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�8?C;>=>�</�?l-U� �/��<=81YACB0;<6K7`� =868/¡�o;>=KF<-z=83EB0/Y=8?�3 � 7.?C;>B�A|/ F81�353�146>AlF81�?l-J/ Fl;>Bz6>A (2, 5)/YA�7.;<6>A¡-�� BJ6>AC/�?�35/ b ACBJ;<6}1Y�</ b -�� 1�Ë4/{7./�3
x
/23EAR=86�/26>ACB0/2?�/�A b /Y-z-J/(1Y�</ b -�� 1�Ë4/{7./�3

y/�3|A�=86O68;<H�G<?C/�F8?C/2HOBJ/�?^_

_ `�a cfe5g � jnm������*j	�fo

® Ä:Ä _ $lX�T*¿�T���W"��V"�ZÀ ��Q���	4X �¶ÁMT�� � � �`T"� : 	 ����T6����UW Â � �KÃ�WYX ����S�� �;Á 	 � �>7�	 ���(� � _
� Bz687 	 �?� ;<?C78/2?C/47 F812BJ?�3�;>e&Bz6>A|/��2/�?�3

(a, b)
3E= b D AED<1YA AED./ /4�>=812ACBJ;<6

x2 + |y2 − 6ay + b| = b − a2 + 6
D<143OW �"	>Q5S���� �4�4�>� 35;>-z=<ACBJ;<6.3�Bz6 Fl;<3EB@ACB �</BJ6>AC/4�2/2?�3

(x, y)
_

������S�T�X 
 �.��T8S�W�_��`D./KF.?C;.G<-J/�H b 1�6.68;�A�G8/:3+;>- �</47(1�3 3EA�12AC/47r_��`D./KF.?C;.G<-J/�H½y*Bz-@-8G8/?C/�yM;<?C7./47O1�687O?C/�F8;<3EAC/47{BJ6O1�6�=8F b ;<HOBz68�KBz353E=l/8_
® Ä�¾ _ $lX�T*¿�T���W"��V"� ��
IÀ�
 � 
 � 	 �YSoX&� � -,	��� "	 ��T�XEWB� C �,����	._

�U6{1:?CBJ�2D�AE~�1�68��-0/�7�A|?CBz1468��-J/�yM/ b ;<6.3EB07./�?rAED./�A�yM;K�</2?�ACB b /23 1YA�AED./�A�yM;�1 b =<AC/1468��-J/�3*1�687�7<?�1Yy H�/�7<Bz146.3Ke0?C;<H�AED./2H AC;�AED./I;<F8F8;<3�B�A|/O3EB07./�32_dÌ¡/YAC/�?CHOBz68/�AED./HI1^Ë4BzHO=8H"�01 b =<A|/ � 1468��-J/MG./YA�yM/�/�6{AED./�35/�HI/47>BJ1�6.3�_



�� �È

� T����.S �UT��}V�� �4��2S�	�Ã�T �rX �PÅ3<WYX��OÂ � �DÃ�W�X ��� ��	�� @��!�6@ ��� - �<W���T�� � �JX�W � � �RX� <W��rS � ��	._
� /�y*B@-z-r35D.;4y AED<12ARAED./{HI1^Ë4BzHO=8H 1468��-J/�D<143�H�/2143E=8?C/

arctan 3
4

1�687IAED>BJ3�>1�-@=l/M; b|b =8?�3�;<6<-�9{eo;<?LBJ35;<3 b /2-J/�3�A|?�BJ1�68��-0/23�_Ê�/YA[=83 b ;<6.3EB07./�?�AED./*F8;>BJ6>A�3
A(0, y0) � B(0, 0) � C(x0, 0)

y*B�AED
x0 � y0 > 0

_��D./23+/�Fl;>Bz6>AC3*78/�A|/2?|H�BJ68/�1I?�B0�2D�A�A|?�BJ1�68��-0/My*B@AEDd?�B0�2D�A�1�68��-0/�12A
B
_(��D./�H�/�7<Bz146e0?C;<H

C
A|;:AED./�3EB07./

AB
¤U;>BJ6.3�AED./�Fl;>Bz6>A

C(x0, 0)
A|;:AED./�F8;>BJ6>A (

0, 1
2
y0

) � 1�687*AED./H�/�7<Bz146�e0?C;<H
A
A|;:AED./�3�BJ78/

BC
¤U;>BJ6.3�AED./�F8;>BJ6>A

A(0, y0)
AC;KAED./�F8;>BJ6>A (1

2
x0, 0

) _
��D./�3E-0;<F8/�3¡;>elAED./�35/�HI/47>BJ1�6.3�1�?C/ −y0

2x0

14687 −2y0

x0

� ?C/235F8/ b ACB �</2- 9�_Ê�/YA
α
G./KAED./*1 b =<AC/�1468��-J/MG./YA�yM/�/�6{AED./23+/*H�/�7<Bz146.32_���D./26

α = arctan
−y0

2x0

− arctan
−2y0

x0

_
a F8F<-�9>BJ68�:AED./:yM/2-@-0~���68;4y�6�BJ78/26>ACB@AU9

arctan x − arctan y = arctan

(

x − y

1 + xy

) �yM/M;.G�AC12BJ6
α = arctan

3y0x0

2(x2
0 + y2

0)

_
� ?C;<H AED./ a �

�
W¡� �U68/��<=812-zB�A�9 � yM/dD<1Y�</ x2

0 + y2
0

2
≥ x0y0

_��`D./�?C/Yeo;<?C/ �
3x0y0

2(x2
0 + y2

0)
≤ 3

4

_��`D>=83 � yM/�;.G>A�1�Bz6

α = arctan
3y0x0

2(x2
0 + y2

0)
≤ arctan

3

4

_
� ;�AC/KAED<1YAR/4�>=81�-@B@AU9ID.;>-J7.3RBze`14687I;<6<- 9�B@e

x0 = y0
_

��� ���������	��
��������������
������������ � !"�$#&%(')����*(
�'+���������,��*('.-������ �/#������&�����10�2$354(6 7)
86 9�-:
��(�
��;,%(�&
��:; �"<1
���;"<=6 ����������>&� �?6 ����&�����/@ 6 A�-B*�')-:�����C25���D;	-(�E>&� ��6 �&��&�������:2�F���GH*��I3&�����10J�86K��6K%/L&%����C%?6 �
��;,%(�&
��:; ��<B
���;)
��,���M6	'.-(6 A�����G:��6	��
��.�+6	;	�?�EN:�?� ��OP�?Q8�����E�SR �JGE*8�=�

® Ä � _ $lX�T*¿�T���W"��V"�OS���W < 	"�"�`W�Å � S�	%ÆL_
��D<?C/�/KFl/�;<F.-J/KF<-J1�9MAED./:eo;>-@-0;4y*Bz68�:�Y1�H�/._

N
HI1�?EG>-0/23R1�?C/KF.-z1 b /47MBJ6{1�G.;4y*-14687�AED./¡F.-z1Y9</2?�3 � BJ6�AC=8?|6 � ?C/�HI;��</ 1 � 2 � ;<? 3 HI1�?EG>-0/23�e0?C;<H AED./�G8;4y*-�_r�`D./¡Fl/2?�3+;<6yMD.;}?C/2H�;2�</�3�AED./(-z143|A�HI1�?EG>-0/(-J;<3+/23�_ � ;<? yMD<12A �>1�-@=l/�3:;>e

N
b 146IAED./(�l?�3|A�1�687AED>BJ?C7�F.-z1Y9</2?�yM;<?E�*AC;.�2/YAED./2?[A|;(eo;<? b /:AED./*35/ b ;<687�F.-z1Y9</2?[A|;(-0;<35/4É(� �U6.3�F.Bz?C/47IG�9�1?C/ b /�6>A F8?C;.G>-0/2H ;<6{AED./M�`146.147<Bz146 �¡F8/�6d��12AED./2HI1YACB b 3���D<1�-@-0/268�2/8_ �

� T����.S �UT���V"�3�[W���W*Ã �ETW%Ã�WVU�	 �UT��
�8W � < 	 ���YWB� ��P/�(_
�`-J/�1�?C- 9 � Bze N = 2 � 3 � 4 � B@A�Bz3�Fl;<3�3�BJG<-J/ � 1�3LAED./��l?�3|A[F.-z1Y9</2? b 146*¤0=83EA[?C/2H�;2�</

1 � 2 � ;<?   HI1�?EG>-0/23(1�687�eo;<? b /IAED./�3+/ b ;<687�F.-z1Y9</2?:AC;�AC14�4/IAED./I-J1�3EAKHO14?|G<-J/8_ �oe
N = 5 � 6 � AED./(�8?�3EA¡14687OAED>BJ?C7}F<-J1�9</�?�3 b 1�6.68;�A¡eo;<? b /�AED./{35/ b ;<687}F<-J1�9</�? A|;O-0;<35/G8/ b 12=83+/MD./ b 1�6I1�- y�1Y9<3¡F.-z1Y9O35;(AED<12ALAED./M3E=8H ;>erD>BJ3�1�687�AED./*�8?�3EA F.-z1Y9</2?+� 3�F.-z1Y9BJ3

4
�@yMD>B b D(eo;<? b /23 AED./�AED>Bz?C7�F.-z1Y9</2?[AC;(-J;<3+/�Bze

N = 5 � ;<?�AED./:�l?�3|A�F<-J1�9</�?�A|;M-0;<35/Bze
N = 6 � _



�� %�

� ;<?
N > 6

AED./O�l?�3|AKF<-J1�9</�?:1�687�AED./�AED>BJ?C7¦F.-z1Y9</2? b 146¦1�- y�1Y9<3*eo;<? b /OAED./3+/ b ;<687�F.-z1Y9</2?LAC;{-J;<3+/*G�9O1478;<F>ACBJ68��AED./Keo;>-z-J;4y*BJ68�:3|A|?�12AC/4�+9 � ;<6{AED./K�l?�3|A F<-J1�9O;>eAED./(�Y14HI/*AED./��8?�3EARF.-z1Y9</2?R12-�y�1�9.3�?C/2H�;2�</�3
1
HO14?|G<-J/ � -0/21Y�>BJ68� N − 1

HO14?|G<-J/�32_a ezA|/2?[AED./K3+/ b ;<687�F<-J1�9</�?5� 3 �l?�3|A�F<-J1�9 � AED./2?C/�y*Bz-@-lG8/ k
HO14?|G<-J/�3R?C/�HO1�Bz6<BJ68��yMD./2?C/

N − 4 ≤ k ≤ N − 2
_���D>=83 � 3 ≤ k

_
� ;4y AED./�AED>BJ?C7�1�687�AED./O�l?�3|AKF.-z1Y9</2?�3 b 146 b ;<6.35F<BJ?C/OAC;�-J/�1��</

k′ HO14?|G<-J/�3 �
k′ ≡ 1 (mod 5)

_I�`D>BJ3KBz3*1�- y�1Y9<3*Fl;<3�3�BJG<-J/ � G./ b 1�=835/�AED./O3�=8H ;>e[AED./IHO14?|G<-J/�3?C/�HI;��</�7�G�9MAED./�AED>BJ?C7{F<-J1�9</�?[14687�AED./:�8?�3EA[F.-z1Y9</2? b 146�G./
2 � 3 � 4 � 5 � ;<? 6 _��`D>=83 �eo;<?

k ≡ 0 � 1 � 2 � 3 � 4 (mod 5) � AED./+9�35D.;>=.-07 F.-z1Y9 1�3�=8H ;>e
4 � 5 � 6 � 2 � 3 �?C/�3�Fl/ b ACB��</Y-�9r_L�2BJ6 b /

k ≥ 3 � AED./2?C/�14?C/*1�- y�1Y9<3¡3E=�� b BJ/�6>A HI1�?EG>-0/23 A|;O7.;(AED>BJ32_� ;<?¡/21 b DO3�=lG<3+/��<=l/26>A¡H�;2�</ � AED./*AED>BJ?C7I14687�AED./��l?�3|ARF.-z1Y9</2?�3�F<-J1�9I3+;{AED<1YAAED./K3E=8H�;>e.AED./�AED<?C/�/KHI;��</23R�@AED./K35/ b ;<687(F.-z1Y9</2? � AED./�6�AED./�AED>Bz?C7 � AED./�6�AED./:�8?�3EA �BJ3
5 � yMD>B b DOBz3�1�- y�1Y9<3�F8;<353EB0G>-0/M�zeo;<?¡/�Ë�1�HIF<-0/ � AED./*AED>Bz?C7�F<-J1�9</�? b 146I1�- y�1Y9<3�F.-z1Y9

1 � AED./�6�AED./O�8?�3EA:F<-J1�9</�?:F.-z1Y9<3 4
H�BJ6<=83KAED./I3+/ b ;<687¦F<-J1�9</�?5� 3�F<-J1�9 � _���D>=83 � AED./3+/ b ;<687�F.-z1Y9</2?LBJ3¡12-�y�1�9.3 -0/YezA[y*B�AED�1�6<=8HIG8/2? b ;<68�Y?�=l/�6>ALA|;

1 (mod 5)
14687My*Bz-@-/+�</�6>AC=812-z- 9IG8/K-0/YezA[y*B@AED

1 � 1YA[yMD>B b D(ACBzH�/�D./:y*B@-z-.-0;<35/8_® ¾:Ç _ $lX�T*¿�T���W"��V"��� 
�� 	 ��S�W�X U"� ��Q�������S��`W�� � � ���*��Â � �:_
�r;<HOF.=<AC/{AED./�6<=8HIG8/2?:;>ery�1�9.3�AED<12A � ACBJ?C/23 b 146�G8/�?C;�A�12AC/47d35;IAED<12A�/�1 b DACBJ?C/�Bz3�?C/2-J; b 1YA|/�7�_[� ������S�T�X 
 � �`T8S�W����+?C;�AC1YACBJ68���¡1 b 1�?+� 3LACBJ?C/23 HI/�1�6.3 b D<1�68��BJ68��AED./YBJ?Fl;<3EB@ACBJ;<6I;<6{AED./ b 1�? 35;(AED<1YALAED./+9 b 1�6(yM/�1�? HI;<?C/M/+�</26<-�9r_ �

