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AB = CD = 24
<D7PK

AD = BC = 5
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L
cos(A−B)+sin(A+B) = 2
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ABD
418XO546iNF�2r�c<D7Pi?.TADK=G*4x2rF

AB = 4
<D7PK

BD = 2
S © 8r467Pi�2rF9An/>/2rF3<�iN-3O5AD<D7 \ F9A�-3O5AN:`L

AD = 2
√

3
S \ F/0P8HL

OD = OA =
√

3
LNGRF9ANO5A

O
468�2rF9AerAN7/2fO5AB-/jD2rF9ABef41O5ef.TA9SJêkjNGRA .6AH2

E
<�7PK

F
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<D7PK

AC
L3O5AN8CbPA�e5254 z3AN. >�L�GRA�iNA?2

OF = OE = OD = OA =
√

3
S
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<D7PK

AC
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G
<D7PK

H
L3O5AD8cbdADe5254xz3AH.x>�SJ,N467PefA

∠BAC = 60◦ L�GRA�iNA?2
∠GAO = ∠HAO = ∠GEO = ∠HFO = 30◦ L
∠AOE = ∠AOF = 120◦ L
∠EOD = ∠FOD = 60◦ S

\ F9A�<DO5AD<R-/j�8CA�e525-3O
EOF

G*4p.1.92rF9AN7=@PA 1
3
π
(√

3
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= π
S

,N467PefA 4AOG
L 4EOG

L 4AOH
L <�7PK 4FOH
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√

3
2

·
√

3 = 3
2

L=<�7PK
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√
3
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S\ F/0P8?L
AE = AF = 3
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· 3 ·
√
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√
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EOF
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√
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√
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3x(x + y) = 336
: 2 u � v

[ .68C-EL
3x = 4y

L3<D7PK�2rF9ADO5AHjk-3O5A3L
y =

3x

4

SJ,N0d@98f254p250325417Pi~417/2f-tu � v�>/4TAH.TK38

3x

(

x +
3x
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= 336
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(

7x
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AC
L�<�7PK
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468X2rF9A=bP-/467/2~-37

BD
8+-q2rF3<N2

∠APC = 90◦ S`êkj
∠ABP = ∠BCP

L3K9AH25ADO5:t417PA~2rF9A�O{<H254T-
AD : DC
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α = ∠ABP = ∠BCP
<D7PK

β = ∠PBC = ∠ACP
S �DòN2fAN7PK
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<N2
E
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AE
<D7PK

EC
S \ F9AD7

∠ECA = ∠EBA = α
L9<D7PK

∠EPC = ∠ECP = α + β
S \ F9ADO5AHjk-3O5A3L 4EPC468*468C-38+efAN.6AD8NS [ .68C-EL

∠EAC = ∠EBC = β
L�GRF/46ecF¬41:=b3.146AD8~2rF3<H2

AE ‖ PC
S±DAH2
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-37/25-
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PC
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APFE
418R<O5A�e52{<�7Pi?.6A3L3GRF/46ecFt46:tb9.p4TAN8V2rF3<H2

AE = PF = FC
S \ F9AN7�LE@D>q8r46:�41.1<�OJ2fO541<�7Pi?.6AD8?LGRARF3<?z3A

AD : DC = AE : PC = 1 : 2
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x
L
y ∈ 	 S��3>�2rF9A�±N<HG -/j�Q�-38r467PAN8

x2 + y2 − BD2

2xy
= cos(∠BAD)

= − cos(∠ADC) = −
(

x2 + y2 − AC2

2xy

) L

<�7PKt8C-
x2 + y2 =

AC2 + BD2

2
= 4453

S ,N467PefA
n2 ≡ 0
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x2 + y2 = 4453
418~8C<H25468r¡EADK`-373.x>qGRF9AN7 {x

L
y} = {63

L
22} -3O {58

L
33} S�êkj

{x
L

y} = {63
L
22} LB2rF9AN7 cos(∠BAD) = 1

S \ F/0P8?L^GRAgO5A �|ADe52 {63
L
22} SUV7®2rF9A�-�2rF9ANO�F3<�7PKELB4pj {x

L
y} = {58

L
33} LV2rF9AN7 cos(∠BAD) =

21

29

<D7PK
sin(∠BAD) =

20

29
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29
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(AB, BC) = (58, 33)
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(33, 58)
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M�¨ �

\ F9AN7�L�@D>a8r46:�41.1<�O 2fO541<�7Pi?.6AD8?L h − x

x
=

x

y

S \ F9AN7
y
L
x
L
h − x

jk-3Of:Ë<tiNAD-3:qA?2fO546e
bPO5-9iHO5AN8C8r4T-37�SV±DA?2

x = yr
<�7PK

h − x = xr
S \ F9AD7�L/8c417PerA

h2 + (x + y)2 = 100
LGRARF3<?z3A

(x + xr)2 +

(

x +
x

r

)2

= 100

r2 + 2r + 1 + 1 +
2

r
+

1

r2
=

100

x2

(

r + 1 +
1

r

)2

=
100

x2
+ 1

S

\ F/0P8?L98r467PefA
r > 0

L�GRA�F3<Hz3A
r + 1 +

1

r
=

√

100

x2
+ 1 �

2rF3<N2 418HL

r2 + r

(

1 −
√

100

x2
+ 1

)

+ 1 = 0
S

ñ/O5-3:"F9ADO5A�<D7PK�jTO5-3:
h = x(r + 1)

L�GRA~¡d7PK�2rF9A�F9AN46iNF�2 25-t@9A

h =

√
100 + x2 + x ±

√

(
√

100 + x2 + x)(
√

100 + x2 − 3x)

2
�

2rF3<N2 418HL/<�@9-/032
9.895

:"-3O
1.444

:gS
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1 + b = 2a
LJ<D7PK

x2 + ax + b = x2 + ax +2a − 1
S êkj3GRA�.6AH2

α ≥ β
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α+β = −a
<D7PK

αβ = 2a−1
S \ F9AD7

2 [−(α + β)]−1 = αβ
LjTO5-3:
GRF/4TecF

3 = αβ + 2α + 2β + 4 = (α + 2)(β + 2)
S \ F9ANO5ANjk-3O5A/LPAH4p2rF9ANO

(1) α + 2 = 3
<�7PK

β + 2 = 1
L9-3O

(2) α + 2 = −1
<D7PK

β + 2 = −3
S

ê|7g2rF9Aq¡dO{8f2Re5<�8CA3L
(α, β) = (1, −1)

L <�7PKmF9AN7PerA
a = 0 �

467¬2rF9A�8+ADer-37PKme5<�8CA3L
(α, β) = (−3, −5)

LH<�7PK*F9AD7PefA
a = 8

S \ F/0P8?L?2rF9AV:q-37346e�£30P<�K9O{<H254Te�bd-/. >97P-3:�46<N.68<�O5A
x2 − 1

<�7PK
x2 + 8x + 15
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x3 + ax2 + bx + c
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L
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t
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a = −r − s − t
L

b = rs + rt + st
L

c = −rst
S
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1
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a
L
b
L
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−2r−2s−2t = rs+rt+st+1
<�7PK

2rs+2rt+2st = −rst−r−s−t
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t = −2r + 2s + rs + 1

r + s + 2

S
n9.10diNi?417PiX2rF/418V417/2f-R2rF9A�8CA�ef-37PK=AD£30P<H254T-37=i?4xz3AN8

4rs + 3r2 + 3s2 + r2s2 + 2r2s + 2rs2 + 2r + 2s + 1 = 0
L

GRF/4TecFRGRA�ef<D7�G�O{4p25A*<�8
2(r2 + s2) + (r + 1)2(s + 1)2 = 0

S
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h2 + x2 = 152
<D7PK

(h + y)2 + x2 = 202
L GRF/46ecF®41:=b3.146AD8�2rF3<H2

y(2h + y) = 175 = 52 · 7 > y2 S \ F/0P8HLE8c417PerA x > 0
L9GRA�:t0P8f2�F3<Hz3A

y = 7
L

h = 9
LP<D7PK

x = 12
S \ F/418^>346AN.6K98

BD2 = 4x2 + y2 = 625
LEi?4 z3417Pi

BD = 25
S\ F/418X8C-/.1032546-37qbPO5-9K/0derAN8X<�7�<DO5AD<�-/j

276
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AB = AE = (m2 − n2)(m2 + n2)

L
BC = DE = 6m2n2 − m4 − n4 L
CD = BE = 4mn(m2 − n2)

L
AC = AD = 2mn(m2 + n2)

L
BD = CE = (m2 + n2)2

S
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[ABCDE] = 2mn(m2 − n2)(10m2n2 − m4 − n4)
LGRF9ADO5A

gcd(m, n) = 1
<�7PK

n < m < (
√

2 + 1)n
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4 + 4

4 + 4
= 1

L
4 + 4 −

√
4 − 4 = 2

L
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π + π + π

π
= 3

L ⌊√
ππ − π +

π

π

⌋

! = 6
S
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1 =

π

π
2 =

π + π

π
3 =

π + π + π

π

4 = bπc! − π + π

π
5 =

π + π

π
+ bπc 6 =

(

π + π + π

π

)

!

7 = bπ × πc − π + π

π
8 =

⌊√
ππ
⌋

+
π + π

π
9 = bπ + π + πc

10 = bπ × πc +
π

π
11 =

⌊

ππ

π

⌋

12 = bπ + π + π + πc 13 =
⌊(

π +
π

π

)

× π
⌋

14 = b( π
√

π + π) × πc 15 = bπc! + bπ + π + πc
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@PA(O5AN.1<N254 z3AN. >qbPO{46:=A�bP-38c4x254xz3AR417/2fADiNADO{8NS 	VA?2fANOr�:t417PA�2rF9A~730P:=@PANO -/jd8c0d@38+A?258

S
-/j {0

L
1
L
2
L
. . . } 8c0decF�2rF3<N2 0 ∈ S

<D7PK�L�jk-3OJAD<�ecFAN.6AD:=AD7/2
n ∈ S

L�2rF9A~467/25A�iNANO{8
n + p

<D7PK
n + q

@9AN.6-37Pi�2f-
S
S

� S
(
���{ï�í )r�

)
ñ/-3O�<�bP-38c4x254xz3A^467/25A�iNANO

n
LN.6AH2

d(n)
@PA^2rF9AB730P:=@PANO;-/j/bd-38r4p254 z3AK34 z3418+-3O{8B-/j

n
S ñ�467PKt<N.1.Pbd-38r4p254 z3A~467/25A�iNANO{8B8c0decF(2rF3<H2

d(n)3 = 4n
S

� S
(
� îTï�� �

)
\ F9A~K341<�iHO{<D:
8CF9-�G�8 <X8r2{<D41O5ef<D8+AD�C@3O546ech�G*4x2rF

3
8r25ADb98^-/j�G*4TK�2rF

2
L:=<�KPA�-/j

12
0P734p2 ef0d@PAN8DS 	VA?2fANOf:�467PA*<N.1.Pbd-38r4p254 z3AX467/25A�iNANO{8

n
jk-3O;GRF/4TecF(4x2J468^bd-38C�8c46@3.6AX2f-t@/0941.6Kt<D7

n × n × n
ef0d@PA*0P8r467Pi~8r0decF=@3O546ech�8NS
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	VAH25ADO5:t417PA=<N.1.�467/25A�iNANO{8

n ≥ 2
8r0decF�2rF3<N2�jk-3OX<N.1.�467/25A�iNANO{8

a<�7PK
b
O5AH.6<H254xz3AH.x>*b9O541:qAV25-

n
L
a ≡ b (mod n)

