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T
� ∗ ��} ����^K�+��VP�z,��]�(+���$�"dK5H x4 − 3x2 + 2 = 0

T
��s��/� ∗ ��k�K(P XO�W$&%O�E�]�(+���$�"dK5H 4

(x − 3)2
− 4

(x − 3)
+ 1 = 0

T
� ∗ ��} ����^K�+��VP�z,��]�(+���$�"dK5H 4

(x − 3)2
− 4

(x − 3)
+ 1 = 0

T
a T��d����� ∗ ��k�K(P XO�W$&%O�_�]�(+���$�"dK5H 9x3 − 9x2 − 4x + 4 = 0

T
� ∗ ��} ����^K�+��VP�z,��]�(+���$�"dK5H 9x3 − 9x2 − 4x + 4 = 0

T
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 ]$&%O�E��XO������J��\�^j,K5���EK(b1$&%OK(�^�aL_%OKpbd�]")Pd�]�pL\�]�

42
��H��
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T�ghK5Qls5"d��H��Az,��M$F+-�5")��H�$F�

HAz K5H�$3cO�]�������+��&�&"+��*j,�M$V�,����Ql��H��
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7
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A
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(3, 4)
��H��

B")�{�pc1K("IH�$V"IHp$&%O�_`�����${�(+����O����H�${K5Hp$&%O�_P)"IH��a�ZK("IH5"IH�J
O
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A
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AB
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B
�
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A
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(3, 4)
 ��M$��^K(" $

B
+1HEc1K("IH�$��5��H5�
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O
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A
T(k�"5P)�aPdK5H�JM+-��+1�����

AB����$
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	 T��d����� ∗ ��k�K(P XO�W$&%O�_�]�(+���$�"dK5H √
3 − x +

√
12 − 4x =

√
x − 1

T
� ∗ ��} ����^K�+��VP�z,��]�(+���$�"dK5H √

3 − x +
√

12 − 4x =
√

x − 1
T

��s��/� ∗ ��U�b p  q ��H�� r
�����W$&%O�C$&%5���]�\��KOK�$F��K(b�$&%O�E�]�(+���$�"dK5H

x3 − 7x2 + 3x + 1 = 0
 �`�H��*$&%O�WX(�]P¢+-�_K(b 1

p
+

1

q
+

1

r

T
� ∗ ��k�" p  q �M$ r

�^K5H�$�Pd���3$,��K(")�V����j�"IH����W���aP�z,��]�(+���$�"dK5H
x3 − 7x2 + 3x + 1 = 0

 ]$,��K�+5XO�WP)�\X(�]Pd��+1�3��� 1

p
+

1

q
+

1

r

T

 T_�d����� ∗ ��U�b a

��H��
b
�����n�����]P�H(+1Qls������C�,+-j&%[$&%(��$ √

a −
√

b =
√

2
��H��

a − b = 10
 �`�H��

a
��H��

b
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� ∗ ��k�K("d��H�$ a
�M$

b
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√
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a
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(
2k+3

)
− 22k = 128

 ��(+-��P)Pd���
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k
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ABC
 
∠BAC = 60◦  

∠ACB = 90◦ ��H�� D
")�qK5H

BC
T

U�b
AD

s5")�^�]j�$F�
∠BAC
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DB = 2CD

T
k�K(" $

ABC
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BC
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AC = BC = 5
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AB = 8
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T���"IH��

BC
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B
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x
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�O��K(" $,�5 ��^K5H�$V�&" $F++���� ��nP�z "IH�$�����F"d��+1�{�Az +1Hn$,�F")��H�J�Pd����]�(+�")P)��$�������]Pq��K5H�$3P)�nPdK5H�J���+1�������
j��K�$�����\����$ ��]J��]Pd� ��
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T�¡1��K�+5XO�n�(+-�ncO����QR"qj,���\c1K("IH�$F�C")PAY���H��n$,��K(")�a�(+�"��^K5H�${Pd���

�^K5Q[Ql�M$F���Az +1H*$,�F")��H�J�Pd�5 (P�z �]"I���_�(+-�(+-��P1H��\�,+1��cO�]�&�^�EcO�]� √
3
T
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���`�H5" $V+1H��_K5c �������$�"dK5H('
O ) j,K5Q[Ql�a�,+�" $+*

aOb = a2 + 3b T ��+-��P)Pd�����$�P)�\X(�]Pd��+1�3���
(2O0) O (0O1)

�
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(2O0) O (0O1) =

(
22 + 30

)
O

(
02 + 31

)
= 5O3 = 52 + 33 = 52

Ta T �3��H5��Pd�E�5")��J�����Q[Ql�Ej�"df&j,K5H�$,���5 5�(+-��P)Pd�_����$3P)�\X(�]Pd��+1�3���
x
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D
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G

3x◦

4x◦

5x◦

6x◦

2x◦
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�3��H5��Pd�V$,�F")��H�J�Pd�

ABC
 �K5HE�

∠ACB = 180◦ −3x◦ −4x◦ = 180◦ −7x◦ Tm�"IH5�&"
∠DCE = ∠ACB = 180◦ − 7x◦ jF���aj,�p�^K5H�$\�����\��H�J�Pd���nK5c�c1K(�:����EcO���Pd��+1�����^K5Q[Ql�M$F�]T(����P)�WQ"���Ql��QR��H5"�������5 ���Ha$,����X(�]")P)P)��H�$��5��H5��Pd�3$,�F")��H�J�Pd�

EFG
 �K5H

KOs�$�"d��H�$��(+-�
∠DEC = ∠FEG = 180◦ − 8x◦ Th¡O+�")�^�(+-�_P)�*�^K5Q[Ql�_�����{��H�J�Pd����5��H5�3+1Hn$,�F")��H�J�Pd�_��K5HOH��

180◦  5K5Hp�*�5��H5��Pd�W$,�F")��H�J�Pd� CDE
*

180◦ − 7x◦ + 180◦ − 8x◦ + 5x◦ = 180◦ K�+ x = 18◦ T
� T y�Hn%O�,����J�K5H��C����]JM+�P)"d��������$q+1H*c1K(P YOJ�K5H�� ��
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PdK5H�JM+-��+1�
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����+(�_c1K("IH�$F�{���CP�z %O�,����J�K5H��E�^�����EPd�E�5")��Q���M$,���E�(+#j,����j�Pd�5 ��^K(" $�+1H��_J�����H����E�5")��J�KOf
H5�]Pd�_���aP�z %O�,����J�K5H��OT ���_�����c1K5H5�^�_����$V��K5H�j

2
T

	 T } ����^K�+-�O���aP�z,��]�(+���$�"dK5HR�,+�" X(��H�$,� *
2

(
22x

)
= 4x + 64

T
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2
(
22x

)
= 4x + 64 ⇐=⇒ 2 · 4x − 4x = 64

⇐=⇒ 4x = 43 ⇐=⇒ x = 3
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PQR
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1 ≤ b1 ≤ 15
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1 ≤ b2 ≤ 7
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f(x) = x2 + 6x + c
 VL_%O�����

c
")����H "IH�$,�]J����M ac���K]XO��$&%(��$

f(0) + f(−1)
")�WKO����T
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���M$
g(x) = x3 + px2 + qx+ r
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f(0)+f(−1) = c+1−6+c = 2c−5 = (2c−6)+1 = 2(c−3)+1
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g(0) = r
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r = 2s + 1
b�K5���^K5Ql�

s
Tq�A%O������b�K5���5 

g(−1) = −1 + p − q + r = −1 + p − q + 2s + 1 = p − q + 2s
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g(−1)
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g(x) = (x−h)(x−i)(x−j) = x3−(h+i+j)x2+(hi+hj+ij)x+hij
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r = −hij
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h + i + j
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(hi + hj + ij) = q
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ABC

")�p")�^K(�^j,��Pd���nL\" $&%
AB = AC = 5

��H��
BC = 6

T
¡OK("IH�$

D
P)"d���*K5H

AC
 h��H��

P
")�a$&%O�[c1K("IH�$\K5H

BD
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∠APC = 90◦ T#U�b
∠ABP = ∠BCP

 5���M$,����QR"IH��W$&%O�E����$�"dK
AD : DC
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M
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AB =
AC

 
BM = MC = 3

��H����^K
AM = 4

T ���M$
α = ∠BCP = ∠ABP��H��

θ = ∠ACP
T£�A%O��H

∠PBC = θ
 ��&"IH�j,� 4ABC
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j�"I��j�Pd�aL\" $&%

AC
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M�A%O��H
∠PAM = α

�&"IH�j,�
∠PAM = ∠PCM

�d�,+-s�$,��H����]�Rs�Y\$&%O�C�&��Ql�\j&%OK5�����ST
m�P)�^K

∠AMP = θ
b�K5�n�&"IQR")P)���[�����]�^K5H5�]T7�A%O������b�K5���5 4MPA

")�l�&"IQR")P)���n$,K
4BPC

Tq�A%�+��� P A
P C

= MA
BC

= 4
6

 ]L_%O��H�j,�
tan θ = P A

P C
= 2

3

T
�CK�L L_�lj,K5Q[c5+5$,�*$&%O�[Pd��H�J^$&%�K(b

DC
T�ghK5H5�&"d����� 4BDC

T/iOY#$&%O�#k�"IH��
����LR 

DC

sin θ
=

BC

sin(∠BDC)

DC =
6 sin θ

sin(180◦ − θ − ∠DCB)
=

6 sin θ

sin(θ + ∠DCB)

=
6 sin θ

sin θ cos(∠DCB) + cos θ sin(∠DCB)

=
6

cos(∠DCB) + cot θ sin(∠DCB)
=

6
3
5

+ 3
2

· 4
5

=
10

3

T

�A%O��H
AD = 5 − 10

3
= 5

3

 ���H��*$&%�+��
AD : DC = 1 : 2

T
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A
��H��

B
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%(�]��" $F��PdK�L_������H��_��$�$&%O�Ws5�]�^�CK(b�s(+�")Pd�5"IH�J
A
��H��_" $F��+1c�c1������H��E��J��]"IH5��$�s(+�")Pd�5"IH�J

B
T-m3H�K�$&%O���qP)����������b�K5�v$vY\b��]�M$�PdK5H�JW%(�]��" $F��PdK�L_������H��*��$�$&%O�as5�]�^�aK(b1s(+�")Pd�5"IH�J

B��H��p" $F�3+1c�c1���3��H��p��J��]"IH5��${s(+�")Pd�5"IH�J
A
T
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����+(�{s����$�"IQl��H�$F�
A
�M$

B
�^K5H�$h�5")��$F��H�$F�q����X5"IH�J^$hcO"d�]�5�]T�y�H��
��]j&%O��P)Pd�5 MPdK5H�JM+-�

���R$,����H�$,��cO"d�]�5�� q�'�^K5H��,��$,�����QR" $����"IH5b ����F"d��+1���!��rP)�ts5�]�^�'���
A
�M$n����$_��c�c5+5Y
��]�

j,K5H�$,���rPd��s����$�"IQl��H�$
B
T{y�H�����+5$,��� ��]j&%O��P)Pd�5 W���/PdK5H�JM+-��+1�l�����(+�������H�$,��cO"d�]�5�

j,��P)Pd�]f�P���� A�R�^K5Ht�,��$,�����QR" $���p"IH5b ����F"d��+1��� ��[P)�#s5�]�^�[���
B
�M$a����$C��c�c5+5Y
��]�Rj,K5H�$,���nPd�

s����$�"IQl��H�$
A
T

�m|�(+-��P)Pd�E%(��+5$,��+1����+-f&�����&�,+��C�(+R�^K(PO�^�W$,��K�+5XO�WPd�\c1K("IH�$3�Az "IH�$,�����^�]j�$�"dK5H[�����
����+(� ��]j&%O��P)Pd��� �

����� T�� 4 0&*�08B��87 /�� -h���F�5�:4 7! �08BS�(� 1 082#"V�]�d� 0'9�B,���$� 1(�&%���4�B,�����82' a�]�)� ;d��(82
)�,06

��"IH�� �]�)��K5���������]��cO�]"I���xK(b�"IH�$,�]J������
(a, b)

�,+-j&% $&%(��$�$&%O� �]�(+���$�"dK5H
x2 + |y2 − 6ay + b| = b − a2 + 6

%(�]�[�*(]�O�&�:�d�"����� � �^K(P¢+5$�"dK5H5�*"IH/c1K(�&" $�" XO�
"IH�$,�]J������

(x, y)
T
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�1��K�+5XO���V� 0'95�v��BVPd���WcO�]"I�����CK5����K5HOH
��]���W�Az ��H�$�"d�����
(a, b)

$,��P)Pd���a�(+-�\P�z���]�(+���f
$�"dK5H

x2 + |y2 − 6ay + b| = b − a2 + 6
c1K(�&�8��]���[�*(]�O�&�v������1-� ����� � �^K(P¢+5$�"dK5H5�

��H[��H�$�"d�����{c1K(�&" $�")bd�
(x, y)

T
����+ T�� 4 0&*�08B��87 /��-, 6 -.6 ,06�,��8B��,4F�82 <-�:1/.]�]�,0:4&��210,1 7��I�1T
UZH_�\�F"dJ�%�$&f���H�J�Pd�]�_$,�F")��H�J�Pd��L_�aj,K5H5�&"d�����h$&%O�V$�L_KaXO���v$�"dj,������$�$&%O��$�L_KE��jF+5$,�

��H�J�Pd���E��H��t�O����L Ql�]�5")��H5�\b:��K5Q $&%O��Q $,K[$&%O�[K5c�c1K(�&" $,�n�&"d�����]T'���M$,����QR"IH��*$&%O�
QR���]"IQp+1Q �d��jF+5$,�M�q��H�J�Pd�_s��M$�L_�]��Hn$&%O���^�_Ql�]�5")��H5�]T
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�3��H5�R+1H�$,�F")��H�J�Pd�/���]j�$F��H�J�Pd�5 3K5H£j,K5H5�&"d��������rPd���#����+(�/�^K5Q[Ql�M$F�l�Az ��H�J�Pd���

�]"dJM+��� ]�M$�Pd����Q	��]�5")��H�������s5�]")�&�:��]�����,+1�hPd�Wj��K�$���{K5c�c1K(�:��OT(� ��M$,����QR"IH����hP�z ��H�J�Pd�C�d�]"dJM+5�
QR���]"IQR�]PA��H�$,���Ej,����Q	��]�5")��H����]T

����2 T�� 4 0&*�08B��87 /��p���-�E�������-��� ,(�:��3�T
�A%5���]�Cc1�]K5cOPd�CcOP)��YE$&%O�Cb�K(P)PdK�L\"IH�JaJ���Ql�OT

N
QR���,s5Pd���������CcOP)��j,�]�n"IH*�_s�K�L\P
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3
QR���,s5Pd����b:��K5Q>$&%O��s�K�L\PvTh�A%O�Vc1�����^K5H

L_%OKl����QlK]XO���V$&%O�*P)�]��$CQR���,s5Pd�_PdK(�^���]T*�5K5��L_%(��$VX(�]P¢+-���EK(b
N
jF��H[$&%O�*`�����$���H��
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���]j,��H�$3c���KOs5Pd��Q K5H*$&%O�_g-��H5���5")��HlwVc1��H�¤/��$&%O��QR��$�"djF�Cgh%(�]P)Pd��H�J��OT �
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�1��K(")�_c1�����^K5HOH����E�ZK�+-��H�$_Pd�R�Z��+��,+�" X(��H�$�Thm	$,K�+1�E�������K(Pd�5 �j&%(���(+-�R�ZK�+-��+1�

���M$�"I���
1
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3
s5")P)Pd���\�Az +1H��\+1��H��*�(+�"h��H#j,K5H�$�"d��H�$

N
T ���nc1�����^K5HOH��*�(+�"A���M$�"I���

P)�C������H5"�������{s5")P)Pd���Wc1�����(+�T(¡OK�+1�q�(+-��P)Pd���qX(�]Pd��+1�������
N
Pd��c�����QR"d�����M$qPd��$,��K(")�&"����Ql�

�ZK�+-��+1��c1��+5XO��H�$&f�")P)��j,K(P)P)��s�K5������c1K�+1��b�K5��j,����Pd�W�^�]j,K5H��\�ZK�+-��+1� ��\c1�����O��� �3��UZH5�ScO"I����
cO����+1H[����]j,��H�$3c���KOs5P����Ql�\�(+r� ���`#w�+5XO���v$3g-��H5���5"d��H#���n¤/��$&%����QR��$�"d�(+-���]T �

� + � T�� 4 0&*�08B��87 /�� -�6��E�]���v��4����:1-�F�32/(W���-��13B 2 �^( 2���,}(aT
ghK5Q[c5+5$,�\$&%O�pH(+1Qls����WK(bhL\��Y5�W$&%(��$ � $�"I�����EjF��Hrs��n��K�$F��$,�]�l�^KR$&%(��$a����j&%

$�"I���{")������PdKOjF��$,�]��T�� � 7���� 0:4�� B 1 0O�v���5'^��K�$F��$�"IH�J ) �EjF���^z �q$�"I�����3Ql����H5�Vj&%(��H�J�"IH�J�$&%O��"I�c1K(�&" $�"dK5H[K5H*$&%O�_jF�����^K_$&%(��$�$&%O�^YRjF��HnL_������QlK5���\�^XO��H5P Y�T �
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�1��K�+5XO���WPd��H�K5QlsO���#������K�$F��$�"dK5H5�n�(+�z K5H�c1��+5$n�&Rh�]j�$F+-���E�,+1�EPd��� � c�H���+��
�Az +1H���XOK(" $F+1����c1K�+1���(+�z ")P)���^�3$,��K�+5XO��H�$q�5��H5��+1H�����+5$,���{c1K(�&" $�"dK5H�T�� ) 0O�v�#7���� ��6�87����
�v�:984 �0'^��K�$F��$�"dK5H ) �&"dJ�H5")`1�a"dj�"�*�j&%(��H�J���Ql��H�$V���ac1K(�&" $�"dK5Hnc1K�+1�q�]�&�,+1������+1H��W+��,+1���
+1H5")b�K5��Ql�E������c�H���+��]T �
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a 6= 0
 
b
 
c
s��\"IH�$,�]J������{��H��

sin θ
 
cos θ

s��C$&%O�_����$�"dK5H5�]P-��KOK�$F�{K(b1$&%O�
�]�(+���$�"dK5H

ax2 + bx + c = 0
T�k�%OK�L�$&%(��$

a ± 2c
�����\c1���Fb��]j�$��^�(+��������]T
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k�K(" $

a 6= 0
 
b
 
c
�����*��H�$�"d�����*�M$

sin θ
 
cos θ

Pd���_����j�"IH����*����$�"dK5HOH���P)Pd���n���
P�z,��]�(+���$�"dK5H

ax2 + bx + c = 0
TA¤�K5H�$,�������(+-�

a ± 2c
�^K5H�$V�����WjF����������VcO���Fbd�]" $F�]T
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106
+1H5" $F�qPdK5H�J���H��W$&%O�VK�$&%O���

�&"d���a��HR"IH�$,�]J����M �$&%(��$V%(��XO�W$&%O�\�&��Ql�\�������1T
, 0]�?95�:�,0:1(/�� ����1-� %������%�� �]�]�,0:1 7���2q���8B B����82�3�)nT
�5L_K£�5"�Rh������H�$R")�^K(�^j,��Pd���l$,�F")��H�J�Pd���rjF��H�s���j,������$,�]��$&%(��$#%(��XO�'$&%O�/�&��Ql�

Pd��H�J^$&%rb�K5��$&%O��"I�E��K�+-s5Pd�R�&"d���R��H��'$&%O�R�&��Ql�[��������s�Ytj,������$�"IH�J*$&%O��Q b:��K5Q $�L_K
�^jF�]Pd��H��#�F"dJ�%�$&f���H�J�Pd�]�r$,�F")��H�J�Pd���*�]�_"IH�$&%O�#�5")��J�����Q�s���PdK�LR AL_%O�����

(a, b, c)
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b

b b

cc

a a

cc

�5K5��K�+1�qc���KOs5Pd��Q L_�WH��]�]�*�*¡5Y�$&%(��J�K5������H\$,�F"IcOPd�
(a, b, 106)

T�U�b(L_�CjF��H_`�H��\$�L_K
c1K(�&" $�" XO�a"IH�$,�]J������

x
��H��

y
L\" $&%

x > y
 ��,+-j&%*$&%(��$

x2 + y2 = 106
 �$&%O��HnL_�EjF��H

Pd�M$
a = x2−y2 ��H�� b = 2xy

Tqk�"IH�j,�
106 = 92+52  ML_��%(��XO� a = 92−52 = 56��H��

b = 2 · 9 · 5 = 90
Tq�A%�+��� �$&%O�W$,�F")��H�J�Pd���3L\" $&%*�&"d�����

106
 
106

 
112

��H��
106

 
106

 
180

s�K�$&%R%(��XO�a�������
ab = 5040

T
����� T�� 4 0&*�08B��87 /��p���-�E�������-��� B��:��3�T
��"IH�� √

ab + 1
L_%O�����

a =

�}vnv&�[{&� f
︷ ︸︸ ︷

111 · · · 11
��H��

b = 1

�}vnvr{�v$� f
︷ ︸︸ ︷

00 · · · 00 5
T

, 0]�?95�:�,0:1(/��n���d� 6�]�d� <q��1-� �M��2�<54��8B�0 %�2 - 0��R�:1(�I�1T
UZHaJ���H������]PZ �")b

a =

n 1
� f
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$&%O�\c���KOs5��s5")P)" $vY_$&%(��$Wi-��+-j,�EJ��M$F��QlK5���\%O�����5�3$&%(��Hlk�%(��LEH��
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iOYR�FYOQ[Ql�M$,�ZY
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) = P (
k�%(��LEH[QlK5���\%O�����5�
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235 ×s 718 = 2 × 7 + 3 × 1 + 5 × 8 = 57
T

��"IH��a$�L_K\H(+1Qls������
A
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B
�^KW$&%(��$

A×s B = 2002
��H��

A+B
")���CQR"IH5"IQp+1QtT
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>50]���F�-��B��v��4�2��',�T

A
��H��

B
�^%OK�+�Pd�|%(��XO�l$&%O�'�&��Ql�'H(+1Qls����nK(bW�5"dJ�" $F�]T�w�$&%O���vL\")�^�5 ��^K5Ql�

�5"dJ�" $F�EL_K�+�Pd��s��#Qp+�P $�"IcOP)"d�]��s�Y��&����K�L_%("dj&%�%(�]�nH�K�j,K5H�$,�F"ds(+5$�"dK5H'$,K�$&%O� 'S�&")P)P Y
c���KO�(+-j�$ ) T�U:$�j,K5H�$,�����5"dj�$F��$&%O�Ej,K5H��5" $�"dK5H*$&%(��$ A + B