@`T�Å�V � �`W"� ��T��9�<S ��T��¦V"��� �,�>X�W�!�< 	>T"� � 
�- 
5U��<Q�	 � � W�QET��,��	4X�� � Q��`T.T����1U>T��,�8T����P/��� 	 �
� 5��>7�W �/@���W���� �YS����8W��rS����{W��YS	� � �
����T�X $���	�� � �2V.T�XETnÁ!�> "� � Q���T.T��4��T�X+S����
$���	�� � �2V.T�XET"� �
� ��Â � �:_

��D>Bz3:F.?C;.G<-J/�H Bz3:1�6d/�Ë�1�HIF<-0/�;>e�1O78/2?�1468�2/2H�/26>A�F8?C;.G>-0/2H�_:�`D./�78/2?�1468�2/�~H�/26>AC3�;>e¡146&;<?C78/2?C/47�3+/�AM1�?C/�AED./dFl/2?|H�=<AC1YACB0;<6.3(Bz6�yMD>B b D�AED./2?C/�1�?C/d68; ��Ë4/47Fl;>Bz6>AC3 � BJ6{AED>Bz3 b 1�3+/:ACBJ?C/23�_��`D./�6<=8HIG8/2?¡;>e`3�= b DO78/2?�1468�2/2H�/26>AC3¡Bz3
4! −

(

4

1

)

3! +

(

4

2

)

2! −
(

4

3

)

1! +

(

4

4

)

0! = 9
_

��D./Reo;<?CHO=.-z1¡Bz3rAED./R?C/�3E=.-@Ar;>e�14F.F.- 9<Bz68��AED./RF8?�BJ6 b BzF.-J/�;>e4BJ6 b -@=83�BJ;<6���/EË b -z=83EB0;<6A|;�AED./(F8?C;.G>-0/2H�_���D./M�l?�3|A A|/2?|H Bz6IAED./Meo;<?CHO=.-z1(BJ3�3�BzHIF<-�9�AED./�A|;�A�1�-�6<=8H�G./�?�;>ey�1Y9<3(;>e 1�?|?�1�68��BJ68�
4
3�9<H�G.;>-J32_d��D./�35/ b ;<687�A|/2?|H Bz3KAED./ b ;<?C?C/ b ACBJ;<6¦AC;�/�6.3E=8?C/AED<12AR1�-@-`3�= b DOFl/2?|H�=<AC1YACB0;<6.3 y*B@AEDI;<68/���Ë4/47OFl;>Bz6>AR14?C/�?C/�HI;��</�7�_�08=<A � 3EBJ6 b /*AED./Fl/2?|H�=<AC1YACB0;<6.3 y*B�AED(A�yM;{�>Ë4/�7OF8;>BJ6>A�3�D<1��</�68;4y G8/�/�6O?C/�HI;��</�7{A�y*B b / � yM/*HO=83|AHI14�4/�1�68;�AED./�? b ;<?|?C/ b ACB0;<6IA|;}/26.3�=8?C/MAED<12A yM/�D<1��</O/EË�1 b AC- 9I��/2?C;};>e�AED./23+/._K�`D>BJ3b ;<?C?C/ b ACBJ;<6O��B��</23¡?�BJ35/�A|;{;>=8?[AED>Bz?C7(AC/�?CH�_��oe.yM/ b ;<6>ACBz6<=l/:A|; b ;<?C?C/ b A ;>=8?[eo;<?|H�=.-J13+;:AED<12A�Fl/2?|H�=<AC1YACB0;<6.3�y*B�AEDKAED<?C/�/�1�687*eo;>=8?���Ë4/47�F8;>BJ6>A�3L14?C/ b ;>=86>A|/�7*��/2?C;KACBzH�/23 �yM/�1�?|?�B��</*12ALAED./Keo;<?|H�=.-J1�1�G.;��</._

��������SUT�X ����D./M?C/21�7./�?RH�B0�2D�A -@B0�4/KA|;�3+/�/(D.;4y½3�BzHOB@-J1�?�B07./�1�3�14?C/(D<1�687<-J/47OBz6AED./I��1�98D./2H 14?�ACB b -J/��08BJ68;<H�BJ12- �U6��</2?�3�BJ;<6 � �>yM;�,8?C;.;>e03�14687I146 a F.F.-@B b 12ACBJ;<6OAC;Ì¡/�?�1�68�2/�HI/�6>A�3�� � G�9�¥�/�G.1{¥*1YAED.;>=<A�� �4�4�>  �<�7È 
 � �7È*� � _ �



�� ��
® ¾�Á _ $lX�T*¿�T���W"��V"� ��
IÀ�
 � 
 � 	 �YSoX&� � -,	��� "	 ��T�XEWB� C �,����	._

Ê�/YA
a 6= 0 � b � c G./�BJ6>AC/4�2/2?�3�1�687 sin θ � cos θ

G./*AED./�?�12ACBJ;<6.12-�?C;.;�A�3�;>e`AED.//4�>=812ACBJ;<6
ax2 + bx + c = 0

_��4D.;4y�AED<1YA
a ± 2c

1�?C/�F8/�?�eo/ b A 35�<=81�?C/�32_
� T����.S �UT���V"�ZÀ�T8V.WYX+S - �>� � � � ��>�LP#�<SoX�W�ÅdT��rS����#@r_

�8;�1�?|?�B��</{1YARAED>Bz3:?C/23�=.-�A � B@ARBJ3�68/ b /2353�14?U9IAC;�3E=8F8F8;<3+/�AED<12ARAED./ b ;./ � b B0/26>AC3D<1Y�</(D<1�7I1�-@- b ;<HOH�;<6Oe01 b AC;<?�3�?C/�HI;��</�7�_R��D>=83 � (a, c) = 1
_¡�`D./�A�yM;O35;>-z=<ACBJ;<6.3

;>e�AED./¡�<=8147.?�1YACB b /��<=81YACB0;<6
ax2+bx+c = 0

1�?C/ −b ±
√

b2 − 4ac

2a

_��4/�A�ACBJ68�LAED./23+/
A�yM;(?C;.;�AC3LAC;

cos θ
1�687

sin θ � AED./:BJ78/26>ACB@AU9 sin2 θ + cos2 θ = 1
Bz3R/4�>=.B��>12-0/26>A[AC;

b2 − 2ac = a2 � ;<? b2 = a(a + 2c)
_��D./26

b2 − 4ac = a(a − 2c)
_ 08=<A�G.;�AED�3�BJ78/23:;>erAED>BJ3:/��<=81YACB0;<6}HO=83|A�G8/Fl/2?Ceo/ b AL35�<=81�?C/�3 � 3�Bz6 b /�AED./:?C;.;�A�3 cos θ
1�687

sin θ
14?C/:?�1YACB0;<6.12-�_��2BJ6 b /

(a, c) = 1 �B@A�eo;>-z-J;4y�3:AED<1YA
a
1�687

a − 2c
D<1Y�</I68; b ;<HOH�;<6�e01 b AC;<?�3 � 1�687�/�1 b D¦H�=83EAKG8/I1Fl/2?Ceo/ b A{35�<=81�?C/¦3+/2F81�?�12AC/2- 9�_ a -J35; � e0?C;<H AED./�/4�>=812ACBJ;<6

b2 = a(a + 2c) � AED./b ;<687>B@ACBJ;<6
(a, a +2c) = 1

eo;<? b /23
a +2c

AC;{G./K1KF8/�?�eo/ b AL3+�>=814?C/ � 3EBJ6 b / a
1�687

b214?C/*Fl/2?Ceo/ b AR35�<=81�?C/�32_
��� ��� �����K��
����� 0���6	��6)% L&%����C%?6 �J��;.%��&
���; � <1
���;K
��,�M�M6K')-�6 A���� GH�(6K��
��.�+6K; ���$N:�?� ��OP�?Q8����� �SR �
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A

B

C

D

I

I1 I2

� I3

I4

K

L

M

N

`1

`2

`3

`4

Ê�/YA
r
G8/:AED./�?�147<B@=83�;>elAED./KBJ6 b Bz? b -0/�;>er�>=81�7<?CB@-J1YA|/2?�1�-

ABCD
_¡Ê�/�A

α = 1
2
∠A � β = 1

2
∠B � γ = 1

2
∠C � δ = 1

2
∠D

_
� ;�AC/KAED<1YA

α + β + γ + δ = 180◦ _�8?CBz1468��-J/�3
AKI

1�687
ALI

1�?C/ b ;<68�Y?C=l/26>A � 3EBJ6 b /}AED./+9 1�?C/�?CBJ�2D�AE~�1�68��-0/�7 �y*B@AED�1 b ;<HIHI;<6 D49.F8;�A|/26<=83+/�14687
KI = LI = r

_ ��D./2?C/2eo;<?C/ � AK = AL14687
∠IAK = ∠IAL = α

_��2Bz6 b /
AI

BJ3�AED./OG<Bz3+/ b A|;<?�;>e
∠A

BJ6�AED./�Bz3+;<3 b /Y-0/23A|?CBz1468��-J/
KAL � yM/�D<1Y�</ AI ⊥ KL

_*��D./26 � 3�Bz6 b / ∠ALI = 90◦ � yM/�35/4/MAED<1YA
∠KLI = ∠IAL = α

�01�687O1�-z3+;
∠LKI = α� _ ¥�/26 b / � KL = 2r cos α

_Ê�/YA
I1
G8/MAED./{Fl;>Bz6>A�1YARyMD>B b DIAED./{Bz6 b BJ? b -J/�;>e

ABCD
BJ6>AC/�?�35/ b A�3�AED./(-@BJ68/3+/��YH�/26>A

AI � 14687�-J/YA r1
G8/�AED./¦7>BJ3|AC1�6 b /de0?C;<H

I1
A|;

AL
��yMD>B b D&/4�>=81�-z3(AED./7<Bz3EA�146 b /�e0?C;<H

I1
A|;

AK � _ � / b -z1�BzH�AED<12A
I1
1�687

r1
1�?C/KAED./ b /�6>A|?C/M1�687I?�1�7>Bz=83;>e

S1
_��.;�F8?C;2�</MAED>Bz3 � �l?�3|A�68;�AC/MAED<1YA AI = AI1 + r � y*B@AED AI = r csc α

14687
AI1 = r1 csc α

_���D>=83 � yM/�D<1��</ r csc α = r1 csc α + r
�4AED<1YA�BJ3 �

r1 = r(1 − sin α)
_ � � �



����2

�2BJ6 b /*AED./(7>BJ3|AC1�6 b /*e0?C;<H
I
AC;

KL
Bz3

r sin ∠KLI = r sin α � AED./(7>BJ3|AC1�6 b /*e0?C;<H
I1
AC;

KL
Bz3

r − r sin α = r1
_ � / b ;<6 b -@=l78/OAED<1YA�AED./�Fl;>Bz6>A

I1
Bz3*AED./I351�H�/7<Bz3EA�146 b /

r1
e0?C;<H"/�1 b D�3�BJ78/�;>e 4AKL � yMD>B b D�F8?C;2�</�3RAED./ b -J12BJH¦_�2BJH�Bz-z14? b ;<6.3�BJ78/2?�12ACBJ;<6.3�14F.F.- 9*A|;KAED./�Bz6 b BJ? b -J/�3

S2 � S3 � 1�687 S4
_ � /:7./�68;�AC/AED./2Bz? b /�6>A|?C/23RG�9

I2 � I3 � 14687 I4 � 14687�AED./2Bz?L?�147<B@B8G�9 r2 � r3 � 1�687 r4 � ?C/�3�Fl/ b ACB��</Y-�9r_� ;4y b ;<6.3EB07./�? 4II1I2
_ �0AMBz3{BJ35;<3 b /2-J/�3 � y*B�AED II1 = II2 = r

_c�2BJ6 b /
∠I1II2 = ∠AIB = 180◦ − α − β � yM/�D<1Y�</

∠II1I2 = ∠II2I1 = 1
2
(α + β) � � � �

14687ID./26 b / �
I1I2 = 2r cos

[

1
2
(α + β)

] _ �   �Ê�/YA
θ
G8/¡AED./�1468��-J/:G./YA�yM/�/�6KAED./�-@BJ68/23

I1I2
1�687

`2
AED<1YA b ;<6>AC12BJ6.3�AED./�Fl;>Bz6>A

I
BJ6�B�AC3RBz6>A|/2?CBJ;<?�_ � /�y*Bz-@-lF.?C;��</KAED<1YA

θ = γ + 1
2
(α + β)

_
nF�%9����`_

β < γ
�o;<? � /4�>=.B��>12-0/26>AC-�9 � r2 > r3 � 1�3¡Bz6{AED./*�l��=8?C/ � _��D./26(AED./:-@BJ68/23

BC
1�687

`2
H�/�/YA�;<6MAED./*/EË�AC/�6.3EB0;<6�;>e

BC
G8/+9<;<687

C
_RÊ�/�AAED./KF8;>BJ6>AryMD./�?C/�AED./+9{HI/4/�A�G8/K7./�68;�AC/47�G�9

S � 14687M-0/�A T
G8/�AED./KF8;>BJ6>AryMD./�?C/

`2BJ6>AC/�?�35/ b A�3
I1I2

_���D>=83 � ∠I1TS = θ
_

� ?C;<H$� � �E� G�9 3�9.HOH�/�A|?U9 � yM/}D<1Y�</ ∠II2I3 = 1
2
(β + γ)

_¦��D>Bz3(1�68��-0/�Bz3/�Ë2A|/2?CBJ;<?:A|; 4I2BS
;<F8F8;<3�B�A|/IAED./�Bz6>A|/2?CBJ;<?�1�68��-0/23

∠I2BS = β
14687

∠I2SB
_��D./2?C/2eo;<?C/ � ∠I2SB = 1

2
(β + γ) − β = 1

2
(γ − β)

_:�2Bz6 b /
SI2

G<Bz3+/ b AC3
∠TSB �yM/�12-J35;�D<1Y�</

∠I2ST = 1
2
(γ − β)

_
� ;4y

θ
Bz3¦1�6 /EË�AC/�?�B0;<?�1468��-J/ ;>e 4TI2S

;<F.Fl;<3EB@AC/&AED./ BJ6>AC/�?�B0;<?�1468��-J/�3
∠I2ST = 1

2
(γ − β)

1�687
∠TI2S = 1

2
(α + β) + 1

2
(β + γ) = β + 1

2
(α + γ)