4pj3<D7PKR-373.x>~41j
ab ≡ −1 (mod n)

S
� S

(
D;���=ï�í/ðTï

)
nPO5-Nz3A�2rF3<H2 2rF9A(8CAH2V-/j�bP-38c4x254xz3A�417/2fADiNADO{8^GRF/4TecFqe5<�797P-�2B@PAO5ADb9O5AD8CAD7/25A�Kt<�8V<�8c0P:"-/j�K/468f25467Pe52 bPADO{jkA�e52 8C£30P<DO5AD8^468^¡d734x2fA9S

ä
� S
(
D ì � �rðTï

)
ê|7¬2rF9A�b3.6<D7PAtGRA�F3<?z3A

n
O5ADe525<D7Pi?.TAN8*G*4x2rFgbP<DO{<D.p.TAH. 8c46KPAN8DS\ F9At8c46KPAN8�-/j K/468f25467Pe52�O5A�e52{<�7Pi?.6AD8~.p4TAt-37gK/468f25467Pe52�.p467PAN8DS \ F9A=@9-/0P7PK9<DO546AD8�-/j�2rF9AO5A�e52{<�7Pi?.6AD8Bef032�2rF9A~b9.1<�7PA~417/2f-�er-3797PADe52fADKtO5ADi?4T-3798NS [ O5ADi?4T-37�418^8C<N4TKR25-�@PA*í3ð )r��4pj4p2^F3<�8B<H2 .6AD<D8r2^-37PAR-/jd2rF9AXz3ADO¤254TefAD8B-/jE2rF9A

n
O5ADe525<D7Pi?.TAN8�-37t4x258B@P-/0P7PK3<�O|>�S \ F9ANO5Aef<D7q@PA�7P-37P�Cef-37�z3Acò(O5ADi?4T-3798?L9<�8 GRAN.p.E<D8BO5A�i?46-3798 G*4p2rF�:q-3O5A~2rF3<D7q-37PAR@P-/0P7PK3<�O|>ef0PO|z3APSRnPO5-Nz3A�2rF3<H2^2rF9A(8r0P:Ë-/j�2rF9A(730P:q@9ADO{8X-/j�2rF9A*z3ADO¤254TefAD8�-/j�<D.p.�7346erA(O5ADi?4T-3798468^.6AD8c8 2rF3<�7

40n
S

_`F/41.6A*8C-3O{25417PiX:=<H2fANO541<D.18 jk-3O�2rF/418V730P:=@PANOBê�K/468Cer-Nz3ADO5ADK�8+-3:=A*8C-/.1032546-3798 25-2rF9A ����� � ,�AN.6A�e52546-37 \ AD8f2Jjk-3O�2rF9A�¯ 4TA?2f79<�:=AD8CA \ AD<D:¢¡P.6A�K�G*4p2rF�8+-/.p03254T-3798 jk-3O�2rF9A[ bPO{41.�M�¨�¨ � HE���fí��?�wS \ F9ARb9O5-9@3.6AD:t8^GRADO5ARi?4xz3AN7 	{M�¨�¨�¨ �9M ] Z � L9<�7PKq-37PA�8+-/.p03254T-37G�<�8^K/468Cef0P8C8CA�K�467�2rF9A HE���fíE�H��.1<�8f2^WX-Nz3AD:=@PANO 	{M�¨�¨/M�� Z M � �NZ M Z � S^«¬>(<�bP-/.T-9i?46AD8NS}�ANO5A�<�O5AX2rF9A�8C-/.1032546-3798DSé S`ñ�417PK`2rF9AqiHO5AN<N25AD8f2~O5AN<D.�730P:q@9ADO
α
8c0decF�2rF3<N2�2rF9ADO5AqArò�418r2{8�<D7¬4173¡d734x2fA8+AD£30dAN7PerA�-/j�GRF9-/.TAB730P:q@9ADO{8

(an) (n = 1
L
2
L
3
L
. . . )

8c<N25418cjp>/467PiV8r46:�09.p2{<�7PAD-/0P8c. >2rF9A*jk-/.1.6-�G*467Pi~ef-37PK34x254T-3798��
u64 v

an > 1997n jk-3O A+z3ADO|>
n ∈ 	 ∗ Lu64p4xv

aα
n ≤ Un

jk-3O�A+z3ADO|>
n ≥ 2

LPGRF9ADO5A
Un

468�2rF9A�iHO5AD<H2fAN8r2�ef-3:=:=-37`K34 z3418+-3OB-/j2rF9A�8+A?2^-/jE730P:q@9ADO{8 {ai + aj | i + j = n} S
�3���¤ì9î6ð|��í­��� �­��'PïD�=�a�#� 4^ï�� �cð �Tï �%�9îk�{ï��H�9�dì�� �������{ï�í )r����ï��/ï(r�îy���®����î 'E��#��ðyîy��� �
�\ F9ARiHO5AN<N25AD8f2 730P:q@9ADO

α
418 1

2

S
±DAH2

Fn
@9A�2rF9A

n
��� ñ�46@P-379<�eref49730P:=@PANO?SV±DAH2

m
@PAX<�7�A+z3AD7�bP-38c4x254xz3A�467/25A�iNANO8c0decFR2rF3<H2

F2mn > 1997n jk-3OJ<D.p. n ∈ 	 ∗ L/<D7PK�.6AH2 an = 3F2mn
S \ F9A*8CA�£/0dAD7PefA

(an)∞
n=1

8c<N25418c¡dAD8*er-37PK/4p2546-37gu14xvcSt_`A(G*41.p.�b9O5-Dz3A�2rF3<H2�4p2�8C<H25468r¡EAN8*er-37PK/4p2546-37gu64p4xvG*4p2rF
α = 1

2

S
	�����ð¤î|��� � ��í��Pî|��� \ F9Atjk-/.p.T-�G*417Pi�<�O5i?0P:=AD7/2X417�z3-9h�AD8�z/<�O{4T-/0P8*b9O5-3bdANO{2546AD8�-/j2rF9A�ñ�4T@9-379<�efef4E730P:q@9ADO{8?L

Fn
L38+-3:=AR-/jPGRF/4TecF�:=<?>q@9A*0P73jT<�:�41.p46<DOJ2f-(2rF9A�O5AD<�KPANO?S



M � �

\ F9AXGRAN.p.T�ch�7P-�G�7tO5A�ef0PO5O5AD7PefA(O5AH.6<H254T-37
Fn+2 = Fn+1 + Fn

8+ANO|z3AD8^25-=KPAH¡d7PA
Fnjk-3O�<N.1.�467/25A�iNANO{8

n ≥ 0
L�i?4xz3AN7�2rF3<N2

F0 = 0
<D7PK

F1 = 1
S(_`Ate5<�7¬AròD25AD7PKq2rF/468KPAH¡d734x254T-37t@D>�.6AH2{25417Pi

F−n = (−1)n+1Fn
S [ .p25ADO579<N254 z3AN. >�LDGRA*ef<D7tKPAH¡d7PA

Fn
jk-3O<�7�>�417/2fADiNADO

n
@D>�2rF9ARArò�b3.146ef4p2Jjk-3Of:�09.6<

Fn =
1

√
5

[(

1 +
√

5

2

)n

−
(

1 −
√

5

2

)n] S
ñ3-3OV<D7�>q417/2fADiNADO{8

k
<D7PK

`
L3GRA�F3<Hz3A

Fk+` = FkF`+1 + Fk−1F`
S \ F/468�4TK9AD7/254x2y>:=<?>=@9A~25<�h�AD7t<D8 2rF9AR@9<D8c418^jk-3O 8+A+z3ANO{<D.E-/jd2rF9A�<D8C8CADO¤254T-3798V@PAH.T-�G=S �

ñ3-3O <D.p.dbd-38r4p254 z3A~417/2fADiNADO{8
i
<�7PK

j
L�GRA�F3<?z3A

F2mi = Fm(i+j)Fm(i−j)+1 + Fm(i+j)−1Fm(i−j)

S
ê|7/2fANO5ecF3<�7Pi?417Pi

i
<�7PK

j
<D7PKtO5A�e5<D.p.1417Pi�2rF3<N2

m
468BA+z3AN7�L�GRA�-9@�25<N467

F2mj = Fm(i+j)Fm(i−j)−1 − Fm(i+j)−1Fm(i−j)

S
}�AN7PerA/L

F2mi + F2mj = Fm(i+j)

(

Fm(i−j)+1 + Fm(i−j)−1

) S
êkj

i + j = n
L�2rF9AN7

Fmn | (F2mi + F2mj)
L�<�7PK�F9AN7PerA/L

3Fmn | (ai + aj)
LDGRF/46ecF46:tb9.p4TAN8B2rF3<H2

3Fmn ≤ Un
upGRF9ANO5A

Un
418XK9AN¡P7PA�Kq<D8B467t2rF9A(b9O5-9@3.6AD:¦8f25<H2fAN:qAN7/2<�@9-Dz3AwvCS ñ�0PO¤2rF9ADO5:q-3O5A/L

F2mn = Fmn (Fmn+1 + Fmn−1) = Fmn (2Fmn + Fmn−1) ≤ 3F 2
mn

S
\ F/0P8?L

an = 3F2mn ≤ 9F 2
mn ≤ U2

n

LP<D7PK=¡P79<D.p.x>EL
a1/2

n ≤ Un
LP<�8�O5AD£30941O5A�K=417er-37PK/4p2546-37=u64p4xvcS

WX-�G�LEef-3798c46KPANOV<�7�>
α > 0

Ld<�7PKq8c0Pb9bd-38CA�2rF3<N2V8+-3:=A(8CA�£/0dAD7PefA
(an)

8C<H2r�468r¡EAN8 2rF9ARef-37PK34x254T-3798Bu14xv�<D7PK=u1414 v;jk-3O�2rF/468
α
S;_`A�G*41.p.dbPO5-Nz3A~2rF3<N2