")�{QR"IH5"IQp+1QtT
���M$

A = anan−1 · · · a1
 ���H��

B = bnbn−1 · · · b1
L_%O�����V$&%O�

ai
��H��

bi
�����

$&%O�E�5"dJ�" $F�WK(b
A
��H��

B
Tq�A%O��H

A ×s B = anbn + an−1bn−1 + · · · + a1b1 ≤ 9 × 9 + 9 × 9 + · · · + 9 × 9
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2002 ≤ 81n
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 �s(+5$q�&"IH�j,�
n
")����H_"IH�$,�]J����hL_�{Qp+���$�%(��XO�

n ≥ 25
T

UZHRK5�������h$,KpG��]��c
A + B

QR"IH5"IQp+1Qr �L_�WL\��H�$�$&%O�CPd���]��$VH(+1Qls�����K(b-�5"dJ�" $F�]T
�A%O������b�K5���5 

aibi
Qp+���$\s��p�]�*J�������$a�]�_c1K(�&�&"ds5Pd�OTti�+5$

aibi
")�\��$\QlK(��$

81
L_%O��H

ai = bi = 9
 (��H��

25 × 81 = 2025 > 2002
T�o_��H�j,�5 OK5H5P Yn$&%O�\Pd���]��$V�&"dJ�H5")`1jF��H�$

24
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9
T*o_��H�j,�5 O$&%O�����p����QR�]"IH5�

2002 − 24 × 81 = 58 = 2 × 29
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")�Vc��F"IQl�5 �L_�\jF��HOH�K�$�QR��G��

58
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1×2+7×8 = 58
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f : � → � L\" $&%_$&%O�Ec���K5c1���v$vY
f(x + y) = f(x)ef(y)−1 b�K5���^XO���ZY

x
 
y ∈ � T

, 0]�?95�:�,0:1(/�� ,]�(����1 -S� 1 3+1/.�2q� 0 .=2���,}(aT
>5�I�]�d� �

f(x) = 1
K5�

f(x) = 0
b�K5���]P)P

x ∈ � T�CK�$,�R$&%(��$E$&%O�#bI+1H�j�$�"dK5H
f(x) = 0

b�K5�\�]P)P
x ∈ � ")�p�'�^K(P¢+5$�"dK5H�T	�CK�L

�]�&�,+1Ql�*$&%(��$
f(x) 6= 0

b�K5���^K5Ql�
x ∈ �  1�&��Y�b�K5� x = x1

Tnk�+-s5��$�" $F+5$,�
y = 0��H��

x = x1
"IH�$,K_$&%O�E�]�(+���$�"dK5H�T�!'�_j,K5H�j�P¢+-���W$&%(��$

f(0) = 1
TV�C�,��$� ��,+-s5��$�" $F+5$,�

x = 0
"IH�$,KR$&%O�p�&��Ql�[�]�(+���$�"dK5H�Tn!'�RJ��M$

f(y) = ef(y)−1 b�K5���]P)P y ∈ � T����M$
g(t) = t − et−1 T|�CK�$,�p$&%(��$ g′(t) < 0

")b
t > 1

 
g′(t) > 0
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t < 1

 q��H��
g(1) = 0

T�o_��H�j,�5 
g(t)

%(�]�{K5H5P YRK5H��a��KOK�$� ]��$
t = 1
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f(y) = ef(y)−1 ")� f(y) = 1
b�K5�q�]P)P
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jF��H#s��_b�K5��Ql�]�h �j,K5H5�&"d������$&%O�\$,�F")��H�J�Pd�
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K(b BS�R�]�)����B��q�������1T{!'�\L\")P)P�KOs�$F�]"IH

�lj,K5H�$,�����5"dj�$�"dK5H's�Y#`�H��5"IH�J*�p$,�F")��H�J�Pd�*L_%OK(�^�n�������R")�\�SQR�]P)Pd���V$&%(��H#$&%O�n�������#K(b
4ABC

T
e(��j&%nK(b($&%O�Cc1K("IH�$F�
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B
 ���H��

C
�����aj,K(PdK�+1���]�*s5P)��j&GEK5�hL_%(" $,�OT�k�KE��$�Pd���]��$

$�L_K/K(b�$&%O�#c1K("IH�$F�*Qp+���$*s���j,K(PdK�+1���]��$&%O�l�&��Ql�OT�!#" $&%OK�+5$\PdK(�&�pK(b�J���H������]P)" $vYh 
�,+1c�c1K(�^�{$&%(��$

B
��H��

C
�����\s�K�$&%nj,K(PdK�+1���]�EL_%(" $,�OTq�A%O��Hh �$&%O�����aQp+���$3s��W�_s5P)��j&G

c1K("IH�$
D
�^K5Ql�ML_%O�����#s��M$�L_�]��H

B
��H��

C
T��A%O��H 4ABD

")�_�[$,�F")��H�J�Pd�RL_%OK(�^�
�������[")�\��$,�F"dj�$�P Y��SQR�]P)Pd���{$&%(��H�$&%O�p�������#K(b 4ABC

 1L_%("dj&%rj,K5H�$,�����5"dj�$F�W$&%O�pbd��j�$
$&%(��$ 4ABC

L\�]��$&%O�C$,�F")��H�J�Pd�_K(b-�SQR�]P)Pd����$V�������1T
k�"IH�j,�WL_�E%(��XO�\�*j,K5H�$,�����5"dj�$�"dK5Hh �L_�_j,K5H�j�P¢+-���W$&%(��$��]P)PO$&%O�Ec1K("IH�$F�VQp+���$�P)"d�

K5Hp�E�&"IH�J�Pd�EP)"IH��\�^�]J�Ql��H�$�T
#�� C� -E���
ºO������M$ �

= {0, 1, 2, . . .} TC���M$,����QR"IH��E�]P)PAbI+1H�j�$�"dK5H5� f :
� → �

�,+-j&%_$&%(��$
xf(y) + yf(x) = (x + y)f(x2 + y2)b�K5���]P)P

x
��H��

y
"IH � T

%rC�E �����pC����h�A%(")��c���KOs5Pd��Q~��c�c1�������]�_�]��$&%O�{P)�]��$��(+-����$�"dK5HpK(b($&%O� ����� �Wg-��H5��f
�5")��Ht¤/��$&%O��QR��$�"djF�]Pqw3P YOQ[cO")����TV�A%O�*c���K5c1K(�^���^z ���^K(P¢+5$�"dK5HRL\�]�Cc5+1����P Y[H(+1Qls����,f
$&%O�]K5���M$�"dj*��H����ScO��HOH��]���^�^XO�����]PVcO��J����]T U:$_L\�]�pbI+�P)P Y|�,��c1�]j�$,�]��$&%(��$_XO���ZY/b��ML
c1�]K5cOPd�aL_K�+�Pd�[�^K(P XO�a$&%(")�Wc���KOs5Pd��Qr (��H��p$&%(��$3$&%O�*K5H5P Y#j,K5�����]j�$��^K(P¢+5$�"dK5H5�{L_K�+�Pd�
s��a�&"IQR")P)����$,KE$&%O�E%("dJ�%(P Yn$,�]j&%5H5"djF�]P1��c�c���K(��j&%RKOs�$F�]"IH��]�[s�Y_$&%O�\c���K5c1K(�^����T

��KW$&%O�Wg�¤�w�j,K5Q[QR" $�$,�]�(z ���,+1��c��F")�^�C�d��H��*����P)"dJ�%�$�� �& �$&%O�{b�K(P)PdK�L\"IH�J��^K(P¢+5$�"dK5H
L\�]���,+-sOQR" $�$,�]�ns�YR�3��X5"d�no\��H*b:��K5Q !'KOs(+1��H*ghK(P)Pd�]J�")��$,�EUZH5��$�" $F+5$,�5 �L_%OKCL\�]��$&%O�
L\"IHOH����3K(b�$&%O������� �\g�¤�w ghK5H�$,����$�T
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f
")�E�#j,K5H5��$F��H�$CbI+1H�j�$�"dK5H�T#k�+1c�c1K(�^�5 hb�K5�W�#j,K5H�$,�����5"dj�$�"dK5Hh 

$&%(��$n$&%O�������,�]")��$
x
��H��

y
L\" $&%

f(x) < f(y)
T gh%OKOK(�^�

x
��H��

y
�,+-j&%�$&%(��$

f(y) − f(x) = d > 0
")�{QR"IH5"IQR�]PvT��A%O��Hh 

f(x) =
xf(x) + yf(x)

x + y
<

xf(y) + yf(x)

x + y
<

xf(y) + yf(y)

x + y
= f(y)

T
���M$�$�"IH�J

z = x2 + y2  hL_�l%(��XO�[�^%OK�LEH'$&%(��$ f(x) < f(z) < f(y)
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f(0) = f(x)
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(a, b, c)
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a4 + b4 = c2 T

��TCk�+1c�c1K(�^�{$&%(��$��a�Sc1�]j�")�]P5$,�F"IcOPd�
(a, b, c)
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$&%(��$3")�� 5K5H��CL_%O�����

c
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a2 = p2 − q2  
b2 = 2pq
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a = d2 − e2  
q = 2de
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p = d2 + e2 T
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a > b > c > 0��H��
x > y > z > 0

T3¡1��K]XO��$&%(��$

a2x2

(by + cz)(bz + cy)
+

b2y2

(cz + ax)(cx + az)
+

c2z2

(ax + by)(ay + bx)
≥ 3
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c1K("IH�$F�WP)"d�*"IH#�p�^�(+������pK(b��&"d���*Pd��H�J^$&%
1
 -s(+5$3$&%O�����p�,�]")��$F�C�[J�KOKO�l�^�M${�,+-j&%R$&%(��$

H�K
n + 1

K(b-" $F��c1K("IH�$F�VP)"d�\"IHp�E�^�(+������_K(b1�&"d���\Pd��H�J^$&%
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P (x2 − 1) = P (x)P (−x)
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(x2 − y2)2 = 1 + 16y
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(x, y)
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1 + 16y ≥ 0
 ��^K

y ≥ 0
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(x, y)")�[�^K(P¢+5$�"dK5Hh 
(−x, y)
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(x, y)
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y ≥ 0
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y4 − 16y − 1 = 0
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• U�b y = 0
 �$&%O��H

x = 1
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x = −1
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2(x − y)2 ≤ (x + y)(x − y)2 =
1 + 16y

x + y
<

16x + 16y

x + y
= 16
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(x − y)2 < 8 =⇒ |x − y| < 3
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1 + 16y
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x − y
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1 + 16y
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x − y
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KO����T�k�K
x − y = 1

K5� −1
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x − y = 1
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(2y + 1)2 = 1 + 16y ⇐⇒ y = 0

K5�
y = 3

T
U�b

x − y = −1
 �$&%O��H

(2y − 1)2 = 1 + 16y ⇐⇒ y = 0
K5�

y = 5
T

m�P)P��^K(P¢+5$�"dK5H5��������*
(1, 0)

 
(−1, 0)

 
(4, 3)

 
(−4, 3)

 
(4, 5)

 
(−4, 5)