_��D./2?C/2eo;<?C/ �
θ = β + 1

2
(α + γ) + 1

2
(γ − β) = γ + 1

2
(α + β)

_
nF�%9����8_

β = γ
�o;<? � /4�>=.B��>12-0/26>AC-�9 � r2 = r3 � _��D./26�AED./:AED<?C/4/*-@BJ68/23

BC � I2I3 � 14687 `2
14?C/*F81�?�1�-@-0/Y-�_ ¥*/�6 b / �

θ = ∠I1I2I3 = 1
2
(α+β)+ 1

2
(β +γ) = β + 1

2
(α+γ) = γ + 1

2
(α+β)

_
nF�%9��Mx8_

β > γ
�o;<? � /4�>=.B��>12-0/26>AC-�9 � r2 < r3 � _��D./26�AED./�-zBz68/�3

BC
14687

`2
HI/4/�AL;<6*AED./:/�Ë2A|/26.3�BJ;<6{;>e

BC
G./+9<;<687

B
_��`D./1468��-J/*12A�yMD>B b DMAED./+9�HI/4/�ALBJ3

β − γ
�Je0?C;<H"�`1435/ � � y*B@AED β

1�687
γ
BJ6>AC/�? b D<1�68�2/47 � _a 6O14?C��=8HI/�6>AR3EBJH�Bz-z14?�A|;(AED<1YAR;>er�`1435/ � � -0/21�7<3 A|; θ = γ + 1

2
(α + β)

_
�U6I12-z-.AED<?C/�/ b 1435/�3 �

θ = γ + 1
2
(α + β) = γ + 1

2
(180◦ − γ − δ) = 90◦ + 1

2
(γ − δ)

_
0<9 3�9<HIHI/YA|?U9 � AED./�1468��-J/dG./YA�yM/�/�6 I1I2

1�687
`4
yMD>B b D b ;<6>AC12BJ6.3

I
BJ6�B@A�3BJ6>AC/�?�B0;<?�Bz3

90◦ + 1
2
(δ −γ)

_[�2Bz6 b /�AED./�3E=8H;>e>AED>BJ3L1468��-J/�14687
θ
BJ3

180◦ � AED./�-@BJ68/23
`2
1�687

`4
14?C/{F.14?�12-z-J/2-�_��2BzHOB@-J1�?C- 9 � `1

14687
`3
1�?C/{F81�?�1�-@-0/Y-�_:��D>=83 � `1 � `2 � `3 � `4BJ6>AC/�?�35/ b A�Bz6{AED./:�</2?�ACB b /23�;>e�1�F.14?�12-z-J/2-J;.�Y?�14H¦_



���3È

�2BJ6 b /
θ
Bz3:;<68/{;>erAED./�A�yM;I1468��-J/�3:G./YA�yM/�/�6

I1I2
1�687

`2
�@AED./�;�AED./2?�G8/YBJ68�

180◦ − θ �E� AED./�Fl/2?|F8/�687>B b =.-z14?:7<Bz3EA�146 b /IG8/�A�yM/4/26}AED./�-zBz68/�3KF.14?�12-z-J/2-rA|; `2
AED<1YAF81�353�AED<?C;>=l�2D

I1
1�687

I2
Bz3

I1I2 sin θ = I1I2 cos[1
2
(γ −δ)] � yMD./2?C/ I1I2

BJ3���B �</�6G�9I�   � _���D./2?C/2eo;<?C/ � AED./�F8/�?CFl/2687<B b =.-J1�?R7<Bz3EA�146 b /MG./YA�yM/�/�6 `2
14687

`4
BJ3

2r cos
[

1
2
(α + β)

]

cos
[

1
2
(γ − δ)

]

− r1 − r2

= r cos
[

1
2
(α + β + γ − δ)

]

+ r cos
[

1
2
(α + β − γ + δ)

]

− r1 − r2

= r cos
[

1
2
(180◦ − 2δ)

]

+ r cos
[

1
2
(180◦ − 2γ)

]

− r1 − r2

= r sin δ + r sin γ − r1 − r2

= (r − r4) + (r − r3) − r1 − r2 = 2r − (r1 + r2 + r3 + r4)
_

��D>Bz3 � G�9M3�9.HOH�/�A|?U9 � BJ3�/��<=812-�AC;KAED./�Fl/2?|F8/�687>B b =.-z14?[7>BJ3|AC1�6 b /�G8/�A�yM/4/26 `1
14687

`3
_¥�/26 b / � `1 � `2 � `3 � `4

Bz6>A|/2?�3+/ b A�Bz6{AED./:�</�?�ACB b /�3�;>e�1�?|D.;<H�G>=83�_
Ä _ � : 
*)�W�X�W � � � � � �`D./�F<-J1�68/

α
F.143�3�Bz68��AED<?C;>=l�2DIAED./M�</2?�AC/�Ë

A
;>e�AC/YA|?�14D./47<?C;<6

ABCD
BJ3:AC1�68�2/�6>A�AC;}AED./ b Bz? b =8HI3�FlD./2?C/};>e[AED./�A|/�A|?�1�D./�7.?C;<6�_ ,8?C;��</�AED<1YA�AED./1468��-J/�3KG./YA�yM/�/�6�AED./(-@BJ68/23K;>e�BJ6>AC/�?�35/ b ACBJ;<6�;>e

α
y*B�AEDIAED./{F<-J1�68/�3

ABC � ACD �14687
ABD

14?C/�/4�>=81�-8Bze�1�687I;<6<-�9{B@e
AB · CD = AC · BD = AD · BC

_
� T����.S �UT���V"�3@��.X � �YS�T*¿
�`WYX � 
+-`X9	��"�UWB��� -`X � �2SUT�����Â ��_

Ê�/YA
K

G8/�AED./ b /�6>A|?C/�;>eLAED./ b Bz? b =8HI3�FlD./2?C/};>e
ABCD

_ � B@AED.;>=<A�-0;<3�3�;>e�2/�68/2?�1�-@B@AU9 � 1�353E=8H�/�AED<12A�AED./:?�1�7>Bz=83 ;>e<AED./:35F8D./�?C/�Bz3 1
_��<1��4/

A
A|;(G./�AED./K;<?�B0��Bz6;>e��</ b AC;<?�3 � 1�687�78/268;�A|/ −→

AB � −→
AC � −−→AD � 1�687 −−→

AK
G�9

b � c � d � 14687 k � ?C/�3�Fl/ b ACB��</Y-�9r_�2BJ6 b /
KB = 1

1�687 |k| = 1 � yM/�D<1Y�</
1 = KB2 = |k − b|2 = 1 + |b|2 − 2(k · b)

_
��D./2?C/2eo;<?C/ � |b|2 = 2(k · b)

_��2BzHOB@-J1�?C- 9 � |c|2 = 2(k · c)
14687 |d|2 = 2(k · d)

_a �</ b A|;<?�68;<?|HO1�-rAC;�AED./�F.-z1468/
α
12A

A
BJ3

k � 14687d1(�</ b AC;<?�68;<?CHI12-rA|;�AED./F.-z1468/
ABC

Bz3
b × c

_�¥�/26 b / � 1��</ b AC;<?L12-0;<68��AED./:-zBz68/*;>e8BJ6>AC/�?�35/ b ACBJ;<6�;>e α y*B�AEDAED./�F.-z1468/
ABC

Bz3
k × (c × b) = (k · b)c − (k · c)b = 1

2

(

|b|2c − |c|2b
) _

�2BJH�Bz-z14?�-�9 � 1{�</ b AC;<?�1�-J;<68�(AED./�-zBz68/I;>eLBz6>A|/2?�3+/ b ACB0;<6¦;>e α
y*B�AED}AED./OF.-z1468/

ACDBJ3 1
2

(

|c|2d − |d|2c
) � 14687O1K�</ b A|;<? 1�-J;<68�:AED./*-@BJ68/M;>e`BJ6>AC/�?�35/ b ACBJ;<6�;>e α

y*B�AED{AED./F.-z1468/
ADB

BJ3 1
2

(

|d|2b − |b|2d
) _Ê�/YA

h � i � j G8/*3 b 1�-J/47M�</2?�3�BJ;<6.3�;>e8AED./�35/:�</ b A|;<?�3¡143Reo;>-@-0;4y�3 �
h = |d|2

(

|b|2c − |c|2b
) �

i = |b|2
(

|c|2d − |d|2c
) �

j = |c|2
(

|d|2b − |b|2d
) _

��D./26
h � i � j 14?C/ b ;<F<-J1�6.14? � 3�Bz6 b /�AED./+9�1�-@-.-zBJ/:BJ6 α

_ a -z3+; � yM/*D<1Y�</ h + i + j = 0
_



�����

� / b 1�- b =.-J1YA|/
|h|2 = |d|4

∣

∣

∣|b|2c − |c|2b
∣

∣

∣

2

= |d|4
(

|b|4|c|2 + |c|4|b|2 − 2|b|2|c|2b · c
)

= |d|4|b|2|c|2
(

|b|2 + |c|2 − 2b · c
)

= |d|4|b|2|c|2|b − c|2 = |b|2|c|2|d|2(AD2BC2)
�

AED<12A�BJ3 � |h| = |b||c||d|(AD · BC)
_M�2BzHOB@-J1�?C- 9 � |i| = |b||c||d|(AB · CD)

1�687
|j| = |b||c||d|(AC · BD)

_
� ;4y�yM/K1�F8F<-�9(AED./*��68;4y�6�?C/23�=.-�A[AED<12A[AED<?C/�/ b ;<F<-J1�6.14?��</ b AC;<?�3

h � i � j 3�= b DAED<12A
h + i + j = 0

HI14�4/¦1468��-J/�3I;>e
120◦ y*B�AED�;<68/¦1�68;�AED./�?MB@e�1�687�;<6<-�9&B@e

|h| = |i| = |j| _�� �¡68/MBz6>A|/2?|F.?C/YA�12ACBJ;<6};>e�AED>Bz3�Bz3¡AED<12A�AED<?C/4/ b ;<F<-J1�6.14? eo;<? b /�3Ry*B�AED?C/�3E=.-@A�146>Al��/�?C;�14?C/¡/4�>=81�-@-�9�BJ6 b -@BJ68/�7�AC;K/21 b DK;�AED./2?`B@e�14687K;<6<-�9�Bze�AED./+9:14?C/¡;>e>/4�>=81�-HI14�Y6<B@AC=l7./8_ � � / b ;<6 b -z=l7./{AED<12A:;>=8?�F.14?�ACB b =.-z14?R�</ b AC;<?�3 h � i � j HO1��4/�1468��-J/�3*;>e
120◦ y*B@AED¦;<68/O1468;�AED./2?�Bze�1�687 ;<6<- 9�B@e AD · BC = AB · CD = AC · BD �yMD>B b D{BJ3 AED./*?C/4�>=.BJ?C/�7 b ;<687>B@ACBJ;<6�_

� /EË�AlyM/�AC=8?|6:A|;�AED./KÌ¡/ b /�HIG8/2? ������� 6<=8H�G./�?�;>e�AED./ @`T�X �`WYX`1�687*35;>-z=<ACBJ;<6.3G�9};>=8?¡?C/21�7./�?�3¡A|;OF8?C;.G>-0/2HI3���B��</26OAED./�?C/._ � /(G8/���BJ6�y*B@AED{AED./{��;<HIF8;<3�B�ACB0;<6�78/��12AED �/2HI1YACB0�>=l/�3 �����4� � �`-z143�3+/K�./�?CHOBz6.1�-`� � �������	�%���*�
�
��� 
�� _

Æ _.]��/23+;>=l7<?C/M7.1�6.3 � -U� �/��<=81YACB0;<6I/�6
n
�

(n + 3)n =

n+2
∑

k=3

kn _
� T����.S �UT���V"�	����!#	4X ��) 
IÁ 
�� 	��� ��
� �>�>7oX � � U�	��4X �UWYX¡Â � �KÃ�WYX ����S�� � � 	<S�W�X9��T.T"�LP/�(_

��D./M;<6<- 9�3+;>-@=<ACB0;<6.3R14?C/
n = 2

1�687
n = 3

_
Ê�/YA

f(n) =
n+2
∑

k=3

kn 1�687
g(n) = (n + 3)n _���D./26

f(1) = 3 6= 4 = g(1) �
f(2) = 32 + 42 = 52 = g(2) �
f(3) = 33 + 43 + 53 = 216 = 63 = g(3)

_
��D>=83 � n = 2

14687
n = 3

14?C/(35;>-z=<ACBJ;<6.3�_��.;�F8?C;2�</MAED<1YARAED./2?C/{1�?C/(68;�35;>-z=<ACBJ;<6.3
n ≥ 4 � yM/�y*B@-z-l35D.;4y�AED<1YA�eo;<? 12-z-

n ≥ 4 �
f(n) < g(n)

_ � � �



���<�

�U68/4�>=81�-@B@AU9I� � � BJ3�/2143EBz- 9 b D./ b �4/�7�eo;<? n = 4
�

f(4) = 34 + 44 + 54 + 64 = 81 + 256 + 625 + 1296

= 2258 < 2401 = 74 = g(4)
_

a 3¡146�BJ687>= b ACB0;<6ID49<Fl;�AED./23�Bz3 � 3E=8F8F8;<3+/:AED<1YAR� � � D.;>-07<3¡eo;<?�3+;<HI/ n ≥ 4
_���D./26

f(n + 1) =

n+3
∑

k=3

kn+1 =

n+2
∑

k=3

k · kn + (n + 3)n+1

< (n + 2)

n+2
∑

k=3

kn + (n + 3)n+1

= (n + 2)f(n) + (n + 3)g(n)

< (n + 2)g(n) + (n + 3)g(n) = (n + 3)n(2n + 5)
_

�2BJ6 b /
g(n + 1) = (n + 4)n+1 � B@A 3E=�� b /�3 A|;{3+D.;4y AED<12A

(n + 3)n(2n + 5) < (n + 4)n+1 _ � � �
�2BJ6 b /

(n + 3)n(2n + 5) < (n + 3)n(2n + 6) = 2(n + 3)n+1 � BJ68/��<=812-zB�A�9I� � �yM;>=.-07OG8/:A|?C=l/*B@e
(

n + 4

n + 3

)n+1

> 2
_ �   �

08=<A
(

n + 4

n + 3

)n+1

− 2 =

(

1 +
1

n + 3

)n+1

− 2

> 1 +
n + 1

n + 3
+

(

n + 1

2

)