α ≤ 1
2

S
Q�-3798r4TK9ADO�<D7�>

ε
8c0decF*2rF3<N2

0 < ε < 2
SJ,N0Pb9bd-38CA�2rF3<H2;2rF9ANO5A*Arò�418r2{8

N ∈ 	 ∗8c0decFm2rF3<H2
a2n < a2−ε

n

jk-3O(<D.p.
n > N

S \ F9AN7�LVjk-3O(<�7�>
n > N

L GRAgF3<?z3A
log a2n

2n
<
(

2 − ε

2

) (

log an

n

) L;<D7PK`2rF9ANO5ANjk-3O5A/L log a
2kn

2kn
<
(

2 − ε

2

)k ( log an

n

)

jk-3O*<N.1.
k ∈ 	 ∗ S \ F9AD7 lim

k→∞
log a2kn

2kn
= 0

S �P032X2rF/418R418�46:tbd-38c8c46@3.6A3LJ@9A�e5<D0P8CA
er-37PK/4p2546-37¬u14xv 46:tb9.p4TAN8�2rF3<H2 log an

n
≥ log 1997

jk-3O�<N.1.
n
S�Q�-3798CA�£/0dAD7/25. >�LE2rF9ANO5A

:t0P8f2^@PA*4173¡d734x2fAH.x>�:t<�7�>(z/<N.10dAN8B-/j
n
jk-3O�GRF/46ecF

a2n ≥ a2−ε
n

S ñ3-3O <�7�>�8c0decF
n
L

a(2−ε)α
n ≤ aα

2n ≤ U2n ≤ 2an
L

<�7PK�F9AN7PerA/L
2 ≥ a(2−ε)α−1

n ≥ 1997n((2−ε)α−1) S \ F9ANO5ANjk-3O5A/L (2 − ε)α − 1 ≤ 0
S±DAH2{25417Pi

ε → 0
L�GRARF3<?z3A

α ≤ 1
2

S
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ë SV±DAH2
f : 	 → 
 @PAX2rF9A*j60P7Pe52546-37qK9AN¡P7PA�K=@D> �
f(0) = 2

L
f(1) = 503

L
f(n + 2) = 503 f(n + 1) − 1996 f(n)

jk-3O <N.1.
n ∈ 	 S

ñ3-3OBA+z3ANO|>
k ∈ 	 ∗ L925<�h�A k

<�Of@34x2fO{<�O|>=417/2fADiNADO{8
s1
L
s2
L
. . .

L
sk
8r0decFt2rF3<H2

si ≥ kjk-3OV<N.1.
i = 1

L
2
L
. . .

L
k
LP<D7PK=jk-3OVA+z3ADO|>

si (i = 1
L
2
L
. . .

L
k)
L325<�h�AR<�7q<DOr@/4p2fO{<DO|>bPO{46:=ARK34 z3418+-3O

p(si)
-/j

f(2si)
S

nPO5-Dz3AX2rF3<N2 jk-3O bd-38r4p254 z3A~467/25A�iNANO{8
t ≤ k

L�GRA�F3<Hz3A��
k
∑

i=1

p(si) | 2t 41jE<�7PK=-373. >�41j
k | 2t S

�3���¤ì9î6ð|��í`�#� �­��'PïD�=�a�#� 4^ï�� �cð �Tï � �9îk�{ï��H�9�dì�� ��� ���5ïDí )f�
�\ F9A�b9O5-9@3.6AD: 8+F9-/09.6K=@9A���b9O5-Dz3A~2rF3<H2

2t
∣

∣

∣

k
∑

i=1

p(si) ⇐=⇒ 2t | k
S

ñ�41O{8r2+LN7P-�25A^2rF3<N2
f(n) = 4n+499n jk-3O�<D.p. n ∈ 	 S;u © 8CAV467PK/0de5254T-37~jk-3O�AròD<�:tb9.6A?vcS[ .68C-=7P-�2fA�2rF3<H2V41j

p
418�<D7a-9KPKqbPO{46:=A3LP4pj

m
L
n ∈ 	 <�O5A(7P-�2�K/4xz/468r4T@/.TA(@D>

p
Ld<D7PK41j

p | m2s

+ n2s

(s ≥ 0)
LP2rF9AD7

p ≡ 1
(

mod 2s+1
) S 	�����ð¤î|��� � �~íE�Pîy�#�V,N467PefA

pKP-9AN8�7P-�2BK34 z346KPA
m
L92rF9ADO5AR418�<D7q417/2fADiNADO

a
8r0decFt2rF3<H2

am ≡ 1 (mod p)
S�,N467PefA

m2s

+ n2s ≡ 0 (mod p)
LDGRARF3<?z3A

(am)2
s

+ (an)2
s ≡ 0 (mod p)

(an)2
s ≡ −1 (mod p)

S
\ F9ANO5ANjk-3O5A/L

(an)2
s+1 ≡ 1 (mod p)

L+GRF/46ecF�41:=b3.146AD8d2rF3<N2P2rF9A^-3O5K9ADOE-/j
an (mod p)468

2s+1 S��3>�ñ/ADO5:=<H2 � 8 \ F9AD-3O5AD:aL 2s+1 K/4xz/4TK9AD8 p − 1
S �

±DAH2
s1
L

s2
L

. . .
L

sk
@9A

k
<DOr@/4p2fO{<DO|>�467/25A�iNANO{8=8c0decF&2rF3<H2

si ≥ k
jk-3O�<D.p.

i = 1
L
2
L
. . .

L
k
L�<�7PK¬.6AH2

pi = p(si)
@PAq<qbPO{46:=A�K34 z3418+-3O~-/j

f(2si) �
2rF3<H2~418HL

pi | 42si + 4992si jk-3OXAN<�ecF i
S \ F9ADO5AHjk-3O5A3L

2si+1 | pi − 1
L�<�7PKa467¬b9<�O¤254Tef09.1<�OCL

pi ≡ 1
(

mod 2k
) S \ F/0P8?L ∑k

i=1 pi ≡ k
(

mod 2k
) SJQ�-3798+AD£30dAN7/25.x>EL

2t
∣

∣

∣

k
∑

i=1

p(si) ⇐=⇒ 2t | k
S

� S
	VAH25ADO5:t417PAX<N.1.3b9<D41O{8^-/jPbP-38c4x254xz3A�O5AN<D.3730P:q@9ADO{8
a
L
b
8c0decF*2rF3<H2;jk-3OJA+z3ANO|>

n ∈ 	 ∗ <D7PK�jk-3O A+z3ADO|>tO5AN<D.dO5-9-�2 xn
-/jd2rF9ARAD£30P<H254T-37

4n2x = log2(2n2x + 1)GRARF3<?z3A
axn + bxn ≥ 2 + 3xn

S
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�_`ARF3<?z3A

4n2x = log2(2n2x + 1) ⇐=⇒ 42n2x = 2n2x + 1

⇐=⇒ 2n2x = −1
2

-3O
0

⇐=⇒ x = − 1
4n2

-3O
0
S

\ F/0P8?L;2rF9A�8CAH2*-/j^O5-9-�2{8
xn

468
E = {0} ∪ {− 1

4n2 | n ∈ 	 ∗} S`_`A�ef.6<N46: 2rF3<H2
ax + bx ≥ 2 + 3x

jk-3O <D.p.
x ∈ E

41j�<D7PK=-373.x>�4pj
ab ≤ e3 SWX-�25A*¡PO{8r2J2rF3<H2

lim
x→0

ax − 1

x
= log a

L
lim
x→0

bx − 1

x
= log b

L
<�7PK=F9AN7PerA/L

lim
x→0

ax + bx − 2

x
= log(ab)

S
êkj

ax + bx ≥ 2 + 3x
jk-3O <N.1.

x ∈ E
L�2rF9AN7tjk-3O <N.1.

n
L

a− 1

4n2 + b− 1

4n2 − 2

− 1
4n2

≤ 3
S

±DAH2{25417Pi
n → ∞ L�GRA~¡P7PK�2rF3<N2

log(ab) ≤ 3
L3<D7PK�2rF9ADO5AHjk-3O5A3L

ab ≤ e3 SQ�-37�z3ANO{8+AH.x>ELX.6AH2�0P8�8r0PbPbP-38+Ag2rF3<H2
ab ≤ e3 S © 8r467Pi`2rF9A n3-�GRANO � «&AD<D7ê|7PA�£/0P<D.p4p2|>�L�GRARF3<?z3A3L/jk-3O

x < 0
L

(

ax + bx

2

)1/x

≤
√

ab ≤ e3/2 S
\ F9AN7

ax + bx

2
≥ e3x/2 ≥ 1 +

3x

2

L
<�7PKq2rF/0P8?L

ax + bx ≥ 2 + 3x
S \ F/418�467PAD£30P<N.14x2y>�418X<D.18+-q8c<N25418c¡dA�KtGRF9AN7

x = 0
L2fO54 z341<D.p.x>�S \ F9ADO5AHjk-3O5A3L/4p2 418V8C<H25468r¡EADK�jk-3O <D.p.

x ∈ E
S

WXAròD2 GRAR250POf7=2f-q8+-3:=A�8C-/.1032546-3798X-/j�2rF9A�,�ADer-37PK�ª�-/0P7PKab9O5-9@3.6AD:t8~-/j�2rF9A
33 �

� ,DbP<D73468CF�«m<N2rF9AN:=<H254Te5<D.EU^.x>3:=b346<�K
	{M�¨�¨ � � � M � ��� � S
ä SBQ�<N.Tef09.1<N25A�2rF9AR8r0P:Ë-/jE2rF9A(8C£30P<DO5AD8�-/jE2rF9AR¡PO{8r2

100
2fANOf:t8�-/j�<D7q<�O{4p2rF9�:qA?254Te�b9O5-9iHO5AD8c8c46-37�LNi?4xz3AN7�2rF3<N2d2rF9A^8c0P: -/jD2rF9A^¡PO{8r2

100
2fANOf:t8�-/jN2rF9AVb9O5-9iHO5AD8c8c46-37A�£/0P<D.18 −1

L3<D7PK�2rF3<N2J2rF9A*8c0P:"-/jd2rF9ARA+z3AN7t730P:q@9ADO5ADK�25ADO5:=8BA�£/0P<D.18
+1

S
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�±DAH2

an = a0 + nb
@9A(2rF9AtiNAN7PADO{<N.�2fANOf:Æ-/jJ-/0PO�<DO54x2rF3:qA?254Te�b9O5-9iHO5AD8c8c46-37�S\ F9A*¡PO{8r2

100
25ADO5:=8V<�O5A

a0
2f-

a99
L3<�7PK�2rF9AH46O 8c0P:¢468

99
∑

n=0

(a0 + nb) = 100a0 +
99 × 100

2
b = 100a0 + 4950b

S
\ F9A�8r0P:§-/jP2rF9ARA+z3AD7P�r730P:q@9ADO5ADK�25ADO5:=8^468

49
∑

n=0

(a0 + 2nb) = 50a0 +
49 × 50

2
(2b) = 50a0 + 2450b

S
,�-/.xz/467Pi~2rF9A(AD£30P<H254T-3798

100a0 + 4950b = −1
<D7PK

50a0 + 2450b = 1
L3GRA(iNA?2

b = − 3
50

<D7PK
a0 = 148

50

SX,N417PerA
a2

n = (a0 + nb)2 = a2
0 + 2na0b + n2b2 L3GRAF3<Hz3A

99
∑

n=0

a2
n = 100a2

0 + 9900a0b + 328350b2 =
14999

50
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<�7R468C-38+efAN.6AD8JO546iNF�2;2fO{46<D7Pi?.TA/L�468 8+F9-�G�7R467�2rF9A�¡Ei?0PO5A~@9AN.6-�G�LNGRF9ANO5A2rF9A�bd-/417/258^417�2rF9A�8r0d@98CAH2 <DO5ARef41O5ef.TADK�S
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y = x2 + px + q