T

!'%(")Pd�EJ�K("IH�J{$&%5��K�+-J�%n`OPd���� �U�H�K�$�"dj,�]�*$&%(��$��^K5Ql�]%OK�L�L_�\QR��H5��J��]�n$,K*�^G�"Ic
K]XO���V$&%O�R�^K(P¢+5$�"dK5H5�aL_�l%(���t���]j,��" XO�]�l$,K��^K5Ql�lK(bq$&%O�[c���KOs5Pd��QR�ab:��K5Q $&%O�

20 ���m�+���$,�F")��H�fM¡OK(P)")�^%'¤/��$&%O��QR��$�"djF�]PhghK5Q[c1�M$�" $�"dK5Hp��H��lk���Pd�]j�$,�]�'¡1��KOs5Pd��QR�Vb:��K5Qx$&%O�
U��S������P�¤/��$&%O��QR��$�"djF�]P�w3P YOQ[cO")���5�W$&%(��$CH�K5��QR�]P)P Y��^%OK�+�Pd�r%(��XO�n��c�c1�������]��"IH#$&%O�
w�j�$,KOs���� ����� �_H(+1Qls�����TCUZH�$,��������$,�]�l�������������WQp+���${%(��XO�\L_K5H��������]�nL_%O�����\$&%O��"I�
�^K(P¢+5$�"dK5H5�p%(����J�K5H��l�]��$,����Y�Tr!'�l��$F���v$C$,K'�^�M$a$&%(")�*��$,���]"dJ�%�$*s�Y/J�" X5"IH�Jl��������������z
�^K(P¢+5$�"dK5H5�3$,Kpc���KOs5Pd��QR� �a$&%5��K�+-J�%R�*K(b�$&%O�

20 ��� m�+���$,�F")��H�fM¡OK(P)")�^%r¤/��$&%O��QR��$�"djF�]PghK5Q[c1�M$�" $�"dK5H ��������� * � �! 	 � �-� �(T
� T�¡1��K]XO�*$&%(��$a$&%O�����#��KO���nH�K�$_�,�]")��$_�#bI+1H�j�$�"dK5H

f :
� → � �,+-j&%'$&%(��$

f(x + f(y)) = f(x) − y
b�K5���]P)P1"IH�$,�]J������

x
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y
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(R)

$&%O�#"d����H�$�" $vY
f(x + f(y)) = f(x) − y

T����M$
a = f(0)

T�k�+�" $F��s5Pd�_j&%OK("dj,����b�K5�
x
��H��

y
"IH

(R)Y5"d��Pd�p�,+-j,j,���&�&" XO��P Y"*

f(a) = a [x = y = 0]

f(2a) = 0 [x = y = a]

a = 0 [x = 0
 
y = 2a]

� $&%(��$�")�� 
f(0) = 0

T
�5��G�"IH�J

x = 0
"IH

(R)
 �L_�EKOs�$F�]"IH*$&%O�\"d����H�$�" $vY

f(f(y)) = −y
 

(R′)

X(�]P)"d�nb�K5���]P)P�"IH�$,�]J������
y
T��(��K5Q~$&%(")�� −f(y) = f(f(f(y))) = f(−y)
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(R)

��H��
(R′)

 �" $�b�K(P)PdK�L\��$&%(��$

f(u + v) = f(u + f(−f(v))) = f(u) + f(v)
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f(m) = mf(1)
b�K5�a�]P)P

"IH�$,�]J������
m
T��5��G�"IH�J

m = f(1)
 (L_�nJ��M$

f(f(1)) = (f(1))2
L_%(")Pd�

(R′)
Y5"d��Pd�5�

f(f(1)) = −1
 ��*j�Pd�����Vj,K5H�$,�����5"dj�$�"dK5H�Tq�A%O�\�����,+�P $�b�K(P)PdK�L\�]T

� T��d���~¡1��K]XO� $&%(��$ b�K5� �]P)P|�����]P�H(+1Qls������
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p2 + q2 + 1 > p(q + 1)
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p
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q
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p2 + q2 + 1 > bp(q + 1)
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p2 + q2 + 1 > cp(q + 1)
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p2 + q2 + 1 ≥ p2 + 2

(
q + 1

2
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≥ 2

√

p2(q + 1)2

2
=

√
2 p(q + 1)
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p =

√
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q = 1
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b =

√
2
T

��j��qU�b
p = q = 1
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1 + 1 + 1 = 3

2
1(1 + 1)
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• ")b q = 0
 ]$&%O��H

p2 + 1 > 3
2
p
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 ]$&%O��H

p2 + 2 ≥ 3p
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(p − 1)(p − 2) ≥ 0
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• ")b q = 2
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p2 + 5 ≥ 9
2
p
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(p − 2)(p − 5
2
) ≥ 0
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p(3 − q) − 2 < 0 ≤ 2(p − q)2
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� T���"IH��
�d���p�]P)P*�(+����O��+1cOPd����K(b*c1K(�&" $�" XO��"IH�$,�]J������

(a, k, l, m)
b�K5�[L_%("dj&% $&%O� �]�(+��]P)" $vY

ak = al + am %OK(Pd�5� �
��s��p�]P)P

5
f�$F+1cOPd����K(b*c1K(�&" $�" XO��"IH�$,�]J������

(a, k, l, m, n)
b�K5�RL_%("dj&%>$&%O� �]�(+��]P)" $vY

ak = al + am + an %OK(Pd�5�]T
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�d���{w�s�X5"dK�+��&P Y
a ≥ 2

��H��
k ≥ l

 
m
TrU�b

l 6= m
 �b�K5�a�,����Q[cOPd�5 

l > m
 

$&%O��H
ak−m = al−m + 1

L\" $&%
k − m

 
l − m ≥ 1

T �A%O������b�K5���5 
a
�5" X5"d�����

ak−m − al−m = 1
 ��*j,K5H�$,�����5"dj�$�"dK5H�T

�A%�+��� 
l = m

��H��
ak = 2 · am ⇐⇒ ak−m = 2 ⇐⇒ a = 2

 
k − m = 1

T
m�P)P-�(+����O��+1cOPd���������

(2, m + 1, m, m)
 
m = 1

 
2
 
3
 
. . .
T

��s��aw�s�X5"dK�+��&P Y
a ≥ 2

 
k ≥ l

 
m
 

n
T !#" $&%OK�+5$*PdK(�&�[K(b{J���H������]P)" $vYh �L_�

�,+1c�c1K(�^�_$&%(��$
l ≥ m ≥ n

TEm��a��s�K]XO�5 OL_�n�^�]�*$&%(��$
m = n

 A�^K[$&%O�R�]�(+���$�"dK5H
s��]j,K5Ql���

ak−m = al−m + 2
T

• U�b l = m
 ]$&%O��H

ak−m = 3
 �$&%O��H

a = 3
 
k − m = 1

T
• U�b l > m

 �$&%O��H
a|2 TA�A%�+��� a = 2

��H��
2k−m = 2l−m +2

T�iOY*�d���& 
k −m = 2

 
l − m = 1

T
m�P)P

5
f�$F+1cOPd���{�����

(3, m + 1, m, m, m)
 
(2, m + 2, m + 1, m, m)

 ]L_%O�����
m = 1

 
2
 
3
 
. . .
 ]L\" $&%n��c�c���K5c��F")��$,�ac1����Qp+5$F��$�"dK5H5�]T

� T\¡1��K]XO�W$&%(��$� �b�K5�3��H�Yl�����]PhH(+1Qls������
x
��H��

y
 ($&%O�_b�K(P)PdK�L\"IH�JE"IH��]�(+��]P)" $vY

%OK(Pd�5� *
x2 + y2 + 1 > x

√

y2 + 1 + y
√

x2 + 1
T
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3�) 6h���:1O� ;?0'981 7 B,�d�p�)�I�:4��d��1(���,� B�0]�?95�:�,0:13B�6 �p� .��&%���(3�8B B,�)�I� � B
� 4����v� � 9r*t�8BW�:1
�*(]���\*1���(T

���@�-,��r%rC�E �����pC���T_!'�p%(��XO� (

x −
√

y2 + 1
)2

≥ 0
 (

y −
√

x2 + 1
)2

≥ 0
T

o_��H�j,�5 
(

x −
√

y2 + 1
)2

+
(

y −
√

x2 + 1
)2

≥ 0
T

�A%(��$�")�� 
x2 + y2 + 1 ≥ x

√

y2 + 1 + y
√

x2 + 1
T

�A%O�[�]�(+��]P)" $vY/%OK(Pd�5�\")b���H��tK5H5P Y'")b
x2 = y2 + 1

��H��
y2 = x2 + 1

 h�[�FY5��$,��Q
L_%("dj&%R%(�]�{H�Kn�^K(P¢+5$�"dK5H5�]T�ghK5H5�^�]�(+-��H�$�P Yh 

x2 + y2 + 1 > x
√

y2 + 1 + y
√

x2 + 1
T

%&���mC����¡%rC�E �����pC���T�iOY_$&%O�WmW¤�f (V¤ "IH��]�(+��]P)" $vYnL_�E%(��XO�

x2 + (y2 + 1)

2
≥

√

x2(y2 + 1) ≥ x
√

y2 + 1

(x2 + 1) + y2

2
≥

√

y2(x2 + 1) ≥ y
√

x2 + 1
T

o_��H�j,�
x2 + y2 + 1 ≥ x

√

y2 + 1 + y
√

x2 + 1
T

�A%O�\������$VK(b�$&%O�\c���KOK(b1")��$&%O�\�&��Ql�a�]�3$&%O�\`�����$��^K(P¢+5$�"dK5H�T
�p�W�]� B�0 .��&%�� ,A�I��� 1�� 1 � B�.5��1-��4��]�)� �,�O�:�,0:1hT
!'�a�^%OK�L QlK5���\J���H������]P)P Yn$&%(��$�b�K5���]P)P-�����]P

x
 
y
 
z
 

x2 + y2 + z2 > x
√

y2 + z2 + y
√

x2 + z2
T

iOYRg-��+-j&%�YAz �WUZH��]�(+��]P)" $vYh 
(
x2 + y2

) [(
y2 + z2

)
+

(
x2 + z2

)]
≥

[

x
√

y2 + z2 + y
√

x2 + z2
]2 T

o_��H�j,�5 �" $��,+'$#j,���3$,Knc���K]XO��$&%O�a��$,��K5H�J�����"IH��]�(+��]P)" $vY
(
x2 + y2 + z2

)2 ≥
(
x2 + y2

) [(
y2 + z2

)
+

(
x2 + z2

)]  
L_%("dj&%A 5K5H[�,��cO��H��5"IH�J_K�+5$� (���]�(+-j,����$,K

z4 ≥ 0
T

>50��[����1-��T�U:$��]P)�^Kpb�K(P)PdK�L\�V"IHp�_�&"IQR")P)����bd�]�^%("dK5Hn$&%(��$
√

2
(
x2 + y2 + z2 + w2

)

≥ x
√

y2 + z2 + w2 + y
√

z2 + x2 + w2 + z
√

x2 + y2 + w2
T
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o_�����5 ]+��&"IH�J_g-��+-j&%�YAz �WUZH��]�(+��]P)" $vYR�]�{s���b�K5���5 ]L_�E%(��XO�W$&%O�\��$,��K5H�J�����"IH��]�(+��]P)" $vY

2
(
x2 + y2 + z2 + w2

)2 ≥
(
x2 + y2 + z2

) [(
y2 + z2 + w2

)