1

(n + 3)2
− 2

=
n + 1

n + 3
+

n(n + 1)

2(n + 3)2
− 1 =

n2 − 3n − 12

2(n + 3)2

>
n2 − 3n − 18

2(n + 3)2
=

n − 6

2(n + 3)

_
��D./2?C/2eo;<?C/ � Bz68/4�>=81�-@B@AU9I�   �E� 14687OD./�6 b /M� � �E� D.;>-07<3¡eo;<?�12-z- n ≥ 6

_� D./�6
n = 4 � BJ68/��<=812-zB�A�9�� � � G./ b ;<H�/23 74 × 13 < 85 ;<? 31213 < 32768

�yMD./�6
n = 5 � Bz68/4�>=81�-@B@AU9 � � � G./ b ;<H�/23 85 × 15 < 96 ;<? 491520 < 531441

_��D>=83 � � � � D.;>-J7.3Reo;<?�1�-@- n ≥ 4 � 14687I;>=8?LBJ687>= b ACB0;<6�BJ3 b ;<HIF<-0/�A|/._



��
��

� /EË�A.yM/�AC=8?|6�AC;:35;>-z=<ACBJ;<6.3�eo;<?`F8?C;.G>-0/2HI3�;>e2AED./ �"2 ��� �U?�1�6<BJ1�6(��12AED./2HI1YACB b 1�-
�R-�9<HIF<BJ147 �������

�
�4�4��� � � BJ?�3|A�]�;>=8687 � ��B �</�6 � �������	�%��� 


�
����2� _

Á _L�2=8F8F8;<3+/KAED<1YA
a1 < a2 < · · · < an

14?C/�?C/21�-l6<=8HIG8/2?�3�_�,8?C;2�</KAED<1YA �
a1a4

2+a2a4
3+ · · ·+an−1a4

n +ana4
1 ≥ a2a4

1+a3a4
2+ · · ·+ana4

n−1+a1a4
n

_
� T����.S �UT���V"� < T���	%Å5ÅdW"���/	 �����?��	 � � SoX9	 �YV.T6�4X� ��½Ä4X�	 ��Q|W>_

� /{F.?C;��</MAED./{?C/23�=.-�A�G�9�BJ687>= b ACB0;<6d;<6
n
_ � ;<?

n = 2 � yM/{D<1Y�</�/��<=812-zB�A�9r_��D./ b 1435/
n = 3

y*B@-z-lG8/*68/4/�78/�7IG8/Y-0;4yI_ � ;<?
n = 3 � yM/�D<1��</KA|;{3+D.;4y AED<12A

a1a4
2 + a2a4

3 + a3a4
1 ≥ a2a4

1 + a3a4
2 + a1a4

3

_
��D>Bz3¡Bz3 A|?C=l/ � 3EBJ6 b /
a1a4

2 + a2a4
3 + a3a4

1 − a2a4
1 − a3a4

2 − a1a4
3

= 1
2
(a2 − a1)(a3 − a2)(a3 − a1)

·
[

(a1 + a2)
2 + (a2 + a3)

2 + (a3 + a1)
2
]

≥ 0
_

a 353E=8H�/dAED<12A(AED./ b -z1�BzH Bz3�A|?C=l/¦eo;<?
n − 1 � 1�687�-J/YA(=83IF.?C;��</¦B@A(eo;<? n

_
0<9�14F.F.- 9<Bz68��AED./IBz687<= b ACBJ;<6�D49.F8;�AED./�3EBJ3 � yM/I�8687¦AED<1YA:B@A:BJ3�3E=�� b BJ/�6>A:AC;¦F8?C;2�</AED<12A

an−1a4
n + ana4

1 − an−1a4
1 ≥ ana4

n−1 + a1a4
n − a1a4

n−1 �yMD>B b D{BJ3 AED./ b 1�3+/
n = 3

_
Æ _ �2=8F8F8;<3+/dAED<12A

n
Bz3O1�6.12AC=8?�12-�6<=8H�G./�?^_���D./

n�
AC=8F<-0/

(a1, a2, . . . , an)
Bz33512B07�A|;�G./; <T.T�� � Bze a1 + a2 + · · · + an = 2n

1�687IeJ=8?�AED./2?|HI;<?C/ � 68;I3�=lG<3+/�A�;>e
{a1 � . . . � an} D<1�3�1�3E=8H /��<=812-8A|;

n
_ � BJ687�1�-@-`�2;.;.7

n �
AC=8F.-J/�32_

� T����.S �UT���V"� $��UWYX|XEW;-�T�X ��� ��S�W � ���(< 	�� ��T������(U�		�¦S�S�W �;Ä�X9	��`QEW�_
� Bz?�3EA[68;�AC/�AED<12A�AED./:F.?C;.G<-J/�H�BJ3�68;�A b -0/214?^_[�2BJ6 b /�AED./

ai
� 3 1�?C/:68;�A[143�3�=8HI/47A|;&G./¦�0F8;<3�B�ACB��</ � Bz6>A|/��2/�?�3 � AED./2?C/¦/�Ë�BJ3|AM1�6&Bz6<�l6<B�A|/d6<=8H�G./�?(;>e��2;.;.7 n �

AC=8F.-J/�32_�&;<?C/4;2�</�? � AED./:68;�A�12ACBJ;<6 {a1 � . . . � an} BJ3�14HIG<BJ��=l;>=83RG8/ b 12=83+/�B�A[3�=8F.Fl;<35/�3LAED<1YAAED./
ai
� 3�14?C/(F.1�Bz?�y*Bz3+/(7<Bz3EACBz6 b A�_��oerAED>BJ3�Bz3�AED./ b 1435/ � 1�687�B@erAED./ ai

� 3:1�?C/(Fl;<3EB@ACB �</BJ6>AC/4�2/2?�3 � AED./�?C/�y*Bz-@-`G8/*68;O�2;.;.7 n �
AC=8F.-J/�3Reo;<?

n > 1
_

� ;>-@-0;4y*Bz68� � ��� � yM/{y*Bz-@-[143�3�=8HI/�AED<12A�AED./ ai
� 3�1�?C/IFl;<3EB@ACB �</OBz6>A|/��2/�?�3�1�687AED<12A��5eo;<? /+�</�?U9

k ∈ {1 � . . . � n} � 68; k
;>elAED./

n
BJ6>AC/4�2/2?�3�1�7.7�=8F�AC;

n
_ ��`-J/�1�?C- 9 � AED./M;<6<- 9O�2;.;.7 1 �

AC=8F.-J/*Bz3
(2)

_���D./��2;.;.7
2 �
AC=8F.-J/�3¡14?C/

(1, 3)
1�687

(3, 1) � 1�687{AED./��2;.;.7 3�
AC=8F<-0/23�1�?C/

(2, 2, 2)
14687O12-z-lF8/�?CHO=<A�12ACBJ;<6.3�;>e

(1, 1, 4)
_� /�y*Bz-@-�F8?C;2�</&G�9�BJ687>= b ACB0;<6c;<6

n
AED<1YA � B@e a = (a1, a2, . . . , an)

BJ3�1�2;.;.7
n�
AC=8F<-0/{y*B@AED

a1 ≤ a2 ≤ · · · ≤ an � AED./�6 /YB@AED./2? a = (2, 2, . . . , 2)
;<?

a = (1, 1, . . . , 1, n + 1)
_



��
4�

��D./(?C/�3E=.-@ARBJ3¡A|?C=l/Meo;<?
n ∈ {1 � 2 � 3} _K�2=8F.Fl;<35/MAED<1YARAED./(?C/23�=.-�A�D.;>-J7.3�eo;<?

n − 1 � eo;<?:35;<H�/ n ≥ 4
_¦Ê�/�A

a = (a1, a2, . . . , an)
G8/O1��2;.;.7

n �
AC=8F.-J/{y*B�AED

a1 ≤ a2 ≤ · · · ≤ an
_*�2Bz6 b /

a
Bz3:�2;.;.7 � yM/�D<1��</ n

∑

i=1

ai = 2n � yMD>B b DIBJHOF.-@B0/23AED<12ARAED./(1��</�?�14�2/{;>erAED./
ai
� 3�BJ3

2
_��oe[/YB@AED./2?

a1 ≥ 2
;<?

an ≤ 2 � AED./26OyM/(HO=83|AD<1Y�</
a1 = a2 = · · · = an = 2

_���D./2?C/2eo;<?C/ � yM/�HI1�9I1�353E=8H�/KAED<12A a1 = 1
1�687

an ≥ 3
_Ê�/YA

j = max{i | ai = 1} _���D./26 1 ≤ j < n
_MÌ¡/Y�l68/�AED./

(n−1) �
AC=8F.-J/

a′ 1�3Reo;>-z-J;4y�3 �
a′

i = ai+1
eo;<?

i 6= j �
a′

j = aj+1 − 1
_

� ;�AC/KAED<1YA
1 ≤ a′

1 ≤ a′
2 ≤ · · · ≤ a′

n−1

1�687 n−1
∑

i=1

a′
i = 2(n − 1)

_
� ;4y 3E=8F8F8;<3+/AED<1YA

a′ Bz3 68;�A �2;.;.7r_ �`D./�6 AED./�?C/"/EË4Bz3EA�3 1 3�=lG<3+/�A
E ⊆ {1 � 2 � . . . � n − 1} � y*B�AED E 6= ∅ � 3�= b D(AED<1YA ∑

i∈E

a′
i = n − 1

_ � / b ;<6.3EB07./�?
A�yM; b 1435/�3 �
nF�%9����`_

j /∈ E
_Ì¡/2�868/

E = {1} ∪ {i + 1 | i ∈ E} _���D./26
∑

i∈E

ai = a1 +
∑

i∈E

ai+1 = 1 +
∑

i∈E

a′
i = 1 + n − 1 = n

_
nF�%9����8_

j ∈ E
_Ì¡/2�868/

E = {i + 1 | i ∈ E} _���D./26
∑

i∈E

ai =
∑

i∈E

ai+1 = (a′
j + 1) +

∑

i∈E\{j}
a′

i = 1 +
∑

i∈E

a′
i = n

_
�U6{/YB@AED./2? b 1�3+/RyM/�D<1��</ b ;<6>A|?�1�7>B b AC/47KAED./�D49.F8;�AED./�3EBJ3�AED<1YA

a
BJ3��2;.;.7r_��`D./�?C/Yeo;<?C/ �

a′ Bz3��2;.;.7�_
0<9 AED./&Bz687<= b ACBJ;<6�D49<Fl;�AED./23�Bz3 � yM/ D<1Y�</ /2B�AED./�? a′ = (1, 1, . . . , n)

;<?
a′ = (2, 2, . . . , 2)

_A08=<A
a′ = (2, 2, . . . , 2)

Bz3*68;�A:F8;<353EB0G>-0/ � 3�Bz6 b /{AED>Bz3�yM;>=.-07BJHOF.- 9�AED<1YA
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BJ3�G<B ¤U/ b ACB �</�e0?C;<H

Ep
;<6>AC;

Fp
_���D./*-J/�HOHI1*BzHIF<-zBJ/�3 AED<1YA

fp(n) = xn
eo;<? /�1 b D

n ∈ Ep
_Ê�/YA

k
G8/*1�6�Bz6>A|/��2/�?^_[�`D./�?C/�/�Ë�BJ3|AC3R1�F8;<3�B�ACB��</:BJ6>AC/4�2/2?

p
3E= b D(AED<1YA

k ∈ Fp
_��D./26 � e0?C;<H14G8;2�</ � AED./�?C/K/EË4Bz3EA�3�1�6MBJ6>AC/4�2/2? n ∈ Ep

3E= b D*AED<12A
k = fp(n) = xn

_
�0A eo;>-@-0;4y�3�AED<1YAR/+�</�?U9�Bz6>A|/��2/�?R; b|b =8?�3¡Bz6{AED./�35/4�>=l/�6 b / {xn} _� ;4y�3E=8F8F8;<3+/MAED<12A¡AED./�?C/�1�?C/(A�yM;}68;<68~E68/4�Y1YACB��</{Bz6>A|/��2/�?�3

m
1�687

n
3�= b DAED<12A

xm = xn
_[��D./2?C/(/EË4Bz3EA�3�1�Fl;<3EB@ACB �</*Bz6>A|/��2/�?

p
3�= b D{AED<1YA

m
1�687

n
1�?C/(G.;�AEDBJ6

Ep
_��2Bz6 b /

fp
BJ3�Bz6�¤U/ b ACB �</ � yM/{D<1��</ m = n

_���D>=83 � 146IBz6>A|/��2/�? b 146.68;�A�; b|b =8?H�;<?C/:AED<146I;<6 b /KBJ6{AED./*3+/��<=l/26 b / � 1�687(yM/*14?C/�78;<68/._Æ _[�2=8F8F8;<3+/�AED<12A
n(r)

7./�68;�AC/�3[AED./�6<=8HIG8/2?L;>e.Fl;>Bz6>AC3�y*B�AED*BJ6>AC/4�2/2? b ;.;<?C7<Bz6.12AC/�3;<6O1 b Bz? b -0/�;>e�?�147<B@=83
r > 1

_�,8?C;2�</KAED<1YA �
n(r) < 6

3
√

πr2
_

� T��KÃ�W"� V"� < T���	%Å5ÅdW"� �/	 �����?��	 � � SoX�	�2V.T6��X9 �zÄ�X9	��`QEW ��	��,� $��UWYX|XEWA-�T�X � � ��SUW � ���
< 	�� ��T������(U�		�¦S�S�W �;Ä�X9	��`QEW 
 �{W� ��DÃ�W �/	� ���>��	 
 ��!�X ��SUW � ��¿L_

�oe
n ≤ 8 � AED./26 � 3�Bz6 b / r > 1

14687
6 3
√

π > 8 � yM/�D<1��</ n < 6
3
√

πr2 �143M?C/��<=.Bz?C/47r_ � ;4y 3E=8F8F8;<3+/OAED<1YAKeo;<?K3+;<HI/
r > 1

yM/}D<1��</
n > 8

_ Ê�/YA:AED./Fl;>Bz6>AC3�y*B�AED�BJ6>AC/4�2/2? b ;.;<?C7<Bz6.12AC/�3�AED<12A�-zBJ/O;<6�AED./ b BJ? b -J/OG./
P1 � P2 � . . . � Pn � Bz6b ;>=86>AC/�? b -J; b �2y*Bz3+/�;<?C78/2?�_��2BJ6 b /

P1P3

...
...
...
...
....
.....
.....
.............
..........................................