L
2rF3<N2�467/25ADO{8CA�e52�2rF9Aqer-9-3O5K/4679<H2fAt<?ò�AN8�<H2�2rF3O5A�AqK/468f25467Pe52Xbd-/417/258NS`ñ3-3OB2rF9AD8CA�2rF3O5ADAbd-/417/258?LP<�ef41O5ef.TA�418�K3O{<HG�7�S�,�F9-�G 2rF3<N2V<N.1.P2rF9A�ef41O5ef.TAN8�K3O{<HG�7�GRF9AD7
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<�7PK

q
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�3���|�D�#�t�#� �mð )*'�� � EEï3îTïHð�� �y����D��dì/�Hí�� ���{ï�í )r� ��D��P�9�?�+î�EPð �1ð6í�� .�ð&��FBì3îk�c�?�a��í�î"�
G(H��#�H�#�Pv� �9ìHð&� � v� ï A 
%EEïD�f�c�?�c�#� 1�í/ðy�D�?���rð¤î6ï9î�td���1ðyî ��#)5í/ð )¤ï��P� H9ï3îTï��{ìDí �Nï ��EEïD� )f���|��íPï �
�qr�ïHðTí��~ï�í � � ì��f�{ï��6�

� � �6ï�� .�ð6í���1�í/ðy�D�?���rð¤î"����� 4 �y�9�H�+î6ï�� ���/�a��í�î|��í�� 4 E
�

���
�Nð|�D�(î '��%�H���¤ì9î6ð|��í`�#� �Dv� ïBA 
�EEï��f�r�H�r�dS±DAH2

Q(0, q)
@PA 2rF9A 467/25ADO{8CA�e52546-37 bd-/417/2 -/j < iNAN7PADO{4Te bP<DO{<�@9-/.6<

y = x2 + px + q (p
L
q ∈ �

)
G*4p2rF�2rF9A

y
� <?òD468?L;<D7PK¬.6AH2

R(r, 0)
<�7PK

S(s, 0)@PA�2rF9A�467/25ADO{8CA�e52546-37qbP-/467/2{8X-/j�2rF/418�bP<DO{<�@9-/.6<*G*4p2rF�2rF9A
x
� <?òD468NS \ F9A�efAD7/2fO5A

C
-/j2rF9Aqef46O5ef.6A�2rF3O5-/0diNF

Q
L
R
L;<D7PK

S
468X2rF9A=bd-/417/2~er-3:t:q-37a2f-�2rF9A=:=A�K/46<D7¬.p467PA=-/j

RS
LEG*4x2rF`A�£/0P<N2546-37

x +
p

2
= 0

L�<D7PK�2rF9At:=A�K/46<D7`.p467PAt-/j
QR

LdG*4p2rF`A�£/0P<N2546-37
y =

r

q
x +

q2 − r2

2q

S \ F3<N2 418HL

C =

(

−p

2
,

q2 − r2 − rp

2q

) S u � v
,N467PefA

r + s = −p
<D7PK

rs = q
ukQE<�O5K3<�7 � ¯ 4phA?2fAmjk-3O5:t09.1<�85vrLBGRA&F3<?z3A

−rp = r2 + rs = r2 + q
S­,N0d@98f254p250325417Piq467/25-&u � vfL 2rF9A`efAD7/2fO5A`-/j^2rF9A`ef41O5ef.TA

@PADer-3:=AD8
C =

(

−p

2
,

q + 1

2

) S êT258VO{<�K34p0P8V468Bi?4 z3AD7=@D>

d(C, Q) =

√

p2 + (1 − q)2

4

S
\ F9ANO5ANjk-3O5A/L/2rF9ARef41O5ef.TA�AD£30P<H254T-37�418

(

x +
p

2

)2

+

(

y − q + 1

2

)2

=
p2 + (1 − q)2

4-3O
x2 + y2 + px − (1 + q)y + q = 0

S
ñ�4179<D.p.x>ELJ-9@98CADO|z3A�2rF3<N2Xjk-3O~<N.1.

p
L
q ∈ �(L�2rF9A�ef46O5ef.6AD8RK9AN¡P7PA�K�@D>`2rF9A=jk-3O5ADiN-/467PiA�£/0P<N2546-37qF3<?z3A~2rF9A�er-3:t:q-37tbP-/467/2
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p
@9A&<®bPO{46:=A&730P:q@9ADOwS ñ�417PK <D.p.�467/25A�iNANO{8

k ∈ 
 8r0decF­2rF3<H2
√

k2 − pk
468V<�bP-38c4x254xz3A~417/2fADiNADOwS
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EEï�� )r� �y��í9ï�� �(r�ïNð6í � � ì��f�{ï�� �
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�

$
�
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k2 − pk = n

L^GRF9ADO5A
n
418q<�bd-38r4p254 z3A¬467/25A�iNANO?S \ F9AD7

k2 − pk − n2 = 0
L3<D7PK

k =
p ±

√

p2 + 4n2

2

S u � v
êT2(jk-/.1.6-�G�8�2rF3<H2

p2 + 4n2 :�0P8r2�@PA¬<�8C£30P<DO5A
�
2rF3<N2(418HL

p2 + 4n2 = m2 jk-3O8+-3:=A
m ∈ 	 S \ F9AN7�L p2 = (m + 2n)(m − 2n)

S(,N467PefA
m + 2n > m − 2n<�7PK

p
418^bPO{46:=A3L�4p2Jjk-/.p.T-�G�8 jTO5-3:
2rF9ARñ�0P7PK3<�:=AD7/2{<D. \ F9AD-3O5AD: -/j [ O54x2rF3:qA?254TeJ2rF3<H2

m + 2n = p2 <D7PK m − 2n = 1
S

,�-/.xz/467Pi�L9GRAt-9@�25<N467
m =

p2 + 1

2

<�7PK
n =

p2 − 1

4

S \ F9AN8+A�8+-/.p03254T-3798�<�O5A
<�K3:t418C8r4T@/.TA b9O5-Dz/4TK9A�KB2rF3<N2

p 6= 2
S;u6_`F9AN7

p = 2
Lw2rF9A+>�<�O5A 7P-�2d417/2fADiNADO{8NS vXñ�4679<N.1. >�L8c0d@38r254x250325467Pi

n = (p2 − 1)/4
467/25-tu � vrL�GRA�-9@/2{<D417

k =

(

p + 1

2

)2 -3O
k = −

(

p − 1

2

)2 S
\ F9AN8+At<�O5A�2rF9A=-373. >qz/<D.p4TK`8C-/.1032546-3798�GRF9AD7

p 6= 2
S�_`F9AD7

p = 2
2rF9ANO5A=<DO5At7P-8+-/.p03254T-3798^jk-3O

k
S

� S�,�F9-�G
2rF3<H2�jk-3O�<D7�>`er-37�z3Arò�£/0P<�K3O54p.6<H2fANO{<D.�G*4p2rFq0P734x2�<�O5AN<9LE2rF9A�8r0P: -/j2rF9A�8c46KPAN8V<�7PKtK341<�iN-379<N.68^418V7P-�2 .TAN8C8 2rF3<D7
2(2 +

√
2)
S
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�
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�±DAH2
θ
@9At2rF9A=<�7Pi?.6A�@9AH2¤GRADAD7`2rF9AqK341<�iN-379<N.68NS \ F9AD7`2rF9Aq<DO5AD<=468RAD£30P<N.�25-

1
2
d1d2 sin θ

S \ F9AD7
d1d2 ≥ 2

L9G*4p2rFqA�£/0P<D.p4p2|>tGRF9AN7q2rF9A�K341<�iN-379<N.68�<DO5A�bPADO5bdAN7P�
K346ef09.6<DO?S��3>R2rF9A [ « � I^«lê|7PA�£/0P<D.p4p2|>�L

d1 + d2 ≥ 2
√

2
LDG*4p2rF�AD£30P<N.14x2y>�GRF9AN7�2rF9AK341<�iN-379<N.68V<�O5A�A�£/0P<D.d<�7PKtbPADO5bdAN7PK346ef09.6<DO?S

êkj
s =

a + b + c + d

2

L3<D7PK
B
L
D
<�O5A�-3bPbP-38c4x2fA*<�7Pi?.6AD8?L�2rF9AN7�GRA�F3<?z3A

(
<�O5AN<

)2 = (s − a)(s − b)(s − c)(s − d) − (abcd) cos2
(

B + D

2

) S
}�AN7PerA/L

(s − a)(s − b)(s − c)(s − d) ≥ 1
S��3>(2rF9A [ « � IV« ê|7PA�£/0P<D.p4p2|>�L

4 ≤ (s − a) + (s − b) + (s − c) + (s − d) = a + b + c + d
L

G*4p2rFtAD£30P<N.14x2y>RGRF9AD7
a = b = c = d

S
_`A er-37Pef.p0dKPAæ2rF3<N2m2rF9A 8c0P: -/jq2rF9A 8r4TK9AD8­<D7PK"K/46<�iN-379<D.18�468­<H2&.6AD<D8r2

2(2 +
√

2)
L�G*4p2rF�A�£/0P<D.p4p2|>�jk-3O <R8C£30P<DO5APS
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160P734p2{8DS 	 4 z346KPA*2rF9A�ef41O5ef0P:tjkANO5AD7PefA(417/2f-
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<DO5ef8�-/j;A�£/0P<D.E.TAN7Piw2rF�S \ F9AN7=2rF9A

8
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S(,N417PerA(2rF9ANO5A�<DO5A

8
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�\ F/418�b9O5-9@3.6AD:§<DbPbPAD<DO{8B467�2rF9A �D� 
 � �dO{4p25418+F=U^. >9:tb941<�K�SV,�-/.p03254T-3798B:=<?>q@PAjk-/0P7PK�467 �
	 ��� [ S�I�<�O5K/467PANO+L � '�� �®ï3î '��?�=ï9î6ð ){ï�� F � �D�XrdðTï!� $~ï�í �d�9�9��.PL~UJò�jk-3O5K ,�ef46AD7PefAn90d@3.p4Te5<N2546-37�L3bPb�S ���N� � � 
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a
L
b
L
c
@9A�bP-38c4x254xz3A~417/2fADiNADO{8NSVnPO5-Dz3AX2rF3<N2J2rF9A*417PA�£/0P<D.p4p2|>