+
(
z2 + x2 + w2

)
+

(
x2 + y2 + w2

)]  
L\" $&%R�]�(+��]P)" $vYR")b-��H��[K5H5P Yp")b

w = 0
T

� T�UZHn�C$,�F")��H�J�Pd�
ABC

$&%O�{X(�]P¢+-����K(b
tan ∠A

 
tan ∠B

��H��
tan ∠C

����P)��$,�
$,Kt����j&%�K�$&%O���a�]�

1 : 2 : 3
T���"IH��r$&%O�#����$�"dK/K(b�$&%O�lPd��H�J^$&%(�RK(b�$&%O�l�&"d�����

AC��H��
AB

T
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�(��K5Q
tan B = 2 tan A

 
tan C = 3 tan A

��H��R$&%O�\L_��P)Pdf&G�H�K�LEH�����P)��$�"dK5H
tan A+tan B+tan C = tan A tan B tan C

 SL_�VKOs�$F�]"IH
6 tan A = 6(tan A)3

T
gh���v$F�]"IH5P Y

tan A 6= 0
� %O��H�j,�5 

tan A = 1
K5�

tan A = −1
TCi�+5$�$&%O�EP)��$�$,���

jF��HOH�K�$�%OK(Pd�\�&"IH�j,�CK�$&%O���vL\")�^���]P)P�$&%O����H�J�Pd���3K(b 4ABC
L_K�+�Pd�_s��WKOs�$F+��^�OT��A%�+��� 

tan A = 1
��H��

A = 45◦ T
�CK�LR �Pd�M$

H
s��W$&%O�ab�KOK�$VK(b�$&%O�a�]P $�" $F+-���Eb:��K5Q

C
Tq!'�E%(��XO�

CH

AH
= tan A = 1

 CH

BH
= tan B = 2

 
��H��

H ∈ [AB]
�d�&"IH�j,�

A
 
B
�����a��jF+5$,�M�ST�U:$�b�K(P)PdK�L\�3$&%(��$

AB = AH + HB =
3

2
CH

T

k�"IH�j,�WL_�_j�Pd�����FP Y[%(��XO�
AC = CH

√
2
 ]L_�a`�H5�]P)P YlJ��M$ AC

AB
=

2
√

2

3

T
� T��A%O�����#�����

n
c1K("IH�$F�

(n ≥ 3)
"IHt$&%O��cOP)��H��5 �H�Kr$&%5���]�'K(b�L_%("dj&%/�����

j,K(P)P)"IH�������T�U��3" $��]P L\��Y5��c1K(�&�&"ds5Pd�W$,Kp�O����L��*j�"I��j�Pd�{$&%5��K�+-J�%E$&%5���]�EK(bO$&%O���^�Ec1K("IH�$F�
�^K_$&%(��$�" $V%(�]�{H�KRK�$&%O���3J�" XO��HRc1K("IH�$F�
�d���q"IHp" $F�V"IH�$,���F"dK5� � ��s���"IHp" $F�V"IH�$,���F"dK5��H�K5�3K5H*$&%O�Ej�"I��j�Pd���
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�d���������]T ���M$
E
s��\�_�^�M$�K(b

n ≥ 3
c1K("IH�$F�V"IHn$&%O�_cOP)��H��5 OH�K_$&%5���]�_K(b1L_%("dj&%

�����Ej,K(P)P)"IH�������T����M$
P
 
Q
s��W$�L_K*��������j,��H�$�XO���v$�"dj,���{K(b�$&%O�_j,K5H�XO�,�_%�+�P)PAK(b

E
Tq!'�

$&%O��H#%(��XO�
P
 
Q
"IH

E
T��5K5�V����j&%[c1K("IH�$

M ∈ E − {P
 
Q}  (Pd�M$ ΓM

����H�K�$,�a$&%O�
j�"I��j�Pd�\$&%5��K�+-J�%

M
 
P
 
Q
� ��H��lPd�M$

M ′ ����H�K�$,�E$&%O�*"IH�$,�����^�]j�$�"dK5H'K(b ΓM
��H��[$&%O�

c1����c1��H��5"djF+�P)���Vs5")�^�]j�$,K5��K(b
[PQ]

L_%("dj&%p")�{K5H*$&%O�\�&��Ql�\�&"d���EK(b
(PQ)

�]�
M
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qB qB′

k�+1c�c1K(�^�C$&%(��$
B ∈ E

")�{"IH�$,���F"dK5��$,K
ΓA
T��A%O��Hp$&%O�E����jVK(b

ΓB
L_%OK(�^�*��H��Oc1K("IH�$F�

�����
P
��H��

Q
 ���H��*L_%("dj&%[j,K5H�$F�]"IH5�

B
�d��H��

B′ �& �")��"IH*$&%O�a"IH�$,���F"dK5�3K(b ΓA
�
P
��H��

Q
�,��j,��c($,�]���STq�A%�+��� 

0 < d(B′, (PQ)) < d(A′, (PQ))
 

L_%("dj&%[j,K5H�$,�����5"dj�$F��$&%O�EQR"IH5"IQR�]P)" $vYlK(b
A′ T��A%O��H ΓA

%(�]�WH�KRK�$&%O���3c1K("IH�$�K(b
E
"IH

" $F�V"IH�$,���F"dK5�M ���H��*L_�a�����E��K5H��OT
��s��W�5K5�

n = 3
 A$&%O�[��H5��L_���a")�nKOs�X5"dK�+��&P Y#YO���]Tt�5K5�

n ≥ 4
 A$&%O�[��H5��L_���

")��H�KhT�U:$��,+'$#j,���3$,Kpj&%OKOK(�^�C$&%O�
n
c1K("IH�$F�{K5Hp�nJ�" XO��H[j�"I��j�Pd�OT

� T��5K5��c1K(�&" $�" XO�a"IH�$,�]J������
m
 
n
����H�K�$,�

T (m, n) = gcd
(

m, n
gcd(m,n)

) T
�d���W¡1��K]XO�\$&%(��$�$&%O�����R�,�]")��$a"IH5`�H5" $,��P YrQR��H�Y�cO�]"I���EK(b�"IH�$,�]J������

(m, n)
�,+-j&%l$&%(��$

T (m, n) > 1
��H��

T (n, m) > 1
T

��s�����KO����$&%O�����_�,�]")��$3�_cO�]"I�3K(b-"IH�$,�]J������
(m, n)

�,+-j&%*$&%(��$
T (m, n) = T (n, m) > 1

�

, 0]�&%��87 /��|� 0��5���[���87 (3�8B B,�)�I�82 ,(�,4��8B /@0'984 .�2�� 4��:1-�,���R�����F�-�M�
<-�O�:�]�)�)����2
- 0'95��132�� 4��:1-�,����������4 4&� <�0:4 13B �M�v�M� 132�� 0:1-� 0]� B���2 � 4��:1-�,�����5� %��,08Bn���:4�� .30'937���1�� B 2
��� 4&���8B 2 � 4&�����,��� .�00/]�I�8B -��:95�v��4�2#B���937���1-�A2 �\�)� 13B�7'0:4�; 2 ����4��R�:1O� �a�:1 7 � 7 �V�:4 7
.�6  6#�E�:1/.�2 �\�)� ; 4��,7$�]�'984�����4-� 1(�&%���4�B,�����82��E�O�v��4��,0@082 3�) 6#�p� .��&%��R���-�
B�0]�?95�:�,0:1
/�� -��:95�v��4MT

UZH*L_%(��$�b�K(P)PdK�L\�3L_�a�&"IQ[cOP Y[����H�K�$,�
gcd(a, b)

s�Y
(a, b)

T
�d��� ���M$

(m, n) = d
 
m = dm1

 
n = dn1

 
(m1, n1) = 1

T3�CK�L�L_�E%(��XO�
T (m, n) = (dm1, n1) > 1

")b-��H��[K5H5P Yp")b
(d, n1) > 1

T



� �

k�"IQR")P)���FP Yh ]L_�_KOs�$F�]"IH
T (n, m) = (dn1, m1) > 1

")bA��H��[K5H5P Yp")b
(d, m1) > 1

T
U:$�")��j�Pd������$&%(��$�$&%O�����C�����C"IH5`�H5" $,��P YRQR��H�YpcO�]"I���

(m, n)
L_%("dj&%*�&��$�")�&b)Y*$&%O���^�W$�L_K

j,K5H��5" $�"dK5H5� *�b�K5�3�,����Q[cOPd�5 (")b1L_�\�^�M$
d = 2p3q  m1 = 2

��H��
n1 = 3

 �L_�EKOs�$F�]"IH
"IH5`�H5" $,��P Y/QR��H�Y'�,+-j&%rcO�]"I���� h�&"IH�j,�p$&%O�����R�����p"IH5`�H5" $,��P Y/QR��H�YrcO�]"I���

(p, q)
L\" $&%

H5��$F+1���]P1H(+1Qls������
p
 
q
T

��s���U�bqL_�[%(��XO�*$&%O�R���]�(+�"I���]�'����P)��$�"dK5Hh 1$&%O��H'+��&"IH�J_$&%O�[H�K�$F��$�"dK5H�b:��K5Q �d���
L_�\Qp+���$V%(��XO�

(dn1, m1) = (dm1, n1) > 1 ⇐=⇒ (d, m1) = (d, n1) = d1
T

U:$qb�K(P)PdK�L\��$&%(��$
d1 = 1

 ��&"IH�j,�CK�$&%O���vL\")�^��L_�VL_K�+�Pd�*%(��XO�
(n1, m1) > 1

T�o_��H�j,�5 
$&%O�����a�����\H�Kn"IH�$,�]J������3L_%("dj&%n�&��$�")�&b)Yn$&%O�_j,K5H��5" $�"dK5H5�]T

� T-m�bI+1H�j�$�"dK5H
f
�&��$�")�&`1����$&%O�Ej,K5H��5" $�"dK5H

f(1) + f(2) + · · · + f(n) = n2f(n)b�K5����H�YRc1K(�&" $�" XO�a"IH�$,�]J����
n
T (�" XO��H*$&%(��$

f(1) = 999
 �`�H��

f(1997)
T

, 0]�&%��87 /��|� 0��5���[���87 (3�8B B,�)�I�82 ,(�,4��8B /@0'984 .�2�� 4��:1-�,���R�����F�-�M�
<-�O�:�]�)�)����2
- 0'95��132�� 4��:1-�,����- 00/O��4S� <1�)�)� 13B21�� 2 3 95�,4&��� 0:1-�A2"4 > ��������4 4&� <�0:4 13B �M�v�M� 132 � 0:1-� 0]� B���2
� 4��:1-�,���\� 984 4���� ,06�,A�I��� 1�� 132!� 1(�&%���4�B,����� 08;�(���/O��4S�:�82 � 7(� 0:1-� 0:132´(#< ���5� %��,08B
���:4�� .30'937���1�� B 2 ��� 4&���8B 2 � 4&�����,����.�00/]�I�8B -��:95�v��4�2'B���937���1-�A2#�\�)� 13B�7'0:4�; 2 ����4��R�:1O� �
�:1 7 � 7 �V�:4 7 .�6  6��E�:1/.�2 �\�)� ; 4��,7 �]�'984�����4!� 1(�&%���4�B,�����82 �E�O�v��4��,0@082 3�) 6��p��9�B��
<1�)�)� 13B21�� � B B�0]�?95�:�,0:1hT

!'�E%(��XO��*
f(1) + · · · + f(n) = n2f(n)

 
f(1) + · · · + f(n − 1) = (n − 1)2f(n − 1)

T
k�+-s�$,����j�$�"IH�JC��H��p")�^K(P)��$�"IH�J

f(n)
 �L_�EJ��M$��db�K5�

n ≥ 2
�

f(n) =
(n − 1)2

n2 − 1
f(n − 1) =

n − 1

n + 1
f(n − 1)

T
iOY_$,��Pd���^j,K5cO"IH�JW$&%(")��b�K5��Qp+�P)�� ]L_�EKOs�$F�]"IH

f(n) = 2
(n − 1)!