+ P2P4

...
...
...
...
....
.....
.....
.............
..........................................

+ · · · + PnP2

...
...
...
...
...
.....
.....
.......
.....................................................

= 4π � ;<68/�;>e`AED./14? b 3
PiPi+2

...
...
...
...
...
...
....
.....
.....
......
.............
............................................................ BJ3¡12A HI;<3EA

4π/n
_L��D./KA|?�BJ1�68��-0/

PiPi+1Pi+2
Bz3¡Bz6.3 b ?�B0G./47�Bz6I1�6I1�? b;>e�1468��-J/�1YA H�;<3|A

4π/n
_�8;�3�BzHIF<-zB@e@9 AED./�68;�A�12ACBJ;<6 � y�?�B@AC/ A � B � C

Bz6 F<-J1 b /�;>e
Pi � Pi+1 � Pi+2 �?C/�3�Fl/ b ACB��</Y-�9r_¡Ê�/YA

θ = AC
...
...
...
...
.....
..........
.............................. 14687

t = AB
...
...
...
...
.....
........
.................................. _���D./26

0 < t < θ ≤ 4π/n � 1�687

[ABC] =
abc

4r
=

(

2r sin t
2

) (

2r sin θ
2

)

(

2r sin θ−t
2

)

4r

≤ 2r2
(

t

2

) (

θ

2

) (

θ − t

2

)

=
r2θt(θ − t)

4

≤ r2θ
(

θ
2

)2

4
=

r2θ3

16
≤ r2

(

4π
n

)3

16
=

4r2π3

n3

_
��D<1�68��3RAC;d,.B b �.� 3R�`D./4;<?C/2H � yM/���68;4y�AED<1YA

[ABC] ≥ 1
2

_��`D./�?C/Yeo;<?C/ �
1

2
≤ 4r2π3

n3
�

n ≤ 3
√

8r2π3 = 2π
3
√

r2 < 6
3
√

πr2
_
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ABCDEF
BJ3 1 b ;<6��</EË¶D./EË�1��2;<6 y*B�AED

AB = BC �
CD = DE � 14687 EF = FA

_�,8?C;2�</KAED<1YA
BC

BE
+

DE

DA
+

FA

FC
≥ 3

2

_
� T��KÃ�W"�¦V"� $��UWYX|XEW -�T�X ��� ��S�W � ���/< 	� �YT�� �	��U�	 �¦S�SUWB�.Ä�X9	��`QEW �4	 �
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� /�F.=<A
AC = a � CE = b � 14687 AE = c

_ 0<9cAED./�yM/2-@-0~���68;4y�6�2/�68/2?�1�-@B@�E1YACB0;<6I;>e[,<A|;>-J/�H(9�� 3R��D./�;<?C/�H eo;<? �<=8147.?�Bz-z12AC/�?�12-
ABCE � yM/�D<1Y�</

AC · BE ≤ AB · CE + BC · AE = BC(CE + AE)
�

AED<12A�Bz3 � a · BE ≤ BC(b + c)
_ ¥�/26 b / �
BC

BE
≥ a

b + c

_
�2BJH�Bz-z14?�-�9 �

DE

DA
≥ b

c + a

14687 FA

FC
≥ c

a + b

_
��D>=83 �

BC

BE
+

DE

DA
+

FA

FC
≥ a

b + c
+

b

c + a
+

c

a + b

_ � � �
0<9{AED./ a �

�
WR� �U68/4�>=81�-@B@AU9 � yM/MD<1��</

(

1

b + c
+

1

c + a
+

1

a + b

)

≥ 3 3

√

1

b + c
· 1

c + a
· 1

a + b

� � �
14687

(b + c) + (c + a) + (a + b) ≥ 3 3
√

(b + c)(c + a)(a + b)
�

AED<12A�Bz3 �
a + b + c ≥ 3

2
3
√

(b + c)(c + a)(a + b)
� �   �



��
%�

� =.-@ACBzF.- 9<Bz68��� � � G�9O�   �E� yM/M�2/�A
a + b + c

b + c
+

a + b + c

c + a
+

a + b + c

a + b
≥ 9

2
�

yMD>B b D�3�BzHIF<-zB@�`/23 AC;
a

b + c
+

b

c + a
+

c

a + b
≥ 3

2

_ � � �
� Bz6.1�-@-�9 � e0?C;<H"� � � 14687I� � �|�

BC

BE
+

DE

DA
+

FA

FC
≥ 3

2

_
� _ � Bz687O12-z-8eJ=86 b ACBJ;<6.3

f : � → � 3�12ACBz3�e@9>BJ68� �
f
(

f(x) + y
)

= f(x2 − y) + 4f(x)y �eo;<? 12-z-l?C/21�-l6<=8H�G./�?�3
x � y ∈ � _

� T��KÃ�W"��V"�3<hT���	�Å5ÅdW�� �/	 �����?��	 � � SoX9	 �YV.T6�4X� ��vÄ4X�	 ��Q|W �*< �UQ���W �4-,	.S�	�?�>�UWB�OÀ�T6�<W����
Ä�X9	��`QEW �4	��,��$��UWYX|XEW -�T�X ��� ��S�W � ���/< 	� �YT�� �	��U�	 �¦S�SUWB�.Ä4X�	 ��Q|W 
 �{W  �KÃ�W3-,	<S�	��>�?��W 
 �
�YT����.S �UT���_

��D./�eJ=86 b ACB0;<6.3
x 7→ 0

14687
x 7→ x2 1�?C/ b -J/�1�?C- 9I35;>-z=<ACBJ;<6.3�_ � /�68;4y�3+D.;4yAED<12ALAED./2?C/*BJ3¡68;O;�AED./2? 35;>-z=<ACBJ;<6�_�2=8F8F8;<3+/

f : � → � 351YACBJ3E�`/23
f
(

f(x) + y
)

= f(x2 − y) + 4f(x)y
� � �eo;<? 12-z-

x � y ∈ � _¡Ê�/YA a = f(0)
_�.14�4Bz68�

x = 0
BJ6I� � � ��B �</�3

f(a + y) = f(−y) + 4ay
� � �eo;<?�12-z-

y
_ �U6�� � ��� yM/(�8?�3EARAC14�4/ y = 0

A|;}�2/YA
f(a) = a � AED./26 y = −a

AC;d�2/�A
a = a − 4a2 _��0A¡eo;>-@-0;4y�3¡AED<12A a = 0

_���D./26 � e0?C;<H � � �|� f
Bz3�146d/+�</26�eJ=86 b ACB0;<6�_�r;<HOF81�?CBz68�OAED./}?C/23�=.-�AC3(;>e�AED./�3�=lG<3EACB�AC=<ACB0;<6.3

y = −f(x)
14687

y = x2 Bz6�� � �/�1�3�B@-�9{-J/�147.3 AC;
4
(

f(x)
)2

= 4x2f(x)
_[�`D>=83 � f(x) = 0

;<?
f(x) = x2 _a 353E=8H�/�68;4y�AED<1YA�AED./2?C/I/�Ë�BJ3|AC3

x0
3E= b D}AED<1YA

f(x0) 6= 0
_��`D./�6

x0 6= 014687
f(x0) = x2

0

_L�2Bz6 b /
f
Bz3R/+�</�6 � yM/:HO1Y9(3E=8F8F8;<3+/�AED<12A x0 > 0

_¡Ê�/YA
x
G8/:1�6�968;<68~|��/2?C;�?C/�12-`6<=8HIG8/2?�_#0<9O� � � y*B�AED y = −x0 � yM/�;.G>A�1�Bz6

f
(

f(x) − x0

)

= f(x2 + x0) − 4f(x)x0
_

�oe
f(x) = 0 � AED./26

f(x2 + x0) = f(−x0) = f(x0) = x2
0 6= 0

_



��
��

��D>Bz3MBzHIF<-zBJ/�3*AED<1YA
f(x2 + x0) = (x2 + x0)

2 � 14687¦AED>=83 � (x2 + x0)
2 = x2

0

_��D>Bz3¡Bz3¡68;�A Fl;<3�3�BJG<-J/ � 3�Bz6 b / x0 > 0
14687

x 6= 0
_���D./2?C/2eo;<?C/ � f(x) = x2 _��D>=83 � f(x) = 0

eo;<?�1�-@-
x
;<?

f(x) = x2 eo;<?�1�-@- x _
� _ �U6¦A|?�BJ1�68��-0/

ABC � AED./}1�68��-0/}G<Bz3+/ b A|;<?*;>e ∠BAC
HI/4/�AC3

BC
1YA*Fl;>Bz6>A

D
_�2=8F8F8;<3+/�AED<12A

Γ
BJ3LAED./ b BJ? b -J/�yMD>B b DMBJ3LAC1�68�2/�6>A[AC;

BC
1YA

D
14687{F.143�3+/23LAED<?C;>=l�2DAED./�F8;>BJ6>A

A
_�Ê�/�A

M
G./�AED./�35/ b ;<687¦Fl;>Bz6>A*;>eLBJ6>AC/�?�35/ b ACBJ;<6 ;>e

Γ
14687

AC
1�687

BM
HI/4/�AC3 AED./ b BJ? b -J/�1YA

P
_R,8?C;��</:AED<12A

AP
BJ3¡1�H�/�7<Bz146I;>elA|?�BJ1�68��-0/

ABD
_

� T��KÃ�W"� V"� < �> ��>W � �OÅdW��� ��"	 � @`T7ÃB	 ��� @�	 ��	 Ä �> ��>WYX9	�� < 	 �>�UT�X�Q�	�� � ¿
	�� � �
@��8X � �2SUT*¿
��W�X
� 
/-`X9	��"�UWB��� -`X � �2SUT�����Â � �4	 �
� )2T�� � ��T � W �PÅ ��� 	�� �,	�!#	� 	����� � 	�¿
	 � 

�{W� �KÃ�W �OÅdW��� ���	 ��
 � �YT����.S �UT���_
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A

B CD

MN

P

Q

Γ

Ê�/YA
N

G./OAED./�35/ b ;<687�Fl;>Bz6>A*;>e Bz6>A|/2?�3+/ b ACB0;<6 ;>e
Γ
14687

AB � 14687¦-J/YA APH�/�/YA
BC

12A
Q
_n]�/ b 12-z-@BJ68�MAED<12A�AED./I1�68��-0/IG./YA�yM/�/�6�1�AC1�68�2/�6>A:1�687�1 b D.;<?C7�Bz3/4�>=81�-�A|;�AED./O1�68��-0/O3E=lG>AC/�687./47¦G�9dAED./ b D.;<?C7�12A�1IF8;>BJ6>A:;<6}AED./ b BJ? b =8H�eo/�?C/26 b /;<6{AED./M;<F8F8;<3�B�A|/*3EB07./�;>elAED./ b D.;<?C7 � yM/M�2/�A ∠MDC = ∠CAD = 1

2
∠A

_���D./26
∠ADM = ∠ADC − ∠MDC

= (180◦ − ∠CAD − ∠DCA) − ∠MDC

=
(

180◦ − 1
2
∠A − ∠C

)

− 1
2
∠A

= 180◦ − ∠A − ∠C = ∠B
_

a -J35; � ∠ADM = ∠ANM � 3EBJ6 b /�AED./23+/¦1468��-J/�3O14?C/¦3�=lG�A|/26878/�7hG�9&AED./351�H�/�1�? b ;>e
Γ
_c�`D>=83 � ∠ANM = ∠B

��yMD>B b D&35D.;4y�3(AED<1YA
NM

Bz3�F.14?�12-z-J/2-A|;
BC � _(¥�/26 b / � ∠QPB = ∠APM = ∠ANM = ∠B

_��2BJ6 b /MyM/{12-J35;}D<1Y�</
∠BQP = ∠BQA � AED./�A|?�BJ1�68��-0/23 BPQ

1�687
ABQ

14?C/:3EBJH�Bz-z14?^_���D./26 � e0?C;<H�AED./F8?C;<F8;<?�ACBJ;<6.1�-l3�BJ78/23 � yM/��2/YA
BQ

QA
=

QP

BQ
�

��B��>BJ68�
BQ2 = QP · QA

_ � /M1�-z3+;ID<1��</
QP · QA = QD2 �@AED./(F8;4yM/�?¡;>e�AED./Fl;>Bz6>A

Q
y*B�AED�?C/�3�Fl/ b ALAC;

Γ� _ ¥*/�6 b / BQ = QD � /23EA�1�G>-zBz3+D>Bz68� AP
1�3¡1�H�/�7<Bz146;>e 4ABD

_
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ABC
BJ3L1�A|?CBz1468��-J/8_ �oe�yM/�F.1�Bz6>A�AED./�Fl;>Bz6>AC3�;>e>AED./�F.-z1468/�BJ6M?C/�714687��Y?C/4/26 � F.?C;��</�AED<12AK/2B�AED./�?�AED./2?C/}/EË4Bz3EA�A�yM;�?C/�7¦Fl;>Bz6>AC3:yMD>B b D¦1�?C/�;<68/O=86<B@A14F.14?�A¡;<?[AED<?C/�/M�Y?C/4/26IF8;>BJ6>A�3Reo;<?|H�BJ68�K1KA|?CBz1468��-J/M/��<=812-8A|;

ABC
_

� T����.S �UT���V"� $��UWYX|XEW;-�T�X ��� ��S�W � ���(< 	�� ��T������(U�		�¦S�S�W �;Ä�X9	��`QEW 

� B@AED:68;:-J;<353�;>e>�2/�68/2?�1�-@B@AU9 � yM/¡HO1Y9K3E=8F8F8;<3+/ AED<1YA`AED./2?C/�/EË4Bz3EA�3�1YA�-J/�1�3EAr;<68/?C/47dFl;>Bz6>A:�zBze[68;�A � AED./ b ;<6 b -z=83EB0;<6�D.;>-J7.3�A|?�B��>BJ12-z- 9 � 14687�AED<1YA�AED./�3EB07./�3K;>e ABCD<1Y�</*-J/�68�^AED<3

a � b � c y*B@AED a ≤ b
1�687

a ≤ c
_a 353E=8H�/ � eo;<?�AED./(F.=8?CFl;<35/{;>e b ;<6>A|?�147<B b ACB0;<6 � AED<1YARAED./2?C/{/�Ë�BJ3|A¡68/2B�AED./�? A�yM;?C/47(Fl;>Bz6>AC3�yMD>B b DM14?C/:;<68/�=86<B@A[14F.14?�AL68;<?rAED<?C/4/K�Y?C/4/26{F8;>BJ6>A�3�eo;<?|H�BJ68��1�A|?�BJ1�68��-0//4�>=81�-8AC;