(b + c − a)2

(b + c)2 + a2
+

(c + a − b)2

(c + a)2 + b2
+

(a + b − c)2

(a + b)2 + c2
≥ 3

5F9-/.TK38DS 	VA?2fANOf:�467PA�<N.68C-�GRF9AD7�2rF9ARAD£30P<N.14x2y>tF9-/.TK38DS
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�3���¤ì9î6ð|��í`�#� �­��'PïD�=�a�#� 4^ï�� �cð �Tï � �9îk�{ï��H�9�dì�� ��� ���5ïDí )f�
�±DAH2

A = (b + c − a)2
(

(c + a)2 + b2
) (

(a + b)2 + c2
)

+(c + a − b)2
(

(b + c)2 + a2
) (

(a + b)2 + c2
)

+(a + b − c)2
(

(b + c)2 + a2
) (

(c + a)2 + b2
) L

B =
(

(b + c)2 + a2
) (

(c + a)2 + b2
) (

(a + b)2 + c2
) S

_`ARF3<?z3A~25-�bPO5-Nz3A~2rF3<N2
5A − 3B ≥ 0

S
_`ARF3<?z3A

5A − 3B

= 4{3(a6 + b6 + c6) + (a5b + ab5 + b5c + bc5 + c5a + ca5)

− (a4b2 + a2b4 + b4c2 + b2c4 + c4a2 + c2a4)

+ 2(a3b3 + b3c3 + c3a3) + 3abc(a3 + b3 + c3)

− 6abc(a2b + ab2 + b2c + bc2 + c2a + ca2) + 12a2b2c2}
= 4{bc(c − a)2(a − b)2 + ca(a − b)2(b − c)2 + ab(b − c)2(c − a)2}

+ 4abc{(a + b)(a − b)2 + (b + c)(b − c)2 + (c + a)(c − a)2}
+ 8{a3(b + c)(b − c)2 + b3(c + a)(c − a)2 + c3(a + b)(a − b)2}
+ 6{(a3 − b3)2 + (b3 − c3)2 + (c3 − a3)2}
+ 4{ab(a2 + ab + b2)(a − b)2 + bc(b2 + bc + c2)(b − c)2

+ ca(c2 + ca + a2)(c − a)2}
≥ 0

L
G*4p2rFtAD£30P<N.14x2y>RGRF9AD7

a = b = c
S

ë S�±DAH2
A
L
B
L
C
L
D
@9AtbP-/467/2{8~417`8Cb9<�efA�417`<qiNAN7PADO{<N.�bP-38c4x254T-37�S [ 8c8c0P:=A2rF3<N2

AX +BX +CX +DX
418 <~:�467341:t0P:
<H2

X = X0 (X0 6= A
L
B
L
C
L
D)

SnPO5-Dz3AX2rF3<N2
∠AX0B = ∠CX0D

S
�3���|�D�#� �#� �­��'PïD�=�a�#� 4^ï�� �cð �Tï � �3îk�5ï �N�9�dìD��� � ���{ï�í )r� � ï�í � ������� �3�

�P�?ï �3� �y��r;�dì��y�#� � 4�î '��?í�� � ���c�D�#)f�
�

��� �Hðy�D��4^ï�� �cð �Tï � �;r��r�5�?�Hí�îTï3î6ðy��í
�±DAH2

(x1, y1, z1)
L~SNSHS?L

(x4, y4, z4)
@9A�2rF9Agef-9-3O5K34179<N25AD8t-/j

A
L

B
L

C
L

D
LO5AD8cbdADe5254xz3AH.x>EL3<�7PK�.6AH2

(x, y, z)
@9A~2rF9A�er-9-3O5K/4679<H2fAN8�-/j

X
S�_`A*8CAH2

f(X) = AX + BX + CX + DX

=

4
∑

i=1

√

(x − xi)2 + (y − yi)2 + (z − zi)2
S

\ F9AN7
∂f

∂x
=

4
∑

i=1

(x − xi)
√

(x − xi)2 + (y − yi)2 + (z − zi)2
L
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∂y

<D7PK ∂f

∂z

S�,N417PerA
f
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X = X0
L/GRA�F3<?z3A

∂f

∂x

∣

∣

∣

X0

=
∂f

∂y

∣

∣

∣

∣

X0

=
∂f

∂z

∣

∣

∣

X0

= 0
S \ F/0P8HL�GRA�-9@/2{<D417

−−→
AX0

AX0

+

−−→
BX0

BX0

+

−−→
CX0

CX0

+

−−→
DX0

DX0

= 0
L

GRF/4TecF�46:tb9.p4TAN8
−−→
AX0

AX0

·
−−→
BX0

BX0

=

−−→
CX0

CX0

·
−−→
DX0

DX0

S
}�AN7PerA/L

∠AX0D = ∠CX0D
S

5
S�±DAH2

n
@9AR<RbP-38c4x254xz3A*417/2fADiNADOwS \ -=AN<�ecF(z3ANO{25Acò�-/j�<RO5A�i?09.1<�O

2n � iN-37�L�GRA<�8c8c46iH7¬-37PAt-/j�.TA?2{2fANO{8 

A
��-3O 
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n
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A
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B
�DL�8c41:=b3.x>EL�< 
rGR-3O5K ��S\ F9Aq730P:=@PANO�-/j�GR-3O5K38�418

2n S¬,N467PefAt2rF/468*468RAD£30P<N.�2f-a2rF9A=730P:q@9ADO*-/j�z3ADO¤254TefAD8?LA+z3ADO|>qGR-3O5K`F3<D8�2f-�<�b9bdAN<�O
�T0P8r2�-37PerA9S \ F9ADO5AHjk-3O5A3L�4p2�8r09s�efAD8�2f-�bPO5-Nz3A�2rF3<H2VGRAef<D7=<DOfO{<D7PiNA~2rF9AD8CA
2n GR-3O5K98^417t<(ey>3ef.TA

W1 −→ W2 −→ · · · −→ W2n−1 −→ W2n −→ W1
L

467t8c0decF�<~G�<?>�2rF3<H2^<D7�>�2¤GR-�<�K��k<�erAN7/2JGR-3O5K98
Wi −→ Wj

8C<H25468rjp>(2rF9A*jk-/.1.6-�G*467Pi-Dz3ANO5.1<�b=er-37PK/4p2546-37 �
êkj

Wi = X1X2X3 · · · Xn
LV2rF9AD7

Wj = X2X3 · · · XnXn+1
L u � v

GRF9ADO5ARAN<�ecF
Xi

418BAN4x2rF9ADO
A
-3O

B
S

_`A�b9O5-Dz3AX2rF/468^467�2rF3O5ADA�8f2fANbP8NS
×+Ù á 	 O S�_`A�K/4xz/4TK9A~2rF9A

2n GR-3O5K98^417/2f-�8CF9-3O{2 e¤>3ef.6AD8NS_`Aqef-3798r2fO{0de52~8CF9-3O{2~ey>3ef.TAN8*417a2rF9Atjk-/.1.6-�G*467Pi�G�<H>�S�,H2{<�O¤25467PiRG*4p2rF`<�GR-3O5K
W1 = X1X2X3 · · · Xn

L�GRA*b9032
W2 = X2X3 · · · XnX1

L
W3 = X3 · · · XnX1X2

L
SSS

QE.6AD<DO5. >�Ld<D7�>t2¤GR-q<�K��k<�erAN7/2 GR-3O5K38
Wi −→ Wi+1

8C<H25468rjp>�u � vcSR±DAH2{25417Pi
d
@9AR2rF9A8C:t<D.p.TAN8r2J467/25A�iNANO 8r0decF(2rF3<N2

Wd+1 = W1
L�GRAR-9@�25<N467t<�8CF9-3O{2^ey>3ef.TA�-/jE.6AD7Piw2rF

d
�

W1 −→ W2 −→ · · · −→ Wd−1 −→ Wd −→ W1
S



M�M 


WX-�25AB2rF3<N2�AD<�ecF~GR-3O5K*468 er-37/2{<D417PA�K�417
�T0P8f2J-37PA�8+F9-3O¤2Jey>3ef.TA/L�<�7PK(-9efef0PO{8 �T0P8r2�-37PerA467�2rF3<H2^e¤>3ef.6APS
×+Ù á 	kQ9S�_`A�ef-3797PA�e52^K3418 �|-/417/2^ey>3ef.TAN8DS

±DAH2
W1 = X1X2 · · · Xn−1A

<D7PK
W ′

1 = X1X2 · · · Xn−1B
@9Am2¤GR-GR-3O5K98 2rF3<N2^K/4�T�ADO -373.x>�417�2rF9AN41O .1<�8f2^ecF3<DO{<�e525ADOCL9<D7PK=@PAH.T-37Pi�25-���ð����r�DðTí�î�e¤>3ef.6AD8

W1 −→ W2 −→ · · · −→ Wd−1 −→ Wd −→ W1<�7PK
W ′

1 −→ W ′
2 −→ · · · −→ W ′

e−1 −→ W ′
e −→ W ′

1

S
\ F9AN8+A­7PADA�Kæ7P-�2`@PA­8CF9-3O{2ae¤>3ef.6AD8?L�@/032q2rF9A+>�:t0P8f2`AD<�ecF�F3<Hz3A®2rF9A®jk-/.1.6-�G*467PibPO5-3bPADO¤254TAN8�u6<D.p.�-/j9GRF/4TecF�<�O5A*bd-38c8+AN8C8CA�K�@D>t8+F9-3O¤2^ey>3ef.TAN8fv �
u14xv�<�K �k<�efAD7/2�GR-3O5K38V417�2rF9ARey>3ef.TA*8C<H25468rjp>(2rF9AR-Nz3ADO{.6<Dbqef-37PK34x254T-37=u � vfL
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x + 1

x − 1
· log

y + 1

y − 1
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x + y

2
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u � v
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x
L
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log x+1
x−1

=
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0
e−xt

t
sinh t dt
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x
S�,N417PerAB.6-9iN�Cef-37�z3AcòD4p2|>*467Pef-3OfbP-3O{<N25AD8�2rF9A�bPO5-3bP�ADO¤254TAN8�-/j .T-9iH<DO54x2rF3:$<�7PKmef-37�z3AcòD4p2|>�LJ4x2~468(-/j12fAN7�0P8CANj609. 467�bPO5-Nz3417Pi=467PAD£30P<N.14x254TAN8467�z3-/. z3417Pi~bPO5-9K/0de5258?L9<D8 GRA�8CF3<D.p.P41.p.10P8f2fO{<N25A~467�2rF/418Bb9<�bPADOwS

� � Ð��®Ð . ,54?* ��� ,�0��+4 8:*N��� �~� ��! * �#"$� 4�% 2'& � 4 ( "$� .10 ,*)
Q�-3798r4TK9ADO�2rF9A~j60P7Pe5254T-37

f(x) = log
x + 1

x − 1

jk-3O
x > 1

S;_`A�ef.6<N46:
2rF3<H2
f(x)468J.T-9iN�cer-37�z3AròES \ -R8+ADA�2rF/418HLHGRAXF3<Hz3A�25-(ecF9A�ech�2rF3<N2�2rF9AX8CA�ef-37PK�K9ADO{4xz/<H254xz3A~-/j32rF9A

j60P7Pe5254T-37
log f(x)