(n + 1)!
f(1) =

2f(1)

(n + 1)n

T
k�"IH�j,�

f(1) = 999
 �L_�E%(��XO�

f(1997) =
2 · 999

(1998)(1997)
=

1

1997

T

�A%(��$3j,K5Q[cOPd�M$,����$&%(")��H(+1Qls�����K(bO$&%O�&>50:4 1-��4MTAm���L_�\��H�$,����w3P YOQ[cO")���n�^����f
�^K5Hh h����Ql��Qls����V$,K#�^��H��rQl�[j,K5H�$,����$F�a��H��tK(b�j,K�+1���^�5 �YOK�+1�WH5"dj,�p�^K(P¢+5$�"dK5H5�E��H��
J���H������]P)" ����$�"dK5H5�]T
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s�Y\o\��H5��!#�]P)�^���M ��]�h$,����H5�&P)��$,�]�\b:��K5Q>$&%O�{K5�F"dJ�"IH5�]P (�����QR��HEs�Y_¡O�M$,���qo\")P $,K5Hh ^L\" $&%
$&%O�a�]�&�&")��$F��H�j,�*K(b �^����H'¡O�]�������^��Hh 5c5+-s5P)")�^%O�]�ls�Y_$&%O�n¤/��$&%O��QR��$�"djF�]POm��&�^KOj�")��$�"dK5H
K(b5m3Ql���F"djF�*��k]c1�]j�$,��+1Q k����F"d�����& '����� �  
Uvk5iq� ��f � �2� �2"�f�"-� � f �� ��^K(b)$,j,K]XO���M � � ����cO��J����� Oy{k��:� �1Tp�2"�T
-�� %���� �C�87 /����������������! #"$��%'&�2 � 1(�&%���4�B,����� 08; �\� B�� 0:13B,� 1 ���(�'9 >5�I�]� 4&��2 �(�'9
>5�I�]� 4&��2#�\� B�� 0:13B,� 1hT

�A%(")�ps�KOKOGrc������^��H�$F�nQR��H�Y�c1�����Sc1�]j�$�" XO���RK5Hr$&%O�'J�K(Pd����H��^�]j�$�"dK5H���J�K(Pd����H
����$�"dK��& 5G��]��cO"IH�J\�nj�Pd�����3b�KOjF+��WK5HR" $F�3$,K5cO"dj�T3UZH["IH�����c1��H�����H�${j&%(��c($,������ �$&%O�*s�KOKOG
c������^��H�$F�\$&%O��J�K(Pd����Ht�^�]j�$�"dK5H�`�����$Es�Y/�,����Q[cOPd���n��H�������`�H5" $�"dK5Hh q$&%O��Hr$&%5��K�+-J�%
b:����j�$F�]P)�� �J�K(Pd����H\��j,K5H5��$,��+-j�$�" XO�M�OJ��]K5Ql�M$,�ZYh McO��c1���-b�K(Pd�5�q��K5�F"dJ���QR" �5��H��\jF+5$F�� �H(+1Qlf
s���������"ds�K5H5��j,j�" ���^�]�(+-��H�j,���� (���]JM+�P)������H��n�^��QR"df,���]JM+�P)�����^K(P)"d�5�� ���H��n`�H5")�^%O���3L\" $&%
�Rj&%(��c($,����K5H�J�����c1%["IH�$,�����^�]j�$�"dK5H5�� -�,��$,����QR�]P-X(�]P¢+-���� ���H��#c���KOs5��s5")P)" $�"d���aK(bAL\"IH�f
H5"IH�JEJ���Ql���]T

U�%(��XO�lK(b)$,��H�L_K5H��������]�'��s�K�+5$W$&%O�lJ�K(Pd����H/����$�"dK���H��r" $F�*K5�F"dJ�"IHh ���H���YO�M$
%(���/H��^XO���E%(��c�c1��H��]�/+1c1K5Ht�rj,K5H�j�")�^�l��H��/�&��$�")�&bd��j�$,K5�ZY/c������^��H�$F��$�"dK5H�T/�A%O�����]f
b�K5���5 �$,Kls��]J�"IHRL\" $&%A ($&%O�ns�KOKOG�z �V$,K5cO"dj�jF��+-J�%�${QnY[��$�$,��H�$�"dK5Hl��H��l"IH�$,��������$�TCU:$�")�
�]P)�^Kr��Ht��$�$,����j�$�" XO�#s�KOKOG-TtU:$F�nj,K]XO���{b�����$F+1���������]K5H5������Kt�5� ��"IH�j�"�z �R� 0:15� ��� B&�
L\" $&%�bd��j�")�]P���H��/K�$&%O���aJ�K(Pd����Ht���]j�$F��H�J�Pd���E�,+1c1���F"IQ[c1K(�^�]�h qK5H��lK(bqL_%("dj&%'�^���ZXO���
$,K#s�K��p"IH[$&%O�R����`�H5"IH�Jp�]�(+���$�"dK5H'b�K5��$&%O�RJ�K(Pd����H�����$�"dKhT\�A%O�ps�KOKOGRc���K5c1����$&%O��H
c������^��H�$F�q�VXO���ZY\j�Pd����Ha$vYOc1KOJ�����c1%("djF�]P���$vY5Pd��L\" $&%a�VL_���]P $&%EK(b(bd�]�^j�"IH5��$�"IH�J{J�����c1%("djF�
��H���")P)P¢+���$,����$�"dK5H5�\$&%5��K�+-J�%OK�+5$�Tn�A%O�[j�Pd����H'PdKOKOG#K(bq$&%O�*$,�,��$W")�_�(+-�p"IHrcO���v$�$,K#�
�^K5Ql�ML_%(��$�$,�����^�_H5��������$�" XO�OTV�5�ML L_K5���5�V�����CL\�]��$,�]��T�e(��j&%[�^�]j�$�"dK5H#s��]J�"IH5�VL\" $&%
�asO�F"d��b(����JM+1Ql��H�$�K5�q�,��cOP)��H5��$�"dK5HpK(b(�C����P)��$�"dK5H5�^%("Ic� �J�����c1%EK5�q�5")��J�����Qr �b�K(P)PdK�L_�]�
s�Y��(+-����$�"dK5H5�a"IH�X5" $�"IH�JE$&%O�p�����������3$,K#j,K5H�$�"IH(+-�R���^XO��PdK5cO"IH�JE$&%O�nQR��$,���F")�]P�"IHl$&%O�
�&��Ql�WXO��"IH�T��A%O�Es�KOKOGE")�V"IH�X5" $�"IH�JW$,KncO"dj&GE+1cR��H��*$&%�+1Qls*$&%5��K�+-J�%hT

�A%O��s�KOKOG{s��]J�"IH5���(+�"dj&G�P Y{L\" $&%C�^�^XO�����]P��,����Q[cOPd����K(b5J�����c1%(������QlK5H5��$,����$�"IH�J
$&%O�C����$�"dKhT-m���" $q$F+1��H5�VK�+5$� �$&%O�as�KOKOG\���M$F+1��H5��P)��$,����$,K*���^XO��PdK5c*��H��p�,��cOPdK5���a����j&%
K(b($&%OK(�^�W"IH�$,��KO�(+-j�$,K5�ZYE�,����Q[cOPd���]T��A%O�C����`�H5" $�"dK5HRK(b($&%O�aJ�K(Pd����H*�^�]j�$�"dK5H*��c�c1�������
��s�K����]�n"IH��q"IQ[Ql�]�5")��$,��P YlK5HRcO��J�� ��*

'S!'�|�&��Y�$&%(��$'� P)"IH��]f��^�]J�Ql��H�$/")���5" X5"d���]��"IH�$&%O� 1-4�9Z8;<�<)([9�;76�*§<�=,+�6.-
/�6�:M9Z8;<0-A 1K5��$&%O��*§<�=,+�6.-'0(4�9Z8;<1 �")b�$&%O�*P)����J������^�]J�Ql��H�$W")�a����P)��$,�]�[$,Kp$&%O�*�SQR�]P)Pd���
�,����j�$�P Yp�]�3$&%O�\P)����J������^�]J�Ql��H�$3")������P)��$,�]�*$,K_$&%O�WL_%OK(Pd�\�^�]J�Ql��H�$�T )
�A%(")�{����`�H5" $�"dK5HRPd�����5�C�5"I���]j�$�P Y_$,KE$&%O�_����`�H5"IH�JE��j,K]XO���v�q�]�(+���$�"dK5H"*

x

1 − x
=

1

x

 
L_%("dj&%A �"IH�$F+1��Hh VPd�����5�[$,K/$&%O��J�K(Pd����H ����$�"dK

τ =
√

5+1
2

≈ 1.61803
��H��|" $F�

���]j�"Ic���KOjF�]P
ρ =

√
5−1
2

≈ 0.61803
T
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¤rYEbd��XOK�+1�F" $,�Wj&%(��c($,������L_�����Cgh%(��c($,��� �  �$&%O�{"IH�$,��KO�(+-j�$,K5�ZY_j&%(��c($,��� � gh%(��c1f
$,��� �nK5H[b:����j�$F�]P)�� (L_%O�����\$&%O�n���^XO��PdK5c�Ql��H�$�K(bhb:����j�$F�]Ph�5"IQl��H5�&"dK5Hl"IH�$,�F"dJM+-�]��Ql� �
gh%(��c($,���9"RK5H'H(+1Qls����W����"ds�K5H5��j,j�"���H��rJ���H������]P)" �&�]����"ds�K5H5��j,j�" �3�^�]�(+-��H�j,���CL\" $&%
��H_"IH�$,�F"dJM+�"IH�JC���^XO��PdK5c�Ql��H�$�K(b�$&%O�Wbd��QR")P Y\$,���]�CK(b5�\�O��K5H��C��s��]�M� � ��H��ngh%(��c($,���� 5 
$&%O�EP)�]��$Wj&%(��c($,���M 1K5H["IH�$,�����^�]j�$�"dK5H5�aK(bqJ�����c1%(�� 1�,��$,����QR�]P1X(�]P¢+-���� O��H��#c���KOs5��s5")P)"df
$�"d���WK(bOL\"IHOH5"IH�J_J���Ql���]T

gh%(��c($,�������p��H�� "R�����_$&%O�RPdK5H�J�����$�Tlgh%(��c($,�����[K5HtJ�K(Pd����HtJ��]K5Ql�M$,�ZYrs��]f
J�"IH5�EL\" $&%r�rj&%(�]P)Pd��H�J�"IH�J#����JM+1Ql��H�$�T�U:$_����$F��s5P)")�^%O���*$&%O��j,K5H5��$,��+-j�$�"dK5H�K(b3H(+1Qlf
s������3L_%OK(�^�*���]j�"IQR�]PA����c������^��H�$F��$�"dK5H5�W�5"�Rh���3b:��K5Q $&%OK(�^�*K(b1$&%O��"I�V���]j�"Ic���KOjF�]P)�Ws�Y
�nL_%OK(Pd�pH(+1Qls����

n
 �$&%�+��a�^%(���F"IH�J_L\" $&%[$&%O��Q $&%O�n�&��Ql�pb:����j�$�"dK5H5�]PqcO���v$F�]T_�A%(")�

J���H������]P)" �&����$&%O�ajF�]�^�\K(b($&%O� (�K(Pd����H[}A��$�"dKA �L_%O�����
n = 1

T ����$,����"IHE$&%(")�Vj&%(��c($,���M 
$&%O�V$,K5cO"djF�3K(b��]�(+��]PO�������]�3K(b1��P)P)"IcO�^���3��H��pj�"I��j�Pd������H��E$&%O�CJ��]K5Ql�M$,�ZY*K(bO�\Qp+��&"djF�]P
jF�]�&�^�M$�$,�\�����a�]P)�^Knbd�]�^j�"IH5��$�"IH�J5T

�A%O�3�(+-����$�"dK5H5�� ���VK(b�$&%O��Q�"IHW�]P)PZ �s��]J�"IHC"IH�$&%O���^�]j,K5H��aj&%(��c($,���M �K5HWb:����j�$F�]P)�� 
��H��W$&%O��H_j,K5H�$�"IH(+-�{�:H�K�$-+1H5")b�K5��QRP Y��5$&%5��K�+-J�%OK�+5$1$&%O��������$qK(b]$&%O��s�KOKOG-T�gh%(��c($,���� 
`�H5")�^%O���hL\" $&%W�{s(+1����$hK(b�$&%O��Qr ^$&%O��P)�]��$������(+-����$�"dK5H5�q��c�c1�����F"IH�J�"IHC`(XO�VK(b�$&%O��P)�]��$
cO��J�����K(b]$&%O��s�KOKOG-TA�A%O�{�(+-����$�"dK5H5�������5 �b�K5�1$&%O�VQlK(��$�cO���v$� �c������^��H�$,�]�a"IH\�WjF�]�,+��]P
��H��#"IH�X5" $�"IH�J_L\��Y�TR¤�K(��$aK(bh$&%O��QN�����*"IH�$,��������$�"IH�JRs(+5$WQR��H�Y#�����pH�K5H�f,��K�+5$�"IH��OT
m�P)Ph$&%O�R��H5��L_������ �s(+5$aH�K�${$&%O�R�^K(P¢+5$�"dK5H5�� ������[K�Rh�����]�r��${$&%O�l��H��/K(bq$&%O�ls�KOKOG-T
!'%(")Pd�C$&%O�*�(+-����$�"dK5H5�������a+��,+��]P)P Ylc1K(�^�]�R"IHR�njF�]�,+��]P1bd�]�^%("dK5Hh O" $�")�WK(b)$,��Hp+1H�j�Pd�����
L_%(��$-$&%O�{���&�^��H�j,�{K(b��W�(+-����$�"dK5H\")�]T�U1K(b)$,��HCb�K�+1H��\QnY5�^��P)b(�������5"IH�J�$&%O�3��H5��L_���hb�K5�
JM+�"d�5��H�j,�W��H��\$&%O��Hn���M$F+1��H5"IH�J3$,KC$&%O�a�(+-����$�"dK5H�T�k�K5Ql�CK(b($&%O�{��H5��L_�����Vj,K5H�$F�]"IH��]�
�,+1��c��F")�^���� �b�K5���,����Q[cOPd�5 5$,K5c1K(PdKOJ�"djF�]Ph�]�(+�" X(�]Pd��H�j,�5 OL_%("dj&%pL\�]�CH�K�$�b�K�+1H��l"IHR$&%O�
"IH����,�1T

�A%OK�+-J�%_$&%O�C$,K5cO"djF�3�����a"IH�$,��������$�"IH�Ja��H��n$&%O�CX(���F"d�M$vYRK(b-��c�cOP)"djF��$�"dK5H5��")�{��H�f
$�"dj�"IH�J( 5$&%O��"I�W���^XO��PdK5c�Ql��H�$V�^�]��QR�C�^K5Ql�ML_%(��$�+1H��^XO��H�TW�A%O�*QlK5���E�]PdJ��]sO���]"dj{���,f
JM+1Ql��H�$F���^�]��Q �SQlKOK�$&%O����$&%(��HlQR��H�YlK(b1$&%O�_J��]K5Ql�M$,�F"djV����JM+1Ql��H�$F�]T�!'%(")Pd�\$&%(")�
c1����j,��c($�"dK5H�QlK(��$*P)"dG���P Y|���=>1�]j�$F�RQnY|K�LEH�c�����b�������H�j,���� �" $n��$,��+-j&G/Ql�l$&%(��$_$&%O�
J���H������]P-��+-�5"d��H�j,�Eb�K5��L_%("dj&%*$&%O�*k]c1�]j�$,��+1Q k����F"d���W����c1K5�v$,�]�5P Yn")�3LE�F" $�$,��Hh 5QR"dJ�%�$
�^%(�����R�&"IQR")P)���a������j�$�"dK5H5�]Tr��+1�v$&%O����QlK5���5 h�^K5Ql�R����JM+1Ql��H�$F�\"IH�j�P¢+-���]��J��]K5Ql�M$,�F"dj
�^���F"d���� �P)"IQR" $F�� 1��Pd��Ql��H�$F���ZYlQR��$,�F" �E$&%O�]K5�ZYR��H�����"dJ���H�X(�]P¢+-���� 1��H��lQR��$&%O��QR��$�"djF�]P
"IH��(+-j�$�"dK5H�Tq!'%(")Pd�{$&%O�as�KOKOGCP)")��$F�VH�K_c��������]�(+�")�&" $,���� (%(��X5"IH�J{�\��+-�5"IQl��H�$F���ZYnJ����]�Sc
K(b���Pd��Ql��H�$F���ZY'jF�]PdjF+�P¢+��� AP)"IH������{�]PdJ��]sO���� AH(+1Qls����3$&%O�]K5�ZYh 5$,K5c1K(PdKOJ^Yh 1cOP)��H��n��H��
�^K(P)"d��J��]K5Ql�M$,�ZYRL_K�+�Pd�l�^���ZXO�\$&%O�n������������L_��P)PvTa�A%O�p%("dJ�%l�^j&%OKOK(P�J������(+���$,�nQR��Y
`�H��*$&%(")�Ws�KOKOGE�nj&%(�]P)Pd��H�J��a$,Kp�������h ]$&%O�_j,K(P)Pd�]J��_J������(+���$,�a"IH[QR��$&%O��QR��$�"djF�3L\" $&%
�W��$,��K5H�J{J��]K5Ql�M$,�ZY*s5��j&G�J���K�+1H��\�^%OK�+�Pd�_`�H��E" $��acOPd���]�,+1���V$,KE�������h ���H��n�^XO��Ha$&%O�
J��]K5Ql�M$,����QR"dJ�%�$�`�H��\�^K5Ql��bd�]�^j�"IH5��$�"IH�J{H(+-J�J��M$F����L\�]" $�"IH�J5T�U1c1�����^K5H5�]P)P Y*��H��ZK]YO�]�
$&%O�Es�KOKOG1 ���H��*YO���� �" $V�5"d�p�&��$�")�&b)Y[QnYRjF+1�F"dK(�&" $vYn��s�K�+5$�$&%O�_J�K(Pd����H[����$�"dKhT

wVHl�n`�H5�]PqH�K�$,�5 AU�Qp+���${�&��YR$&%(��$V$&%O�ps�KOKOGn�^�]��Ql�]�#b:���]�nK(b�������K5���{"IH[$&%O�
cO���v$F�{Uq�������[jF������bI+�P)P Y�T
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o_����K5H_K(b�m�Pd�,����H��O�F")�\��eOJ^YOc($��AJ���XO�3$&%O�{b�K5��Qp+�P)� √

s(s − a)(s − b)(s − c)b�K5��$&%O�E�������pK(bh�E$,�F")��H�J�Pd�_"IHp$,����QR�WK(bh" $F���&"d�����
a, b, c

��H��
s = (a + b + c)/2

T
}h"dJ�%�$&f���H�J�Pd�]�t$,�F")��H�J�Pd���R%(��X5"IH�J[�&"d�����*��H��/�������[$&%(��$E�����["IH�$,�]J������EL_�����#���M$,���,f
QR"IH��]�lPdK5H�Jns���b�K5���po_����K5H�T_i�+5$3$,K#%(")�\j,���]�5" $W%O�*b�K�+1H��l�,+-j&%l�_$,�F")��H�J�Pd�_$&%(��${")�
�!C&�C�n�F"dJ�%�$&f���H�J�Pd�]�'K5H���* � �O � �  � " � � � TCiA�]jF��+��^�nK(b1$&%(")�VL_�*%OK5H�K�+1�{o_����K5Hls�Y
H5��QR"IH�JW$,�F")��H�J�Pd���3L\" $&%p"IH�$,�]J������&"d��������H��R�������  *��4 0:1#�,4��I�:1/.�����B�T

�A%O�rUZH��5")��H�QR��$&%O��QR��$�"dj�")��H�i-����%5QR��JM+1c($F�t���M$,����QR"IH��]�|o_����K5Ht$,�F")��H�J�Pd���
s�Y#�����ZK("IH5"IH�J*$�L_K'�F"dJ�%�$&f���H�J�Pd�]��$,�F")��H�J�Pd���_�]PdK5H�Jp�#j,K5Q[QlK5H#�&"d���OT#o_�*$,KOKOG#%(")�
c��F"IH�j�"IcOPd�\bI+1�v$&%O������H��lJ���XO�a+����*j,K5H5��$,��+-j�$�"dK5Hn$,KpKOs�$F�]"IHR�njvYOj�P)"dj3�d"IH5�^j,�F"ds5��s5Pd�E"IH
�pj�"I��j�Pd�M�3�(+����O�F")P)��$,�����]P1L\" $&%["IH�$,�]J����V�&"d������ -�5")��J�K5H5�]P)�� ���H��l�������1T
����$,���VQR��$&%O�]f
QR��$�"dj�")��H5��L_�����\"IH�$,�F"dJM+-�]��s�Y*$&%O�Ri-����%5QR��JM+1c($F�nc���KOj,���&�]TWi�+5$3" $�$,KOKOG�#h+1Q[Ql���
$,KR����QnY5��$�")b)YR" $�T�!'�*jF�]P)P-��H["IH5�^j,�F"ds5��s5Pd�*�(+����O�F")P)��$,�����]P-��<54����O�R� .@9r*q�:� � 9]�@7 4����
�I�O�v��4��]��")b{" $p%(�]�R"IH�$,�]J����*�&"d������ ��5")��J�K5H5�]P)�� V��H����������1T	w�+1�*c������^��H�$n�]"IQ ")�n$,K
c���K]X5"d���*�������^j,�F"Ic($�"dK5H/K(b�i-����%5QR��JM+1c($F�#�(+����O�F")P)��$,�����]P)�aX5")�  *��4 0:1'�:1/.�����B_�d�^�]�
� � �� (c�cqT � � � 	3�:� �  ]��H�� � � �S�ST
Q�������!��$���
�5� I ������� 
����

m3H[��H�J�Pd�
θ
")�ajF�]P)Pd�]�#�Ro_����K5H[��H�J�Pd�*")b�s�K�$&%

sin θ
��H��

cos θ
�����*����$�"dK5H5�]PvT

o_��H�j,�a�_cO������Ql�M$,�F" ����$�"dK5HlK(bho_����K5Hp��H�J�Pd����")�WJ�" XO��H[s�Y

sin θ =
m2 − n2

m2 + n2

 
m > n

 
gcd (m, n) = 1

T � � �

UZHl� � �h$&%O�E"IH�$,�]J������
m
��H��

n
QR��Y[s�K�$&%[s��_KO����T��A%(")�W��H5��s5Pd���{+��3$,K[KOs�$F�]"IHn$&%O�

o_����K5H[��H�J�Pd�
π/2 − θ

�]P)�^KhTC�A%O�*������������L\")P)Ph�^�]�_$&%O�*����X(��H�$F��J��nK(bA$&%(")�C"IH[$&%O�
c���KOK(b-K(b-�A%O�]K5����Q �\P)��$,���3K5H�T
��+1�v$&%O����QlK5���5 �L_�RH��]�]��$&%O�pb�K(P)PdK�L\"IH�J*L_��P)Pdf&G�H�K�LEH
�����,+�P $F��b:��K5Q~j�"I��j�Pd�{J��]K5Ql�M$,�ZY�Th!'������b����-$,K_��"dJM+1��� � T
���M$