ABC
_�2=8F8F8;<3+/�AED<12A AED./�?C/(1�?C/�A�yM;I?C/47�F8;>BJ6>A�3

M
1�687

N
3�= b D�AED<12A

MN = a
_Ê�/YA

P
G8/{3E= b DIAED<12ARA|?CBz1468��-J/

PMN
Bz3K/��<=812-�A|;OA|?CBz1468��-J/

ABC
_�Ê�/�A

ΓP � ΓM �14687
ΓN

G8/}AED./ b BJ? b -J/�3�;>e�?�147<B@=83
1
b /�6>A|?C/�7 1YA

P � M � 1�687 N � ?C/�3�Fl/ b ACB��</Y-�9r_��D./26
ΓM

1�687
ΓN

1�?C/}/26>ACBJ?C/Y-�9��Y?C/�/�6�_��oe
ΓP

Bz3M/26>ACBJ?C/Y-�9¦?C/47 � AED./26 � 3�Bz6 b / ΓPD<143(?�147<B@=83
1 � AED./2?C/}14?C/IA�yM;¦?C/47 F8;>BJ6>A�3{;<6 ΓP

yMD>B b D 1�?C/d;<68/�=86<B�A�1�F81�?�A���1b ;<6>A|?�147<B b ACB0;<6�_��`D./�?C/Yeo;<?C/ � AED./2?C/{H�=83EA�G8/(1��Y?C/�/�6}F8;>BJ6>A�;<6 ΓP � 351�9 X
_ � ?C;<H

M
1�687

N � =83EBJ68�:AED./KA|?�146.3E-J1YACB0;<6(y*B@AED(�</ b A|;<? −−→
PX � yM/ b ;<6.3|A|?C= b A¡�Y?C/�/�6IFl;>Bz6>AC3

Y
;<6

ΓM
1�687

Z
;<6

ΓN
3�= b DIAED<12A

XY Z
Bz3:1I�Y?C/�/�6}A|?�BJ1�68��-0/O/��<=812-rAC;

ABC ���B��>BJ68�K1 b ;<6>A|?�147<B b ACB0;<6�_��D>=83 � AED./2?C/M7.;�68;�AR/�Ë�BJ3|A ?C/�7OF8;>BJ6>A�3 M
1�687

N
3E= b D(AED<12A

MN = a
_

� ;4y � -J/YA Ω
G./{1{?C/47}Fl;>Bz6>A � 1�687�-0/�A CΩ

G./MAED./ b Bz? b -0/*y*B@AED�?�147<B@=83
a
1�687b /26>A|?C/

Ω
_ � ?C;<H 1�G.;��</ � CΩ

Bz3:/�6>ACBz?C/2- 9d�Y?C/�/�6�_(Ê�/YA
U ∈ CΩ

_(Ê�/�A
V ∈ CΩ

G8/1(Fl;>Bz6>A¡3E= b D�AED<1YA
UV = a

_��z��D>=83 � ∠UΩV = π
3

(mod 2π)
_ � �2BJ6 b / U

1�687
VG8;�AEDO-@B0/M;<6

CΩ � AED./+9I14?C/(G.;�AED��Y?C/�/�6�_��2BJ6 b / a = min{a � b � c} � AED./�?C/(/EË4Bz3EA�3�1Fl;>Bz6>A
T
;>=<AC3EB07./

CΩ
3�= b DOAED<12ARAED./MA|?�BJ1�68��-0/

TUV
BJ3:/4�>=81�-�AC;

ABC
_*�l-0/214?�-�9 �

T
HO=83|ARG8/�?C/�7I�zBze�68;�A � yM/�yM;>=.-07OD<1��</�1M�Y?C/4/26�A|?�BJ1�68��-0/�/4�>=81�-8AC; ABC � _� D./�6OyM/(?C;�AC1YA|/

U
;<6

CΩ
AED./{35/YA�;>e b ;<?|?C/235F8;<687<Bz68�(F8;>BJ6>A�3

T
BJ3�1 b Bz? b -0/

Γ
y*B�AED b /26>A|?C/

Ω
14687�?�147<B@=83

r > a
_��2BJ6 b /

Γ
Bz3�/�6>ACBz?C/2- 9�?C/47 � yM/(HO1Y9O�l687OA�yM;?C/47OF8;>BJ6>A�3�;<6�B�A � 3�1Y9 M

14687
N � 3E= b D(AED<12A MN = a � 1��86.1�- b ;<6>A|?�1�7>B b ACBJ;<6�_

�������*&��`_ �&;<?C/:�2/268/�?�12-z- 9 � ;<68/ b 146MF8?C;2�</:��� ��� � � W�B��</26 {A � B � C � D} 1�6�914?|G<B�A|?�14?U9 b ;<6<�`��=8?�1YACB0;<6¦;>e[eo;>=8?�Fl;>Bz6>AC3:BJ6}AED./�F.-z1468/ � 14687���B��</26¦1�6�9 b ;>-J;>=8?CBz68�;>e AED./dF.-z1468/Iy*B�AED¦A�yM; b ;>-J;>=8?�3 � 3�1Y9 ?C/47�1�687&�Y?C/4/26 � y*B@AED 68;¦A�yM; ?C/�7�Fl;>Bz6>AC312A{7<Bz3EA�146 b /
1
e0?C;<H /21 b D ;�AED./�? � AED./�?C/�/EË4Bz3EA�3O1��Y?C/4/26 b ;<6<�l��=8?�12ACBJ;<6�yMD>B b D&Bz3b ;<68�Y?�=l/�6>A�AC; {A � B � C � D} _

����)Q��&���'# ��
� ��� ] _ 1E=lD �1�3E� � ]`1�HI35/+9��>9.F8/R�`D./4;<?C/2HI3rBJ6�AED./K,.-z1468/ � �YT6��X ��	 �.T"76@`T�Å�V � ��	<S�T�X ��	 �)��`W4T�X�� � �4/�?�B0/23 a � ���M� �4�7È�� �E� F�_ ��
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� /EË�A�yM/*AC=8?C6OA|;O3+;>-@=<ACB0;<6.3¡eo;<?¡F.?C;.G<-J/�HO3�;>e�AED./���D>Bz?C7f]�;>=8687};>e�AED./ �"2 ���
�U?�146<Bz146d��12AED./2HI1YACB b 1�- �R-�9<F.Bz1�7 �4�4���

�
�����4� ��B �</�6 � �������	�%����È�� _

È _��2=8F8F8;<3+/�AED<1YA
C1 � . . . � Cn

14?C/ b BJ? b -J/�3�;>e�?�147<B@=83:;<68/�Bz6OAED./MF.-z1468/M3�= b D�AED<1YA68;:A�yM;�;>e�AED./2H 1�?C/¡A�1468�2/26>A � 1�687KAED./�3E=lG.35/YA�;>e�AED./�F<-J1�68/ � eo;<?CH�/�7MG�9KAED./¡=86<B0;<6;>elAED./�35/ b Bz? b -0/23 � BJ3 b ;<6.68/ b A|/�7�_ �oe S = {Ci ∩ Cj | 1 ≤ i < j ≤ n} � F.?C;��</KAED<1YA
|S| ≥ n

_
� T����.S �UT���V"� $��UWYX|XEW;-�T�X ��� ��S�W � ���(< 	�� ��T������(U�		�¦S�S�W �;Ä�X9	��`QEW�_

� ;<?L/21 b D
i � 7./�68;�AC/*G�9 n(Ci)

AED./:6<=8H�G./�?L;>e`/Y-0/2H�/26>AC3R;>e
S
yMD>B b D{G./2-J;<68�A|;

Ci
_*�2Bz6 b /MAED./(=86<BJ;<6�;>erAED./ b Bz? b -0/23�BJ3 b ;<6.68/ b A|/�7 � yM/�D<1��</ n(Ci) > 0

_ � ;<?/�1 b D
M ∈ S � 78/268;�A|/OG�9 n(M)

AED./O6<=8HIG8/2?K;>e b BJ? b -J/�3
Ci

yMD>B b D b ;<6>A�1�Bz6
M
_��D>=83 � n(M) ≥ 2

_Ê�/YA
M ∈ S � 1�687�-J/YA Ci

G8/ 1�6�9K;>eYAED./¡��B �</�6�=86<B�A b BJ? b -J/�3�3�= b D�AED<1YA
M ∈ Ci

_�2BJ6 b /�AED./�?C/�BJ3�68;�AC1�68�2/�6 b 9 � /�1 b D{;>e.AED./ n(M) − 1
;�AED./2? b BJ? b -J/�3[yMD>B b D b ;<6>A�1�Bz6

M
H�=83EA�BJ6>AC/�?�35/ b A

Ci
Bz6�1�68;�AED./�?:Fl;>Bz6>A�_}��D./23+/IFl;>Bz6>AC3�1�?C/�F.1�Bz?�y*Bz3+/I7<Bz3EACBz6 b A �G8/ b 12=83+/ � eo;<?�1�6�9}A�yM;¦��B �</�6�Fl;>Bz6>AC3�;>e�AED./IF<-J1�68/ � AED./2?C/I1�?C/O12A�H�;<3|A�A�yM;}=86<B@Ab BJ? b -J/�3 yMD>B b D b ;<6>AC12BJ6�AED./KA�yM;O;>elAED./�H¦_��`D>=83 � Bz6I14787>B@ACBJ;<6�A|; M � AED./ b BJ? b -J/ Cib ;<6>A�1�Bz6.3M1YA:-0/2143|A

n(M) − 1
;�AED./�?K/2-J/�HI/�6>A�3(;>e

S
_��0AKeo;>-@-0;4y�3:AED<12A � eo;<?K/�1 b D

M ∈ S
14687I/21 b D b Bz? b -0/

Ci
3�= b D(AED<1YA

M ∈ Ci � yM/MD<1��</ n(M) ≤ n(Ci)
_

Ê�/YA
N =

∑

(M,Ci)

1

n(Ci)
� yMD./2?C/RAED./�3E=8H BJ3�eo;<?`AED./�F.1�Bz?�3

(M, Ci)
3�= b D:AED<1YA

Ci
Bz3�;<68/�;>elAED./M��B �</�6�=86<B@A b Bz? b -0/23¡14687

M ∈ S ∩ Ci
_ � /�D<1Y�</

N =
∑

Ci

(

∑

M∈Ci∩S

1

n(Ci)

)

=
∑

Ci

n(Ci)
1

n(Ci)
= n

_
�¡6�AED./�;�AED./�? D<14687 � 3EBJ6 b / n(M) ≤ n(Ci) � yM/�D<1Y�</

N ≤
∑

(M,Ci)

1

n(M)
=

∑

M∈S

(

∑

Ci:M∈Ci

1

n(M)

)

=
∑

M∈S

n(M)
1

n(M)
=

∑

M∈S

1 = |S| _
��D>=83 � |S| ≥ n

_
� _��2=8F8F8;<3+/ AED<12A

ABCDEF
BJ3�1 b ;<6��</�Ë�D./�Ë�14�2;<6�y*B@AED

∠B+∠D+∠F = 360◦14687
AB

BC
· CD

DE
· EF

FA
= 1

_
,8?C;��</:AED<12A

BC

CA
· AE

EF
· FD

DB
= 1

_
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A

BC

D

E

F

T

�2BJ6 b /
∠B + ∠D + ∠F = 360◦ � yM/��2/YA

∠A + ∠C + ∠E = 360◦ _ � � �� / b ;<6.3|A|?C= b A 4BAT
7>BJ?C/ b AC-�9�3EBJH�Bz-z14?<A|; 4BCD � 1�3r3+D.;4y�6�BJ6�AED./ �l��=8?C/8_r�`D./�6

∠CBA = ∠DBT
14687

BC/AB = DB/BT
_���D./2?C/2eo;<?C/ � 4BCA ∼ 4BDT

_¥�/26 b / �
BC

CA
=

BD

DT

_ � � �
�2BJ6 b / 4BCD ∼ 4BAT � yM/MD<1��</

AB

BC
=

AT

CD

_ �   �
�2BJ6 b / AB

BC
· CD

DE
· EF

F A
= 1 � e0?C;<H��   � yM/(3+/�/�AED<1YA AT

CD
· CD

DE
· EF

F A
= 1

�AED<12A�Bz3 �
FA

AT
=

EF

DE

_ � � �
� ?C;<H � � �|� yM/�D<1Y�</

∠BCD + ∠BAF + ∠FED = 360◦ _ �2BJ6 b /
∠BAT + ∠BAF + ∠FAT = 360◦ � yM/O�l687�AED<1YA ∠FAT = ∠FED

_}�`D>BJ3A|;.�2/�AED./�?Ly*B�AEDI� � � BzHIF<-zBJ/�3 AED<12A 4FAT ∼ 4FED
_��`D./�6 4FAE ∼ 4FTD �yMD>B b D{BJHOF.-@B0/23 AED<1YA

AE

EF
=

TD

DF

_ � 
 �
� ?C;<H"� � � 14687I� 
 � yM/�;.G�AC12BJ6

BC

CA
· AE

EF
=

BD

DT
· TD

DF
=

BD

DF
�

14687ID./26 b / �
BC

CA
· AE

EF
· FD

DB
= 1

_



�"2� 
� _¶�2=8F.Fl;<35/ AED<12A

r1 � . . . � rn
14?C/&?C/21�-:6<=8H�G./�?�32_	,8?C;2�</ AED<12A�AED./�?C/ /EË4Bz3EA�3

I ⊆ {1 � 2 � . . . � n} 3�= b D{AED<12A I
HI/4/�AC3 {i � i + 1 � i + 2} Bz6�1YA -J/�1�3EAR;<68/M1�687I12AH�;<3|ALA�yM;�/2-J/�HI/�6>A�3 � eo;<? 1 ≤ i ≤ n − 2