468*7P-37P�c7PADiH<N254 z3APS(�EA�e5<D0P8CA
(log f(x))′′ =

4(xf(x) − 1)

((x2 − 1)f(x))2GRA�F3<Hz3A�2f-=8CF9-�Gó2rF3<H2^2rF9A(730P:=ADO{<H2f-3O�-/j�2rF9AR.6<D8r2BArò�b9O5AD8c8c46-37=468�7P-37P�r7PA�iH<H254xz3A
�2rF3<N2B468?L

g(x) ≥ 0
jk-3O

x > 1
LdGRF9ANO5A

g(x) = f(x) − 1/x
S \ F/468�468XbPO5-Nz3A�K`@D>

7P-�25467Pi­2rF3<H2
g′(x) = − x2 + 1

x2(x2 − 1)
< 0

u146:tb9. >3417Pi­2rF3<H2
g(x)

468m8r2fO{4Te525. >
KPADerO5AD<D8c417Pi~jk-3O

x > 1
vfL3<�7PK

limx→∞ g(x) = 0
S

\ F9A*.6-9iN�Cef-37�z3AcòD4p2|>t-/j
f(x)

46:tb9.p4TAN8 2rF3<N2+L/jk-3O
x
L
y > 1

L

log
x + 1

x − 1
· log

y + 1

y − 1
= elog f(x)+log f(y)

≥ e2 log f( x+y

2 ) = log2
x+y

2
+ 1

x+y
2

− 1

S

+-,/.103254 68789
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� ����4 � 4?* � .10�� � ,�0|� � 2`� ��! * �#"$� 4�% 2'& � 4 ( "$� .10 ,*)
\ F9At.T-9iN�cer-37�z3Arò�4x2y>¬-/j

f(x)
<D.18+-q>/4TAH.TK38~2rF9Atjk-/.1.6-�G*467Pi�8r2{<�7PK3<�O5K�iNAN7PADO{<N.T�4p¥r<H254T-3798NS

<Hv êkj
λ
L
µ ≥ 0

G*4x2rF
λ + µ = 1

<�7PK
x
L
y > 1

L�2rF9AD7
λ log f(x) + µ log f(y) ≥ log f(λx + µy)

S
\ F/0P8?L

logλ x + 1

x − 1
· logµ y + 1

y − 1
≥ log

λx + µy + 1

λx + µy − 1

S
@�v;_`A*<N.68C-tF3<?z3A~2rF9A

n
� z/<DO541<�@/.TA~467PAD£30P<N.14x2y>

n
∑

i=1

λi log f(xi) ≥ log f(
n
∑

i=1

λixi) �

2rF3<N2 418HL
n
∏

i=1

logλi
xi + 1

xi − 1
≥ log

(

n
∑

i=1

λixi

)

+ 1

(

n
∑

i=1

λixi

)

− 1

L

GRF9ADO5A
n ≥ 2

L�<�7PK
λ1
L

. . .
L

λn
<DO5Ag7P-37P�c7PADiH<N254 z3A�O5AN<D.B730P:q@9ADO{8q8c<N25418cjp>/467Pi

n
∑

i=1

λi = 1
<�7PK

x1
L
. . .

L
xn > 1

S
� ��& >@> 476<0 � ,54 & >��#*N���+4?> 4 � ,/2 ,�� ! * � " � 4�% 2�& � 4 ( " � .10 , )

ê|7&jT<�e52+L �dO{<D0P7PA � 8�ê|7PAD£30P<N.14x2y>®@PAH.T-37PiH8(2f-m<�7&4173¡d734x2fAajT<D:t4p.x>®-/jB8r2fO5-37PiNANO467PAD£30P<N.14x254TAN8HL/79<�:=AN. >

log
x + 1

x − 1
· log

y + 1

y − 1
≥ log2

(

x1/α + y1/α

2

)α

+ 1

(

x1/α + y1/α

2

)α

− 1

L u|Mwv

jk-3O
x
L
y > 1

<�7PK
α ≥ 1

S
_`A^¡dO{8f2�-9@38+ANO|z3A 2rF3<N2�ukM?vd@PADer-3:=AD8�417PerO5AD<D8c417Pi?.x>~8f2fO5-37PiNADO�<�8

α → ∞ S \ F/468468Bef.6AD<DO+L38r467PefA
(

x1/α + y1/α

2

)α

≥
(

x1/β + y1/β

2

)β

jk-3O
1 ≤ α ≤ β

L�@D>*2rF9A(n3-�GRANOr�w«&AD<D7tê|7PAD£30P<N.14x2y>EL�<D7PK
log

x + 1

x − 1

418 <~K9A�erO5AN<�8r467Pi
j60P7Pe5254T-37�jk-3O

x > 1
S



M �#�

ê|7R-3O5K9ADOE25-*b9O5-Dz3A�ukM?vfL?GRA�Arò�b3.T-/4x2E2rF9AV.6-9iN�Cef-37�z3AcòD4p2|>�-/j
f(x) = log

xα + 1

xα − 1jk-3O
x > 1

<�7PK
α ≥ 1

S \ F/418 2546:=AXGRA�F3<?z3A
(

log f(x)
)′′

=
2αxα−2

(

(αx2α + x2α + α − 1)f(x) − 2αxα
)

(

(x2α − 1)f(x)
)2

S
\ F9ANO5ANjk-3O5A/L�GRA*7PADA�K(25-�8+F9-�Go2rF3<N2

g(x) = f(x) − 2αxα

(α + 1)x2α + α − 1
≥ 0

jk-3O
x > 1

<�7PK
α ≥ 1

S^ê|7PK9A�ADK�L
g′(x) = −2αxα−1

(

(α + 1)x4α + (4α2 − 2)x2α − (α − 1)
)

(x2α − 1)
(

(α + 1)x2α + α − 1
)2

L
<�7PK

(α + 1)x4α + (4α2 − 2)x2α − (α − 1) > 4α2 > 0
S­_`Aa<N.68C-&F3<?z3A

limx→∞ g(x) = 0
S^_`A(er-37Pef.p0dKPA*2rF3<N2

f(x)
468V.T-9iN�cer-37�z3AròESBQ�-3798+AD£30dAN7/25.x>ELPjk-3O

x
L
y > 1

<�7PK
α ≥ 1

L
log

x + 1

x − 1
· log

y + 1

y − 1
= log

(x1/α)α + 1

(x1/α)α − 1
· log

(y1/α)α + 1

(y1/α)α − 1

≥ log2

(

x1/α + y1/α

2

)α

+ 1

(

x1/α + y1/α

2

)α

− 1

S

� ��� " *-, ( 4?* & >��#*N���+4?> 4 � ,/2 ,�� ! * �#"$� 4�% 2'& � 4 ( "$� .10 ,*)
\ F9A�417PA�£/0P<D.p4p2|>`ukM?v^O{<N468CAD8X<D7a417/2fANO5AD8f25467Pi�£/0dAD8f254T-37�S*_`F3<N2B418�2rF9A�.p46:�4p25417Pi

467PAD£30P<N.14x2y>g<�8
α → ∞ ç
ñ3-3O�¡/ò�ADK

x
L
y > 1

L (x1/α + y1/α

2

)α K9A�erO5AN<�8CAD8*25-
√

xy
<D8

α → ∞ S \ F/0P8HL�GRA*<�O5A~.TADKt79<H250PO{<D.p.x>(2f-R2rF9A*467PAD£30P<N.14x2y>
log

x + 1

x − 1
· log

y + 1

y − 1
≥ log2

√
xy + 1

√
xy − 1

u � v
jk-3O

x
L
y > 1

S
ê|7q-3O5K9ADO�2f-�b9O5-Dz3AX2rF/468?L�GRA�er-3798r4TK9ADO

f(x) = log
ex + 1

ex − 1

jk-3O
x > 0

S \ F9AD7
(

log f(x)
)′′

=
2ex

(

(e2x + 1)f(x) − 2ex
)

(

(e2x − 1)f(x)
)2

S
êkj

g(x) = f(x) − 2ex

e2x + 1

jk-3O
x > 1

L�2rF9AN7
g′(x) = − 8e3x

(e2x − 1)(e2x + 1)2
< 0<�7PK

limx→∞ g(x) = 0
S }�AN7PerA/L

f
418^.T-9iN�cer-37�z3AròES \ F9AD7�L/jk-3O

x
L
y > 1

L
log

x + 1

x − 1
· log

y + 1

y − 1
= log

elog x + 1

elog x − 1
· log

elog y + 1

elog y − 1

≥ log2

√
xy + 1

√
xy − 1

S
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WX-�2546erA�2rF3<N2�2rF9Aa467PAD£30P<N.14x254TAN8tu � vrLBu|MwvrLV<�7PK®u � vRe5<�7®<N.68C-®@9A¬bPF3O{<�8CA�K&jk-3O

0 < x
L
y < 1

S ñ3-3O AcòD<D:=b3.TA/L9u � v;468BAD£3094 z/<D.6AD7/2J25-
log

1 + x

1 − x
· log

1 + y

1 − y
≥ log2 1 +

√
xy

1 − √
xy

u � ′ v
jk-3O

0 < x
L
y < 1

S \ F/468 O5AN:t417PK98 0P8V-/jP<*h�7P-�G�7R467PAD£30P<N.14x2y>�S ê|7 	5M � uk,�-/.p03254T-37tê6vrL
4p2�G�<�8B8CF9-�G�7�2rF3<H2

f(x) = log
1 + sin ex

1 − sin ex

418V.T-9iN�cer-37�z3AròRjk-3O
x < log(π/2)

<D7PK
F9AD7PefA3L

log
1 + sin u

1 − sin u
· log

1 + sin v

1 − sin v
≥ log2 1 + sin

√
uv

1 − sin
√

uv

u Z v
jk-3O

0 < u
L
v < π/2

S \ F9A*jT<�e52J2rF3<N2^u Z v;468BA+z3AD7t8r2fO5-37PiNANOJ2rF3<�7=u � ′ v;jk-/.p.T-�G�8^jTO5-3:2rF9A=ef.6<N46:¦2rF3<N2
sin

√
uv ≥

√
sin u · sin v

S�ê|7PK9A�ADK�L;KPAH¡d7PA
h(x) = sin ex jk-3O

x < log(π/2)
S \ F9AN7

(

log h(x)
)′′

=
ex
(

h(x) cos ex − ex
)

(

h(x)
)2 =

ex
(

sin(2ex) − 2ex
)

