM>L�W RSG�F C�W_HSF � B�D�G�PQM �lPSL�WoW_X �
HKJ�G,XhJ�L�V�G�D�RSE�V�G�T1HKJ�L�H �
���

µ(n) ≥ 3
Y�E�R�L�WoWlE�T�T

n ≥ 3 �
	��

µ(3) = µ(7) = µ(9) = µ(11) = 3 �
���

µ(5) = 5 �

A�

µ(n) = 3
Y�E�R�L�WoWlE�T�T

n
{ J.M3P J4L�RSG^T.M_V.MOFKM3\.W3G�\�X ���

a RSE�E.Y3F { M>WoWlN�E�H \�GI|%M V�G�N1X�G%H � F M>N�PKG�sZL�N�|�L�N�T���J�L�E�L�RSG^PKE�N.HSM>N�C�MON�|�HKJ�G�MOR { E�R �
E�N1HKJ�G�D�RSE�\.W3G U

�
w J�G;D�RSE�D�E�F<G�R � M>N�J.MOF"F C�\ U M>F<FKM3E�N�E.Y�HKJ�G D�RSE�\.W3G U

� F C�|�|�G�FKHSG�T�HKJ�L�HqD�G�RQJ�L�D�F
µ(n) = n

Y�E�R L�W>WqE�T�T
n
� w J�GID�L�R
HSM>L�WARSG�F C�W_HSF L�RSG1G�N�E.C�|�J�HQEhF,J�E { HKJ�L�H HKJ.M>F M>F

Y3L�W>F,G � sZL�N�|�L�N�T
��J�L�E�\�G�WoM3G,V�G�HKJ�L�H
µ(n) = 3

Y�E�R�L�WoWlE�T�T
n

G	��PQG�D.H
n = 5

�
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ABC

N12�4MFJCHGS4�9<�§0O2o��K1?@6,2M0S4�CH�5256*FR4:9<�§032�;1?12:6X9<?�F�2 � f 2:2�;
2π/3

c 
 ?@C
λ � µ ∈ ��� f ?@916*G3;12:CDGO9<2:�@A<450SGTFHG3256#?BhpF*K12Mh_?@CJP

cos
(

A

2

)

· cos
(

B

2

)

· cos
(

C

2

)

≥ λ + µ · sin
(

A

2

)

· sin
(

B

2

)

· sin
(

C

2

) c
�O4 � /<CH?:�@28F*K@4[F λ ����� ≥ 2

√
3 − 1

8

c
�_N � /<CH?:�@2�?@CR;@GS67L1CH?:�@28F*K@45F

λ =
2
√

3 − 1

8

4�9<;
µ = 1 +

√
3

=@GO250O;¡F*K12eN<256*F�GO9<2:�@A<450SGTF�=&GS9�F*K12è672:91672gF*K@4[F
λ
f 4�919<?�F�N12kGO9 f CH254�672�; cÞX2[FH2:CHPQGS9<2�450O67?�F*K12 f 4:6,256#?BhÄ2:�@A<450SGTF�= c
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