1�687
∣

∣

∣

∣

∣

∑

i∈I

ri

∣

∣

∣

∣

∣

≥ 1

6

n
∑

i=1

|ri|
_

� T����.S �UT���V"� < T���	%Å5ÅdW"���/	 �����?��	 � � SoX9	 �YV.T6�4X� ��½Ä4X�	 ��Q|W>_
Ê�/YA

r =
n
∑

i=1

|ri|
_ � ;<?

i = 0 � 1 � 2 � 78/Y�l68/

si =
∑

rj ≥0

j≡i (mod 3)

rj
14687

ti =
∑

rj <0

j≡i (mod 3)

rj
_

��D./26{yM/�D<1Y�</
r = s0 + s1 + s2 − t0 − t1 − t2 � 1�687
2r = (s0 + s1) + (s1 + s2) + (s2 + s0)

− (t0 + t1) − (t1 + t2) − (t2 + t0)
_

��D./2?C/2eo;<?C/ � AED./�?C/}/�Ë�BJ3|A i1
1�687

i2
y*B�AED

i1 6= i2
3�= b DdAED<12A

si1 + si2 ≥ 1
3
r
;<?

ti1 + ti2 ≤ −1
3
r
_ a 3�3�=8HI/ � y*B@AED.;>=<A�-J;<353¡;>er�2/268/�?�12-zB�A�9 � AED<1YA

si1 + si2 ≥ 1
3
r

14687
si1 + si2 ≥ −(ti1 + ti2)

_
��D./26

si1 + si2 + ti1 + ti2 ≥ 0 � 1�687(yM/MD<1��</
(si1 + si2 + ti1) + (si1 + si2 + ti2) ≥ si1 + si2 ≥ 1

3
r
_

¥�/26 b / � ;<68/�;>e si1 + si2 + ti1

1�687
si1 + si2 + ti2

H�=83EARG./�12AL-0/2143|A 1
6
r
_

�8; b ;<HOF.-J/YAC/MAED>BJ3:6<=8HIG8/2?�;>erAED./A@`T�X �`WYX�yM/(-J;.;.�O1YA�35;>-z=<ACBJ;<6.3�e0?C;<H¶;>=8??C/�1478/2?�3 AC; F8?C;.G>-0/2HI3&;>e(AED./ �4�4��� �rD>Bz68/�35/½��1YAED./�HO12ACB b 12- �R- 9.HOF.Bz1�7 ��B �</�6
� �������	�%�#���

�
�#�4� � _

Á _ �U6{1 b =<A|/�A|?CBz1468��-J/ 4ABC � ∠ACB > ∠ABC
_R,<;>BJ6>A

D
Bz3 ;<6

BC
3�= b D*AED<1YA

∠ADB
Bz3�;.G�AC=83+/._¡Ê�/YA

H
G./:AED./M;<?�AED.; b /26>A|?C/M;>e 4ABD

_L�2=8F.Fl;<35/�F8;>BJ6>A
F
Bz3BJ6.3EB07./ 4ABC

14687�;<6(AED./ b Bz? b =8H b Bz? b -0/*;>e 4ABD
_R,8?C;��</�AED<12A�F8;>BJ6>A

F
BJ3�AED./;<?�AED.; b /�6>A|?C/{;>e 4ABC

Bze�1�687};<6<- 9IB@e
HD

BJ3�F.14?�12-z-J/2-lAC;
CF

14687
H
Bz3:;<6OAED./b BJ? b =8H b BJ? b -J/M;>e 4ABC

_
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� T��KÃ�W"��V��D@��.X � �YS�T*¿
�`WYX�� 
�-`X�	��"��WB� �,-`X � �YS�T��>�;Â4� �"	��,� )2T�� � ��T � W ��Å ��� 	 �
�,	�!#	� 	�����
� 	�¿
	 � 
 �{W� ��DÃ�W � W �PÅ ��� 	 
 � !�X ��S�W
� ��¿L_
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A

B C

D

F

H

� BJ��=8?C/ �
� Bz?�3EA�-0/�A�=83 3�=8F.Fl;<35/�AED<12A

F
BJ3LAED./K;<?�AED.; b /26>A|?C/*;>e 4ABC

�035/4/ � B0��=8?C/ � � _��D./26
CF ⊥ AB

_ a 3
H
BJ3RAED./M;<?�AED.; b /�6>A|?C/M;>e 4ABD � yM/MD<1Y�</ HD ⊥ AB

_��D>=83 � HD ‖ CF
_�2BJ6 b /

A � B � D � 14687 F
14?C/ b ;<6 b 9 b -zB b �
∠AFB = ∠ADB

_ � � �a 3
F
1�687

H
14?C/�;<?�AED.; b /26>A|?C/�3�;>e 4ABC

14687 4ABD � ?C/235F8/ b ACB �</2- 9 � yM/�D<1��</
AF ⊥ BC � BF ⊥ AC � AD ⊥ BH � 1�687 BD ⊥ AH

_ �0AMeo;>-z-J;4y�3MAED<12A
∠AFB + ∠ACB = 180◦ 1�687

∠ADB + ∠AHB = 180◦ _M��D./26 � =83�Bz68��� � �E�
∠ACB = ∠AHB

_���D./2?C/2eo;<?C/
A � B � C � 1�687 H

1�?C/ b ;<6 b 9 b -@B b _
� ;4y�yM/ b ;<6.3EB07./�?LAED./ b ;<6��</2?�3+/(�J3+/�/ � B0��=8?C/ � � _ a 3�3�=8HI/*AED<1YA HD ‖ CF14687{AED<12A

A � B � C � 14687 H
14?C/ b ;<6 b 9 b -@B b _��2BJ6 b /

A � B � D � 14687 F
1�?C/ b ;<6 b 9 b -zB b �

∠AFB = ∠ADB
_��2Bz6 b /

A � B � C � 14687 H
1�?C/ b ;<6 b 9 b -zB b � ∠ACB = ∠AHB

_a 3
H

BJ3MAED./�;<?�AED.; b /�6>A|?C/�;>e 4ABD � yM/�D<1Y�</ ∠ADB + ∠AHB = 180◦ _��D>=83 � ∠AFB + ∠ACB = 180◦ _Ê�/YA
G
G./*AED./�?C/��l/ b ACBJ;<6�;>e

F
AED<?C;>=l�2D

AB
_L��D./26

∠AGB = ∠AFB
1�687

∠ABG = ∠ABF
_���D>=83 �

∠AGB + ∠ACB = ∠AFB + ∠ACB = 180◦ _
¥�/26 b / � A � G � B � 14687 C

1�?C/ b ;<6 b 9 b -zB b _�2BJ6 b /
CF ‖ HD

14687
HD ⊥ AB � yM/ID<1Y�</ CF ⊥ AB

_I�`D./�6 � 3�Bz6 b /
FG ⊥ AB � AED./*Fl;>Bz6>AC3 C � F � 14687 G

H�=83EARG./ b ;>-@-zBz68/�1�?�_�¥�/26 b / �
∠ACF = ∠ACG = ∠ABG = ∠ABF

_
�2BJ6 b /

CF ⊥ AB � yM/�D<1��</
∠ACF + ∠BAC = 90◦ � yMD>B b D ��B �</�3 =83

∠ABF + ∠BAC = 90◦ _ ��D./26 BF ⊥ AC
_ �`D>=83 � F

BJ3MAED./¦;<?�AED.; b /26>A|?C/;>e 4ABC
_
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G./*1M��B �</�6{BJ6>AC/4�2/2?�_¡,8?C;��</�AED<12A[AED./�?C/�/EË4Bz3EA[BJ6>AC/4�2/2?�3

a � b � 1�687 k
3�= b DAED<12ARG.;�AED

a � b 14?C/*68;�AR7<B �<Bz3�BJG<-J/�G�9 2 � k ≥ 0 � 14687
2m = a19 + b99 + k · 21999 _

� T����.S �UT���V"� < T���	%Å5ÅdW"���/	 �����?��	 � � SoX9	 �YV.T6�4X� ��½Ä4X�	 ��Q|W>_
Ê�/YA

n
G8/�1OF8;<3�B�ACB��</{Bz6>A|/��2/�? � 14687}-0/�A r

G./O1�6¦;.7.7�F8;<3�B�ACB��</(BJ6>AC/4�2/2?�_ � ;<?146�9I;.7.7OF8;<3�B�ACB��</KBz6>A|/��2/�?�3
x
1�687

y

xr ≡ yr (mod 2n) ⇐=⇒ x ≡ y (mod 2n) �G8/ b 12=83+/
xr − yr = (x − y)

(

xr−1 + xr−2y + · · · + yr−1
)

14687
xr−1 + xr−2y + · · · + yr−1 Bz3¡;.7.7�_��0ALeo;>-@-0;4y�3LAED<1YA[AED./K3+/�A�;>e b ;<68�Y?C=l/26 b /b -J1�3535/�3{;>e

1r � 3r � 5r � . . . � (2n − 1)r HI;.7<=.-J; 2n BJ3MAED./d3�14HI/d143MAED./d35/YAM;>eb ;<68�Y?�=l/�6 b / b -J1�3535/�3r;>e
1 � 3 � 5 � . . . � 2n−1 � yMD>B b D�Bz3`AED./R3+/�A�;>e41�-@-�;.787 b ;<68�Y?C=l/26 b /b -J1�3535/�3RH�;.7>=.-0;

2n _�.14�4Bz68�
r = 19

1�687
n = 1999 � yM/M3+/�/*AED<1YA AED./2?C/{/EË4Bz3EA�3�1�6};.7.7I6<=8H�G./�?

a0
3E= b D*AED<12A

2m−1 ≡ a19
0

(

mod 21999
) _[�rD.;.;<35/

a ≡ a0

(

mod 21999
) AC;(G8/3�=�� b B0/26>AC-�9O68/��Y12ACB �</�35;(AED<1YA

2m − 1 − a19 > 0
_[�`D./�6O1M35;>-z=<ACBJ;<6{BJ3

(a, b, k) =

(

a, 1,
2m − 1 − a19

21999

) _

��D<1YA b ;<HIF<-0/�A|/23�AED>BJ3[6<=8H�G./�?�;>e>AED./ @`T�X �`WYX^_ � /�1�?C/�BJ6 �R- 9.HOF.Bz1�7�35/�1�3+;<6�_�4/�687OH�/�9<;>=8? 6<B b /*3+;>-@=<ACB0;<6.3R14687I�2/268/�?�12-zB��E12ACBJ;<6.3¡143�yM/Y-z-l1�3 �R-�9<HIF<BJ147.32_
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=
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=
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(
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+
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∑
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x1 � . . . � xn

�
n ≥ 2 � 35;<6>AM78/23{68;<HIG.?C/23{? �/�/2-z3{F8;<3�B�ACBze032_�&;<6>A|?C/�?R�>=l/

(

x2
1 + · · · + x2

n

)

(

1

x2
1 + x1x2

+ · · · +
1

x2
n + xnx1

)

≥ n2

2

_
Æ �*È�¾ _
$lX�T*¿�T����W�¿
	�X )�T��8T�X#< ��S�W*ÃB��Â � �KÃ�WYX ����S �W �8W�À�T6� ���YW �½À[T6�� ��WB� - � �> "	�X ��W�_

�2=8F8F8;<3+;<6.3¡�>=l/
x1 � . . . � xn � α 3+;<6>AL78/23R68;<HIG.?C/23R? �/�/2-z3 Fl;<3EB@ACB@e03�_8�&;<6>A|?C/2?�<=l/�J1 � n

√

(x1 − α) · · · (xn − α) ≥ α + n
√

x1 · · · xn
�

�oG � n
√

(x1 − α) · · · (xn − α) ≤ α +
x1 + · · · + xn

n

_
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z 6= 1
Bz3*1 b ;<HOF.-J/�Ë�6<=8HIG8/2?:3E= b D}AED<1YA

zn = 1
�
n ≥ 1� _,8?C;��</:AED<12A

∣

∣nz − (n + z)
∣

∣ ≤ (n + 1)(2n + 1)

6
|z − 1|2 _

������S�T�X 
 �À�W�Å3	�X&`_ a A AED./(/2687�;>e`AED./�eo/�1YAC=8?C/47I3+;>-@=<ACB0;<6�AC;{AED>BJ3�F8?C;.G>-0/2H � AED./2?C/y�143K1 b ;<6�¤U/ b AC=8?C/�G�9 � 1�-�AED./�? 1�1�68;>=83:AED<1YA�AED./IG8/23EA�H�=.-@ACBzF.-@B0/2?:;>e |z − 1|2 ;<6AED./�?CBJ�2D�A 3�BJ78/�;>elAED./KBJ68/��<=812-zB�A�9MyM;>=.-07OG8/
√

4n(n − 1) sin2
(

π
n

)

+ 1

4 sin2
(

π
n

)

_
� /MD<1��</�?C/ b /YB��</�7O1MF.?C;.;>er;>elAED>Bz3 b ;<6�¤U/ b AC=8?C/._
� T����.S �UT���V"� U���8��`T6��� $lT��� @`T�Å5Å���� ��S��3@`T��?��W  <W � � � �rSUWYX�Á 	7Ã�W����;ÄJU ��Â � �:_

� /�1�?C/M��B �</�6{AED<1YA
z = e2kπi/n eo;<?�3+;<HI/ k ∈ {1 � 2 � . . . � n − 1} _���D>=83 �

|z − 1|2 =
(

cos
2kπ

n
− 1

)2

+
(

sin
2kπ

n

)2

= 2
(

1 − cos
2kπ

n

)

= 4 sin2 kπ

n14687
|nz − (n + z)| =

√

(

(n − 1) cos
2kπ

n
− n

)2

+
(

(n − 1) sin
2kπ

n

)2

=

√

(n − 1)2 + n2 − 2n(n − 1) cos
2kπ

n

=

√

1 + 2n(n − 1)
(

1 − cos
2kπ

n

)

=

√

1 + 4n(n − 1) sin2 kπ

n

_
Ê�/YA

a
G8/}1dF8;<3�B�ACB��</�?C/�12- 6<=8HIG8/2?�_ ��D./26 |nz − (n + z)| ≤ a|z − 1|2Bze�1�687I;<6<-�9{B@e