2
(

h(x)
)2 < 0

S
\ F/0P8?L

h
468R.6-9iN�Cef-37Pef<?z3A3L AD8f25<�@3.p468CF/467Pi�2rF9Aaef.6<N46:¬S�ê|7/25ADO5AN8r25417Pi?.x>EL�2rF9ADO5Aq468R<D.18+-<�7=<N.p25ADO579<N254 z3A�bPO5-9-/j�-/j�u Z vJu 	{M � ,�-/.p03254T-37�ê{ê6v�0P8r467Pi�2rF9A�417/2fADiHO{<D.EO5ANbPO5AN8+AN7/25<H254T-37

log
1 + sin x

1 − sin x
= 2

∫ x

0
sec t dt

<�7PKR2rF9A*QE<D0decF�>9�C,�ecF�G�<DO{¥Bê|7PAD£30P<N.14x2y>�SJ,�-*GRA*F3<?z3A
er-3:=A*j609.p.�ef41O5ef.TA~417=-/0PO^@3O546ANj�Acò�ef0PO{8r4T-37�S
� ��� 0 �$� . Ò 4?> � *�� 2

<Hv [ .1.w2rF9A 46:tbPO5-Nz3A�K�417PA�£/0P<D.p4p2546AD8�u|Mwv � u Z vP<N.68C-�F3<Hz3A/LN-/j�er-/0PO{8CA3L+2rF9A�GRAN46iNF�2fADKiNAD7PANO{<D.p4p¥r<H254T-3798B-/j�8CA�e52546-37qM9S ê|7/2fANO5AD8f2fADK=O5AN<�K9ADO{8Bef<D7(G�O54x2fAX2rF9AD:"-/032^AD<D8c4p.x>�S
@�vtª�ADef<N.1.^2rF3<H2

log
1 + x

1 − x
= 2 tanh−1 x

jk-3O
0 < x < 1

S \ F9ADO5AHjk-3O5A3L
467PAD£30P<N.14x254TAN8�u � v � u Z v�<�O5A�-/jd2rF9A*jk-3O5:

tanh−1 x · tanh−1 y ≥
[

tanh−1
(

S(x, y)
)

]2

jk-3O
0 < x

L
y < 1

L;GRF9ANO5A
S(x, y)

@9AN.6-37PiH8�2f-g<`erANO{2{<D417�jT<D:t4p.x>m-/j j60P7Pe5254T-37988{>9:t:qA?2fO546e(467
x
<�7PK

y
S [ ef.6-38+Aa41798CbPA�e52546-37®O5A+z3AN<D.18�2rF3<H2R467�u � v � u Z vXGRA¬F3<?z3A25<�h�AD7

S(x, y)
25-t@9A3L3O5AN8CbPA�e5254 z3AN. >�L

2xy

x + y

L (

2(xy)1/α

x1/α + y1/α

)αL √
xy

L <D7PK
sin

√

sin−1 x · sin−1 y
S

\ F9A*417/2fANO5AD8f2fADKtO5AN<�K9ADO :�4TiNF�2 <N.68C-tArò�b3.T-3O5A�-�2rF9ADO bd-38c8c46@34p.14x254TAN8
�
jk-3O AcòD<D:=b3.TA/L

S(x, y) = tan−1
√

tan x · tan y
L

-3O
S(x, y) = sinh−1

√

sinh x · sinh y
S
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f
2rF3<H2B>346AN.6K98�<=:q-3O5AqK/468f25<D7/2~O5AH.6<H254xz3A=-/j^u � vcSaQ�-3798r4TK9ADO�2rF9A

j60P7Pe5254T-37
f : (0, ∞) → (0, ∞)

K9AN¡P7PA�K­@D>
f(x) = log

(

a +
b

xα

) L GRF9ANO5A
a ≥ 1

<D7PK
b > 0

<�O5A*<�Of@34x2fO{<�O|>tO5AN<D.d730P:q@9ADO{8B<D7PK
α > 0

S \ F9AN7�GRA�F3<Hz3A
(

log f(x)
)′′

=
bα
(

(a(α + 1)xα + b)f(x) − bα
)

(

x(axα + b)f(x)
)2

S

êkj
g(x) = f(x) − bα

a(α + 1)xα + b

L�2rF9AN7
lim

x→∞
g(x) = log a ≥ 0

<�7PK

g′(x) = −bα
(

a2(α + 1)x2α + ab(α + 1)(2 − α)xα + b2
)

x(axα + b)
(

a(α + 1)xα + b
)2

S
\ F9ANO5ANjk-3O5A/LE4pj

a2(α + 1)x2α + ab(α + 1)(2 − α)xα + b2 ≥ 0
jk-3OV<N.1.

x > 0
L2rF9AD7*erANO{2{<D4173.x>

g(x)
418�<V7P-37P�r417PerO5AD<D8c417Pi j60P7Pe5254T-37�LH41:=b3.x>/467Pi�2rF9A^.6-9iN�Cef-37�z3AcòD4p2|>~-/j

f(x)
S \ F/418V-9eref0PO{8 41j92rF9A*K3418+erO{46:�4679<D7/2

∆
-/j92rF9AX.TAHj12r�CF3<D7PK�8r4TK9AX418^7P-37P�rbd-38r4p254 z3A3L-3O 417=-�2rF9ADO;GR-3O5K98?L/4pj

∆ = a2b2α2(α2 − 2α − 3) ≤ 0 �
2rF3<N2 418HL�41j

0 < α ≤ 3
S

�J� Ò 4 � 4?* 4 ��� 4?2
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A
L
B
L�<�7PK

C
8C-37/2;.TAN8 <�7Pi?.6AD8 K � 0P7(2fO{46<D7Pi?.TA

ABC
AH2J£/0dA

ω
AN8r2 8C-37t<�7Pi?.6ARKPARQ�O5AH.1.6A��5�dO5-9ef<DO5K�S�«&-37/2fO5ANOV£/0dA

A + ω = π
2

8c4EAH2 8+AH09.TAN:qAN7/28c4
tg C

L
tg A

L3AH2
tg B

L/bPO{468BK3<�798BefAH2 -3O5K9O5A/L38C-37/2^AN7tb9O5-9iHO5AD8c8c46-37=i�lAD-3:clA?2fO546£30dA9S
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,N0PbPbP-38+A(2rF3<H2
A
L
B
L�<�7PK

C
<�O5AR2rF9A�<D7Pi?.TAN8*-/j 4ABC

<�7PK=2rF3<N2
ω
418�4p2{8Q�O5AH.1.6A��5�dO5-9ef<DO5K`<D7Pi?.TA9SqnPO5-Dz3A(2rF3<H2

A + ω = π
2

4pjJ<D7PK¬-373. >�4pj
tan C

L
tan A

L
tan B

<DO5A*417=iNA�-3:=AH2fO{4Te bPO5-9iHO5AN8C8r4T-37�417�2rF3<N2^-3O5K9ADOwS
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ABCD
LD-37R<

∠ABC = ∠BCD = 120◦ S«&-37/2fO5ADO�£30dA�8c4
AB2 +BC2 +CD2 = AD2 LD<N.T-3O{8 ABCD

bd-38c8HhADKPAB0P7�erANO5ef.TA46798CerO54x2?S
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ABCD

L�GRARF3<?z3A
∠ABC = ∠BCD = 120◦ S,N0PbPbP-38+A~2rF3<H2

AB2 + BC2 + CD2 = AD2 SnPO5-Dz3AX2rF3<N2
ABCD

F3<D8B<D7�46798CerO546@PADK=ef46O5ef.6APSè � � � SPtd�c��r;�#�Pv�	r�ïD� �
�

�
�
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%EEï �DS\ O5-/0/z3ADOJ25-/032fAN8V.6AD8V8C-/.1032546-3798BAN7/254phANO5AD8BKPA~.��5lA�£/0P<N2546-37
x2 − 4xy + 6y2 − 2x − 20y = 29

S
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x2 − 4xy + 6y2 − 2x − 20y = 29
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è � éXè S%	5MD¨�¨�M�� � � 
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ABC

@PA�<®2fO541<�7Pi?.6A&G*4x2rFæ8c46KPAN8
a
L

b
L

c
LR:qADK341<�798

ma
L

mb
L

mc
L<D.x254p250dK9AD8

ha
L
hb
L
hc
L/<�7PKt<DO5AD<

∆
SVnPO5-Nz3A~2rF3<H2

a2 + b2 + c2 ≥ 4
√

3∆ max

{

ma

ha

L mb

hb

L mc

hc

} S
�3���¤ì9î6ð|��í`�#� ��ð )*'E���IEEï3îTïHð�� �y���"D;�dì3�?í�� ���{ï�í )r��S
_�4p2rF9-/032~.6-38C8R-/jViNAD7PANO{<D.p4p2|>�LJ<�8c8c0P:=A=2rF3<H2 ma

ha
= max

{

ma

ha
,

mb

hb
,

mc

hc

} S
,N467PefA

ma = 1
2

√
2b2 + 2c2 − a2

<D7PK
∆ = 1

2
aha

L�2rF9A~467PAD£30P<N.14x2y>
ma

ha

≤ a2 + b2 + c2

4
√

3∆468V8r0derefAD8c8c4 z3AN. >tA�£/094xz/<N.TAN7/2 25-

a
√

2b2 + 2c2 − a2 ≤ a2 + b2 + c2

√
3

L
3a2(2b2 + 2c2 − a2) ≤ (a2 + b2 + c2)2

L
4a4 + b4 + c4 − 4a2b2 − 4a2c2 + 2b2c2 ≥ 0

L
(b2 + c2 − 2a2)2 ≥ 0

S
,N467PefA~2rF9A*.1<�8f2 417PA�£/0P<D.p4p2|>�418Bef.TAN<�O{.x>(2fO{0dA3L�2rF9A�O5AN8c09.x2 jk-/.1.6-�G�8DS
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x
`
y
9;5�J

z
e P�a�EFYiUgQ=U �FP�:=PI9SHs5Fc�Z e PS:qY,Y�9RQ=UVYifgmFUd5�\

x2 + y2 + z2 = 1
n

] :=ES�FP,Qi>F9IQ
x

1 − x2
+

y

1 − y2
+

z

1 − z2
≥ 3

√
3

2

n
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�_`AXG*4p.1.PbPO5-Nz3A~2rF3<N2 4pj

x > 0
L/2rF9AN7

x(1 − x2) ≤ 2

3
√

3

S u � v
,�AH2{25417Pi

x =
t√
3

LDGRARF3<?z3A

x(1 − x2) ≤ 2

3
√

3
⇐=⇒ t√

3

(

1 − t2

3

)

≤ 2

3
√

3

⇐=⇒ 3t

(

1 − t2

3

)

≤ 2

⇐=⇒ t3 − 3t + 2 ≥ 0

⇐=⇒ (t − 1)2(t + 2) ≥ 0
L

GRF/4TecF�418 2fO50dA9S
�3>=u � v;4x2 jk-/.p.T-�G�8 2rF3<N2��
x

1 − x2
≥ 3

√
3

2
x2 L y

1 − y2
≥ 3

√
3

2
y2 L z

1 − z2
≥ 3

√
3

2
z2 S

\ F/0P8?L
x

1 − x2
+

y

1 − y2
+

z

1 − z2
≥ 3

√
3

2
(x2 + y2 + z2) =

3
√

3

2

L
G*4p2rFtAD£30P<N.14x2y>�41j�<D7PK=-373. >�4pj

x2 = y2 = z2 = 1/3
S

	�����ð¤î|��� � �RíE�Pîy�#��¯�<�8r41.6A=Q�<DO{25-3< �|A/L © 734 z3ADO{8r4p2|>g-/j�n9.6-/4TAN8r254|L ª�-3:=<D7346<3L;bPO5AD�8+AN7/2fADK=2rF9ARjk-/.1.6-�G*467PiRiNAN7PADO{<N.14x¥r<N2546-37q417aF/418�8+-/.p03254T-37�S�±DAH2
a1
L
a2
L
. . .

L
an < 1@PA�7P-37P�r7PA�iH<H254xz3A*O5AD<N.E730P:=@PANO{8B8c0decF(2rF3<N2

a =

√

a2

1 + · · · + a2

n

n
≥

√
3

3

S \ F9AD7
a1

1 − a2
1

+
a2

1 − a2
2

+ · · · +
an

1 − a2
n

≥ na

1 − a2
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a
L
b
<D7PK

c
<DO5A�bP-38c4x254xz3A*O5AN<D.d730P:=@PANO{8DSBnPO5-Nz3A~2rF3<H2

√
a + b + c +

√
a

b + c
+

√
a + b + c +

√
b

c + a
+

√
a + b + c +

√
c

a + b
≥ 9 + 3

√
3

2
√

a + b + c

S
�3���¤ì9î6ð|��í`�#� �

�

D
�

�­���/ï#.�� �
�

t
�

HE�����|�5�/�5�mt;ìDí���� � í ��ð6ïPS
±DAH2

s = a + b + c
<�7PK

x =
a

s

L
y =

b

s

L
z =

c

s

S \ F9AN7
0 < x

L
y
L
z < 1

L
x + y + z = 1

L3<�7PK(2rF9ARi?4xz3AN7�467PAD£30P<N.14x2y>tef<D7q@9AXG�O{4p2{25AD7t<D8
√

s +
√

a

b + c
+

√
s +

√
b

c + a
+

√
s +

√
c

a + b
≥ 9 + 3

√
3

2
√

s

L -3O
s +

√
sa

b + c
+

s +
√

sb

c + a
+

s +
√

sc

a + b
≥ 9 + 3

√
3

2

S u � v
	 4xz/4TK/467Pi*AN<�ecF�730P:qANO{<N25-3O <�7PKtKPAN7P-3:t4179<N25-3O^-37�2rF9A*.6ANj12 @D>

s
L9u � vJ@PADer-3:=AD8

1 +
√

x

y + z
+

1 +
√

y

z + x
+

1 +
√

z

x + y
≥ 9 + 3

√
3

2

L -3O
1 +

√
x

1 − x
+

1 +
√

y

1 − y
+

1 +
√

z

1 − z
≥ 9 + 3

√
3

2

S u|Mwv
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[(1 − x) + (1 − y) + (1 − z)]

(

1

1 − x
+

1

1 − y
+

1

1 − z

)

≥ (1 + 1 + 1)2

-3O 1

1 − x
+

1

1 − y
+

1

1 − z
≥ 9

2

L u � v
8c417PerA

(1 − x) + (1 − y) + (1 − z) = 3 − (x + y + z) = 2
S [ .18+-EL�O5ADb3.6<�ef467Pi

x
L

y
L3<D7PK

z
@D> √

x
L √

y
L/<�7PK √

z
L/O5AD8cbdADe5254xz3AH.x>EL/417anPO5-9@3.6AD:"M �D� 
 <�@9-Dz3A/LDGRA�F3<?z3A

√
x

1 − x
+

√
y

1 − y
+

√
z

1 − z
≥ 3

√
3

2

u Z v
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f : � → � J�PRk�5�PSJ e m

f(x) =

{

5x
Ugf

x ≤ 1
2

`
5 − 5x

Ugf
x > 1

2

n
�SPRQ

f1(x) = f(x)
9S5�J

fn(x) = f
(

fn−1(x)
) f�EF:

n ≥ 2
n&LM9IHK<�cGHd9IQ=P2Qi>GP�P?NS9;<=Q

�X9SHgc�PTEXf
f1998

(

4

516 − 1
+

4

5125 − 1
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=�1�E�� B�J
1,HO9�;�� J L�� 6?E V F�BGF7J�E ES6 M �41���6�H M�� 0(F�H L 6_n
 FEF:�PS9;<?>D5�EF5�r?5�PS\R9IQ=U �FP[Ud5XQ�PS\IPS:

k
`$pTP�p2UgHdHbHVPRQ

ak = 5k · 4

516 − 1

9S5�J

bk = 5k · 4

5125 − 1

n(¡[P"p2UgHdH�aG:=ES�FPlQi>F9IQ�Ugf
1 ≤ k ≤ 1999

9S5�J
k
UdYb5�E_Q�JFU �FUdY?U e HVP

e m
16
5�EF: e m

125
`XQi>GPS5

fk(a0 + b0) = ar + bs
` �

Rk �
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k ≡ r

u6:q-9K
16
vfL

0 < r < 16
L�<�7PK

k ≡ s
u6:q-9K

125
vrL

0 < s < 125
S\ F/418BO5AN8c09.x2^i?4xz3AN8^2rF9A*<�7985GRADO �

f1998

(

4

516 − 1
+

4

5125 − 1

)

= 4

(
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516 − 1
+

5123

5125 − 1
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v�êkj

0 ≤ k ≤ 14
<D7PK

0 ≤ ` ≤ 123
L/2rF9AN7

ak =
5k

1 + 5 + · · · + 515
<

5k

515
≤ 514

515
=

1
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<�7PK�.146h�A?G*418+A/L

b` < 1
5

S \ F9AN7
ak + b` < 1
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a15 > 1
2
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5(1 − a15) = 5 · 515 − 1

516 − 1
= 1 − 4

516 − 1
= 1 − a0

S
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b124 > 1
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5(1 − b124) = 1 − b0
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fk′
(a0 + b0) = f(ar + bs) = 5(ar + bs) = ar+1 + bs+1

S \ F/0P8HLu
Rk′
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r = 15
<�7PK
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S \ F9AN7

k′ = k + 2
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a15 + bs > 1
2
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fk+1(a0 + b0) = 5(1 − a15 − bs) = 5(1 − a15) − bs+1

= 1 − (a0 + bs+1)
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x
`
y ∈

(

0, π
2

) `
(

x

sin x
+

y

sin y

)

cos
(

x

2

)

cos
(

y

2

)

< 2
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u =
x

2

9;5�J
v =

y

2

n�oM>GPI5
u
`
v ∈ (0, π/4)

9;5�J�Qi>GP.YiQq9IQ=P;J�UV5�P��Fc�9IHdU�Q m
PS9SY?UgH�m�Q�:q9S5GY?f�EF:=Z
YbUV5XQ=E

4 sin u sin v − u sin 2v − v sin 2u > 0
n ��B �

��Y�Yic�Z�P�f�EF:0Qi>GP.Z�EFZ
PS5XQ�Qi>GP�f�EXHdHVE;p2UV5�\"Q}pTE�<�HV9IUVZjY�*
�
' � Udf a ` b ∈ (0, π/4)

`XQi>GPS5
2a cos b − sin a > 0 �

��@ � Udf t ∈ (0, π/4)
`XQi>GPS5

4 sin t − sin 2t − 2t > 0
n

LsEF5GYiUKJGPS:jQi>GP�fVc�5�<=Q=UKEF5
f(u) = 4 sin u sin v − u sin 2v − v sin 2u

`lpT>GPS:=P
u ∈ [0, π/4)

9;5�J
v
UdYT9S5W9S: e UgQ�:q9S:�m�k_N;P;J�5Fc�Z e PS:�Ud5

(0, π/4)
n�C�U��hPI:=PS5XQ=Ud9IQir

UV5�\lQ}p2UK<�PF`SpTP.\IPRQ

f ′(u) = 4 cos u sin v − sin 2v − 2v cos 2u
`

f ′′(u) = 4 sin u(2v cos u − sin v)
n
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f ′(0) = 4 sin v − sin 2v − 2v > 0 �
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f ′(0) > 0
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u ∈ [0, π/4)
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f
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f(0) = 0
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g(t) = 2t cos b − sin t
jk-3O

t ∈ [0, π/4)
S \ F9AD7

g′(t) = 2 cos b − cos t >
√

2 − 1 > 0
L

8+-R2rF3<H2
g
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g(0) = 0
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u � v \ F9AB:=AH2rF9-9K~468;8c41:t4p.6<DOdG*4x2rF
h(t) = 4 sin t−sin 2t−2t

L?GRF9-38CA�KPANO54 z/<N254 z3A
h′(t) = 4 cos t(1 − cos t)

468VbP-38c4x254xz3A9S
	�����ð¤î|��� � �aíE�Pîy�#��±H4 �NF9-/0 7P-�2fAN8=2rF3<H2�2rF/418�b9O5-9@3.6AD: u6<D.18+-�bPO5-3bP-38+ADK @D> n$lAH25ADOê6zwl<�K�>�v�<DbPbPAD<DO{8 G*4p2rF�<�8C-/.1032546-37t@D>R°C-9F37=,DbPAN.p.6:t<�797�417 �&ï9î '

�

�®ï ��ï AfðTíE��LLF��9L �uyñ/A�@�SEMD¨�¨ � vfL � ¨ � ��� S �
��� ���I�����&��
�� 
�� ,)R-�K�SM 
�O+�;C7�0>�� >	B B�> 
� ��;�%9�
8�&�"O%� /%�A
 X ���&��
��5� �&�&�3 1O�/��I�;�%9�
8�&�� ���  X O8�S.

!�=P>��0> X � X ��� X >  ?6"
����A
��Q� � �&45@%� 9�/�� X ���&��
��5� �&�&�3 �)/�� /�' /(�8���� �� >  X O���.)�S>5,)R$�$����>QC�R 
�O�O� ��1/����
45@)� � /��&���(=)
�����
��  I,��S X O8�S. � 
 
��860�$> M�� X  :RI���%9 �?����93 ",�@%� ��/3.W����=?>�� M�! 
?�?��M 
��1 K���5#���
��)�  

� �5� ���&�&�(,)��� �&
89�
8 $,�/�'(
��5�&��9�
8 X �).;M�>�2�R"! X  � ��� ��,)��' '<#����&�&�(,)��� �&
89�
8 :6:� �)�A
��:R:/%��
��% ���M3 X O8�S.
/��)�T� @1
 �)�����?����
���C � @1
���
:U:
���
��:� �14Q���Q��
�4��1�����A#%� �&������C

�! �� � n %�'�),),'
* '��G^�- .�0R1�341�5�6�8Z9�;���� ����=	��=�F�57BA0 ; M V F�H�I�F7ES1,026 M�� H�8�JGFGnoM>GP
<�P��FUd9;5GY
AD

9S5�J
BE

EXf 4ABC
UV5XQ=PS:qY�P;<=Ql9RQ,9S5�UV5XQ=PS:qUKEF:la�EXUV5XQ
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