16a2 sin4 kπ

n
− 4n(n − 1) sin2 kπ

n
− 1 ≥ 0
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sin2 kπ

n
≥ n(n − 1) +

√

n2(n − 1)2 + 4a2

8a2

=
1

2
(

√

n2(n − 1)2 + 4a2 − n(n − 1)
)

_
�2BJ6 b /

sin2 kπ

n
≥ sin2 π

n

eo;<?{12-z-
k ∈ {1 � 2 � . . . � n − 1} � AED./�1�G.;��</BJ68/��<=812-zB�A�9OBJ3RA|?C=l/�eo;<?R12-z-

k ∈ {1 � 2 � . . . � n − 1} B@e�1�687};<6<- 9OB@erB�ARBz3¡A|?�=l/KyMD./�6
k = 1 � BJ6(yMD>B b D b 1�3+/

√

n2(n − 1)2 + 4a2 − n(n − 1) ≥ 1

2 sin2 π
n

�
a ≥

√

4n(n − 1) sin2 π
n

+ 1

4 sin2 π
n
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n
L9[eHf[?Uhg-E>UiUJ[\j�^\QkH+EVU�gF^e[eH
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1
L
2
L
. . .
L
n
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° Q�Y_K.^e^-HJD>KpH
n
∑

i=1

i =
n(n + 1)

2

�

± E>PtEFn-n
n ≥ 5

L
n(n + 1)

2
− 1 − n − 1

2
− (n − 1) = (1)

(

n − 1

2

)

(n − 1)
L
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n ≥ 6 �
n(n + 1)

2
− 1 − n − 2

2
− n = (1)

(

n − 2

2

)

(n)
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n = 1 (

%��+6 �(AB��� 
�O��E;	���������C%�'+;
)
�

�����
n = 3

3�-:�(�=
���
��.�:���������D; 6K; 6K���B6 ���E�����+6	��K
$7)���
n = 2

���
n = 4

�
@/���	;)��� �����(��6 7�;	-�
������D; 6K; 6K��� 6 �/%��(6	�C%(
(� 	�-�
������
�E����
��������(� 6 7J; -:
������D; 6	; 6	��� 6 �B%���6��C%�
 7)���

6 ��C�(6K;K
8� � OP���&�
n
�

�������h�f�_	.�'�'�������� L ��p�'��� E>P_P_Q�Y_H_Q�n �v���J������ p!.#k$�&£�p�� 94!��F�pB? t��4� ,"�"�i(|,.�+��!"����,�*|#�.��,.*k�p�� 94! x =�����2M�>!�;��y*>BT�.!p�m �B:8\,>8����.AeBm8��!.2_*>BT2
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� QpH

n
jFQ�K�]-E>]���]-Q.bpK�H_[ R>Q�[d]�H+Q.b�Q.P ��� Q"H+Q�P+qc[?]-Q

n
∑

k=0

tanh(2k)

1 + 2 sinh2(2k)

�

� x #�Bm8T�'�9��� DFQcgFP_EFj>^?Q.q}[dUhU+H_KpH+Q.nVK'jFE.R>QcK.U�[`HvG�K�U�[?]�H_Q.]-nFQ�n�j.SZHJDFQcgFP_E>g�E>UiQ.P
U �
�tU��-P
UJHtb"[`R>Q�]c[?] �_	.�'�'����'� �p� L�[`HtYJE>]�H
K.[d]-Q�n 8m��� Q�P+P_E>P
U"LFE>]>^ S�E>]-Q�E�NFGkD�[\Y�DkG�K.U
YJE>P_P_Q�Y_H_Q�n<^dK�H_Q.P �
	�������9'�"�����!� DFQlQ�n�[eH_E>P
U�G�[?UiDaH_E�Q#".H_Q.]-n�K.]�K.g�E�^?EFbMSaH+EaHJDFQ
g-P_E>g-E>UMQ�P
UfK.]-nwHJDFQ�P_Q�K'nFQ.P
UvNOE>PtU�g�E�[e^d[d]-bhK�R>Q.PTS�]>[?YJQ�g-P_EFj�^\Q�q � �
6>�.Am�F8?BT�'*<$�&�8O{|!��9�������� "!p�m .�

$<Q�G�[e^d^-g-P_E�R>QhHJD>K�H�NOE>P�K�]'ScP_Q.K�^|]>W-qlj-Q�P
x
L

n
∑

k=0

tanh(2kx)

1 + 2 sinh2(2kx)
= tanh(2n+1x) − tanh(x)

� %T�'&

( HsG�[d^e^yHJDFQ.]VNOE�^e^\E�GcLyj.S<UiQpH
H_[d]-b
x = 1

L|HJD>KpHfHJDFQ�UJW-q b"[ R>Q.]V[?]ZHJDFQ�gFP_EFj>^?Q.q [dU
tanh(2n+1) − tanh(1)

�
± E>PtQ.K�Y�D

k = 0
L
1
L
2
L �p��� L�GkQ�D>KpR>Q

tanh(2kx)

1 + 2 sinh2(2kx)
=

sinh(2kx)

cosh(2k+1x) cosh(2kx)

=
sinh(2k+1x − 2kx)

cosh(2k+1x) cosh(2kx)

=
sinh(2k+1x) cosh(2kx) − cosh(2k+1x) sinh(2kx)

cosh(2k+1x) cosh(2kx)

=
sinh(2k+1x)

cosh(2k+1x)
− sinh(2kx)

cosh(2kx)

= tanh(2k+1x) − tanh(2kx)
�

� E>]FUiQ�u�W�Q.]�H_^ S9LpHJDFQ�U�W-q E>]�HJDFQs^\QpNdH)U�[?n-Q�E�N %T�'& H_Q�^?Q.UiYJE>g-Q.U)H_E�b"[`R>QvHJDFQ�P_[?b�D'H�UJ[\nFQ �
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k
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0
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$��
��.�+6	���
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1 − tanh(1)
�:�����=
/'K���P��
�
5��

�K
�;); 6 ��A
n → ∞ 6 � ; -:
 ��
��?%?�K;���&�(��
(�
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$'&�8O{|! x #�Bm8T�'�
 
)
�

C�W-g-g-E>UMQhHJD>KpH
f
UiKpH_[?U#�|Q�UtHJDFQhN?W-]-Y_H_[\E>]FK�^9Q.u>W-KpH_[\E>]

f(x) + 2f
(

x + 2000

x − 1

)

= 4011 − x
�

± [d]-nwHJDFQ�R�K�^dW�Q�E�N
f(2002)

�
6>�.Am�F8?BT�'*%$�&©��BT2_{9!MA�(|,F8?,�BeAdAT!";l/����>!"*F; � �
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� QpH
g(x) =

x + 2000

x − 1

L�NOE>P
x 6= 1

� � DFQkb"[`R>Q�]lQ�u�W-K�H_[?E>]lj-Q.YJE>qlQ.U

f(x) + 2f
(

g(x)
)

= 4011 − x
� %T�'&

( H�[dU�Q.K.U
S<H+E Y�DFQ.Y	�aHJD>KpH
g(x) 6= 1

K.]-n
g
(

g(x)
)

= x
� ° Q�gF^dK'Y+[d]-b

x
j.S

g(x)[?] %O� & L'GkQ�b�QpH
f
(

g(x)
)

+ 2f(x) = 4011 − g(x)
� %T	'&


 ^e[?qc[?]FKpH_[?]-b
f
(

g(x)
) N\P_E>q %O� & K.]-n %T	'& L�GkQ�D>KpR>Q

3f(x) = 4011 − 2g(x) + x �
GkDFQ.]-Y+Q>L

f(x) =
4011 − 2g(x) + x

3
=

x2 + 4008x − 8011

3(x − 1)

�

( ]lgFK�PmH_[\Y+WF^dK�PiL
f(2002) = 2003
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∑
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( N
y = 0

L-HJDFQ�]�GkQwD>KpR>Q
1 ≥ 5

8

� C�W-g-g-E>UMQ�HJD>K�H
y 6= 0

K�]-nZ^?QpH
u =

√

x

y

�
� DFQ�]cHJDFQkb"[ R>Q.]c[d]-Q�u�W-K.^e[eHTSljFQ�Y+E>qZQ�U

u8 + 1

(u2 + 1)4
+

u

u2 + 1
≥ 5

8

�

� D�[dU�Y_K�]lj-Q�P_Q"G�P
[eH
H_Q.]�K.U �

8(u8 + 1) + 8u(u2 + 1)3 − 5(u2 + 1)4 ≥ 0
L

E>P
(u − 1)2(3u6 + 14u5 + 5u4 + 20u3 + 5u2 + 14u + 3) ≥ 0

L
GkD�[\Y�Dc[dU�Y+^?Q.K.P_^ SwH+P_W�Q � 
 u�W-K.^e[eHTSlDFE�^\n>Us[dN9K�]-nlE>]>^`Sw[dN

u = 1 � HJD>K�H�[?U"L�[dN9K�]-nlE>]>^`S[dN
x = y

�
� � � @ �'3w���� JBm8T!����� "�.A
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(
3V�F#�Bdy!.#w JAdBd=�{98?AO&c$�&�8O{9!�!�#�B:8:�'�

)
�

� SlDFE>qlEFb�Q.]-Qp[eHTS9L�GkQ�q�KpScU�W-gFg�E>UiQ
x + y = 1

� � DFQ�]

x2 + y2 = (x + y)2 − 2xy = 1 − 2xy
L

K�]-n
x4 + y4 = (x2 + y2)2 − 2x2y2 = 1 − 4xy + 2x2y2

�
� Q�]-YJQ�L>[`HtUJWFXaY+Q.UtH+EcUiDFE�G0HJD>KpH

1 − 4xy + 2x2y2 +
√

xy ≥ 5
8
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Ê�/YA
t =

√
xy
_��`D./�6

0 ≤ t ≤ 1
2
� 1�687{AED./KBJ68/��<=812-zB�A�9O14G8;2�</MG./ b ;<H�/23

2t4 − 4t2 + t + 3
8

≥ 0 �
16t4 − 32t2 + 8t + 3 ≥ 0 �;<?

(4t2 − 3)(4t2 − 1) + 8t(1 − 2t) ≥ 0 �yMD>B b D*BJ3�A|?�=l/8_ U<�<=812-zB�A�9MD.;>-07<3[Bze.1�687(;<6<-�9*B@e
t = 1

2

�YAED<1YA�BJ3 � Bze.1�687(;<6<-�9*B@e x = y
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�2BJ6 b / √

xy ≥ 2xy

x + y
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BJ68/��<=812-zB�A�9
x4 + y4

(x + y)4
+

2xy

(x + y)2
≥ 5

8
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y = tx

_[�`D./�6I� � � G8/ b ;<HI/�3
t4 + 1

(t + 1)4
+

2t

(t + 1)2
≥ 5
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P
Bz3L146�Bz6>A|/2?CBJ;<?�Fl;>Bz6>A�_��`D./-zBz68/�3

AP � BP � CP
Bz6>A|/2?�3+/ b A:AED./d;<F8F8;<3�B�A|/�3�BJ78/23M12A

D � E � F � ?C/�3�Fl/ b ACB��</Y-�9r_�2=8F8F8;<3+/KAED<1YA
PD = PE = PF

_¡Ì¡/�A|/2?|H�BJ68/:AED./*-J; b =83�;>e
P
_

� T����.S �UT��	V"� : 	�Ã � � U>T.W���WYX�� �2S����8W���S�� )YX � � ��S�� @`T��?��W  <W � @�	�Å�V�X � �� <W �YÂ �
�
Å � � �PÅ3	 �>���¡ÅdT������rW��}V"�OS��`WMW�����SUT�X^_

� /{3+D<12-z-�35;>-��</MAED./(eo;>-z-J;4y*BJ68�MH�;<?C/��2/268/�?�12-�F8?C;.G>-0/2H � !#��	.S � �{S��`W �UT.Q � �T"7
P

� �<Q��dS���	<S
PD = PE

É�2=8F8F8;<3+/ � eo;<? b ;<6��</26<B0/26 b / � AED<1YA AB = BC = CA = 1
_&Ê�/�A

x � y � zG8/*AED./�-0/268�^AED<3�;>e�AED./MF8/�?CFl/2687<B b =.-J1�?�3�e0?C;<H
P
AC;

BC � CA � AB � ?C/�3�Fl/ b ACB��</Y-�9r_��D./26
z/y = BD/CD

_¡Ê�/YA�ACBz68�
M

G8/:AED./�HOBJ78~EFl;>Bz6>AR;>e
BC � B@ALeo;>-z-J;4y�3 AED<1YA

MD =
∣

∣

∣

1

2
− BD

∣

∣

∣ =

∣

∣

∣

∣

1

2
− y

y + z

∣

∣

∣

∣

=
1

2

∣

∣

∣

∣

y − z

y + z

∣

∣

∣

∣
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�2BJ6 b /KAED./�12-@ACB�AC=l78/KBJ6 4ABC

BJ3 √
3

2
� yM/�D<1��</

AD2 =

(√
3

2

)2

+ MD2 =
3

4
+

1

4

(

y − z

y + z

)2

=
y2 + yz + z2

(y + z)2
_

��D./26 � 3EBJ6 b / P D

AD
=

x√
3/2

� yM/�D<1Y�</

PD2 =
4x2

3
AD2 =

4x2(y2 + yz + z2)

3(y + z)2
_

a F8F<-�9>BJ68�IAED./d3�14HI/d14?C��=8HI/�6>A*AC;
PE � yM/d35/4/IAED<12A PD = PE

B@e�1�687;<6<-�9{Bze
x2
(

y2 + yz + z2
)

(y + z)2
=

y2
(

x2 + xz + z2
)

(z + x)2
_

��D>Bz3¡Bz3�/4�>=.B��>12-0/26>A�AC;
x2(x + z)2(y2 + yz + z2) − y2(y + z)2(x2 + xz + z2) = 0

_
� 1 b A|;<?�BJ68�*��B �</�3
(x−y)(x+y+z)(x2y2+zx2y+z2x2+zxy2+z2xy+z3x+z2y2+z3y) = 0
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PD = PE
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x = y
_¡�`D>=83 � AED./M-J; b =83�Bz3¡AED./(12-@ACB�AC=l78/AED<?C;>=l�2D

C
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