AB
s��R�#j&%OK5���rK(b���j�"I��j�Pd�OT�U�bq$�L_K���H�J�Pd���_�����

"IH5�^j,�F"ds��]��K5Hp$&%O�_�&��Ql�E�&"d���nK(b
AB

 ($&%O��HR$&%O�^YpL\")P)P
s��_�]�(+��]PvTWU�b1$&%O�^YR�����E"IH5�^j,�F"ds��]�#K5HlK5c�c1K(�&" $,�\�&"d������ 
$&%O��Ht$&%O�^YrL\")P)PVs��l�,+1c�cOPd��Ql��H�$F���ZY�T��A%O�'�,��$,��H����]�
k�"IH��p}A+�Pd�\�&��Y5��$&%(��$

AB = (diameter)(sin θ)
T
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� �

o_�����a")����H["IQ[c1K5�v$F��H�$VKOs5�^���ZX(��$�"dK5H"*qk�+1c�c1K(�^�E��HR"IH5�^j,�F"ds5��s5Pd�*�(+-�O�F")P)��$,�����]P
%(�]������$�"dK5H5�]P��&"d������ ��5")��J�K5H5�]P)����H��\�������1T�U�b(�]P)P]$&%O���^�{����$�"dK5H5�]P)�������V"IH�$,�]J������� �$&%O��H
" $�")�V�Ri-����%5QR��JM+1c($F�*�(+����O�F")P)��$,�����]PvT�w�$&%O���vL\")�^�CL_�\Qp+�P $�"IcOP Yn�]P)PO$&%O���^�E����$�"dK5H5�]P)�
s�YR$&%O�nPd���]��$\j,K5Q[QlK5HlQp+�P $�"IcOPd�[K(bh$&%O��"I�C����H�K5QR"IH5��$,K5���]TE�A%(")�ac���KOj,���&�{Y5"d��Pd�5�a�
�(+����O�F")P)��$,�����]P��&"IQR")P)���a$,K�$&%O�'K5�F"dJ�"IH5�]P�K5H���s(+5$\L\" $&%t"IH�$,�]J����E�&"d������ 3�5")��J�K5H5�]P)�� 
��H��p������� � $&%(��$3")�� ��[i-����%5QR��JM+1c($F�_�(+����O�F")P)��$,�����]PvT

���M$
θ1
 
θ2
 
θ3
s��*o_����K5HR��H�J�Pd���]T{UZH�XOKOG�"IH�J\� � �& ]L_�*%(��XO�5 (b�K5����c�c���K5c��F")��$,�

cO�]"I���{K(b-H5��$F+1���]P-H(+1Qls������
mi
 
ni
�
i = 1

 
2
 
3
�& 

sin θi =
m2

i − n2
2

m2
i + n2

i

��H��
cos θi =

2mini

m2
i + n2

i

T
!'�*L\")P)P�H��]�]�/�,��c������&�&"dK5H5�_b�K5�

sin(θ1 + θ2)
 
cos(θ1 + θ2)

 
sin(θ2 + θ3)

��H��
sin(θ1 + θ2 + θ3)

"IH#$,����QR�\K(b
mi

��H��
ni
Tn�A%O�p���]�(+�"I���]�'�,��c������&�&"dK5H5�*jF��Hrs��

KOs�$F�]"IH��]��XO���ZYW���]�&")P YCb:��K5Q $&%O����s�K]XO��b�K5��Qp+�P)�]�qs�Y�+��&"IH�J���$F��H��5������$,�F"dJ�K5H�K5Ql�M$,�F"dj
"d����H�$�" $�"d���]T��5K5���,����Q[cOPd�5 

sin(θ1+θ2) = sin(θ1) cos(θ2)+cos(θ1) sin(θ2)
��H��

sin(θ1 + θ2 + θ3) = sin(θ1 + θ2) cos(θ3) + cos(θ1 + θ2) sin(θ3)
T �,���

� �	� � � 
 �"��
=� � ���\Q � �"� ���"! �
�"����� �5��� � 
 ��������� ����� T
i1�]�^�]�[K5H*$&%O�E�����,+�P $3����P)��$,�]�*$,K[o_����K5Hn��H�J�Pd���CJ�" XO��Hp"IH[�,���AL_�\��$F��$,�

5�
��$C�����
�H/m3Ha"IH5�^j,�F"ds5��s5Pd�W�(+����O�F")P)��$,�����]P]")���Ei-����%5QR��JM+1c($F�W�(+����O�F")P)��$,�����]P�")b���H��
K5H5P Yp")b�$&%O�a�&"d�����

a
 
b
 
c
 
d
��H��*$&%O�_�5")��J�K5H5�]P)�

e
 
f
�����\c���K5c1K5�v$�"dK5H5�]P�$,K

a = (m2
1 − n2

1)(m
2
2 + n2

2)(m
2
3 + n2

3)
 

b = (m2
1 + n2

1)(m
2
2 − n2

2)(m
2
3 + n2

3)
 

c = (m2
1 + n2

1)(m
2
2 + n2

2)(m
2
3 − n2

3)
 

d = 4m3n3[m2n2(m
2
1 − n2

1) + m1n1(m
2
2 − n2

2)] +

(m2
3 − n2

3)[4m1n1m2n2 − (m2
1 − n2

1)(m
2
2 − n2

2)]
 

e = 2(m2
3 + n2

3)[m2n2(m
2
1 − n2

1) + m1n1(m
2
2 − n2

2)]
 

f = 2(m2
1 + n2

1)[m3n3(m
2
2 − n2

2) + m2n2(m
2
3 − n2

3)]
 

L_%O�����
mi
 
ni
�����R����P)��$�" XO��P Yrc��F"IQl�RH5��$F+1���]P�H(+1Qls������\�,+-j&%#$&%(��$

mi > ni
b�K5�

i = 1
 
2
 
3
��H��

a
 
b
 
c
 
d
 
e
 
f > 0

T
#�� C2C�� �����M$a+��nj,K5H5�&"d�����a�'jvYOj�P)"djE�(+����O�F")P)��$,�����]P�"IH/�
j�"I��j�Pd�pK(b��5")��Ql�M$,��� � �d�^�]�R��"dJM+1��� ���ST&���M$

AB = a
 

BC = b
 
CD = c

 
DA = d

 
AC = e

 
BD = f

 
∠ADB = θ1

 
∠BDC = θ2

 
∠DAC = θ3

T��A%O��H
∠ACD = π − (θ1 + θ2 + θ3)

T_�(��K5QNK�+1�{�����FP)"d���
KOs5�^���ZX(��$�"dK5H5��L_�{%(��XO�

∠ACB = θ1
 
∠BAC = θ2

 
∠DBC = θ3

 
a = sin θ1

 
b = sin θ2

 
c = sin θ3

 
d = sin(θ1 + θ2 + θ3)

 
e = sin(θ1 + θ2)

 ���H��
f = sin(θ2 + θ3)

Tq!'�\�]P)�^KR%(��XO�
�������

(ABCD) = 1
2
(ab + cd) sin(θ1 + θ2)

T
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f
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................................................................

θ2

.

.

.

..

.

.

..

.

..

.

.

..

.

.

.

..

.

.

.

..

.

.

.

..

.

.

..

.

.

..

.

.

..

.

..

.

..

..

.

..

..

.

θ3

��"dJM+1��� �



� �

�A%O�*Pd��H�J^$&%(�
a
 
b
 
c
 
d
 
e
 
f
 1��H��l$&%O�n�������[K(bh$&%O�R�(+����O�F")P)��$,�����]P

ABCD�����p����$�"dK5H5�]Pq")b���H��tK5H5P Y�")bq$&%O�p��H�J�Pd���
θi
�����lo_����K5H#��H�J�Pd���]T#��+1�v$&%O����QlK5���5 A�]�

KOs5�^���ZXO�]�'�����FP)"d���M A$&%O���^�[����$�"dK5H5�]P)�*jF��Hts��[j,K5H�XO���v$,�]�l$,K#"IH�$,�]J������� hPd�����5"IH�Jn$,K#�
i-����%5QR��JM+1c($F�R�(+����O�F")P)��$,�����]PvTak�+-s5��$�" $F+5$�"IH�J*b�K5��$&%O�*��H�J�Pd���a"IHR$,����QR�aK(b�"IH�$,�]J������
mi

��H��
ni
�I+��&"IH�J*K�+1���,��c������&�&"dK5H5�Cb:��K5Q7$&%O�EP)�]��${�^�]j�$�"dK5H��& O��H��#Qp+�P $�"IcOP Y5"IH�J*s�Y

$&%O�*Pd���]��$aj,K5Q[QlK5HlQp+�P $�"IcOPd�pK(bA$&%O�R����H�K5QR"IH5��$,K5���� (L_�pKOs�$F�]"IH[$&%O�p�,��c������&�&"dK5H5�
"IH*$&%O�\��$F��$,��Ql��H�$VK(b-�A%O�]K5����Q � T

!'�*J�" XO�\�pH(+1Ql���F"djF�]P-")P)P¢+���$,����$�"dK5H�s���b�K5���aL_�*���]�(+-j,�a$�L_Kp"IQ[c1K5�v$F��H�$�$&%O�]f
K5����QR�Vb:��K5Q �A%O�]K5����Q � T3k�+1c�c1K(�^�aL_�\�^�M$

m1 = 2
 
n1 = 1

 
m2 = 3

 
n2 = 2

 
m3 = 4

 
n3 = 1

T �A%O��H�L_��%(��XO�t� i-����%5QR��JM+1c($F���(+����O�F")P)��$,�����]P
ABCDJ�" XO��H[s�Y

a = 663
 

d = 943
 b = 425

 
e = 952

 c = 975
 

f = 1100
T

!'�C`�����$�`�H��
sin(θ1 + θ2)

b:��K5Q7�,���h��H��_$&%O��H 1
2
(ab + cd) sin(θ1 + θ2)

"IHRK5�������
$,K�j,K5Q[c5+5$,�E$&%O�p�������#K(b

ABCD
Tn�A%(")�a�������lQR��Y��]P)�^Krs��Rj,K5Q[c5+5$,�]�'s�Yl+��&"IH�J

i-����%5QR��JM+1c($F�Oz �3b�K5��Qp+�P)�*�d�^�]�C$&%O�_j,K5H�j�P¢+-�5"IH�JC�^�]j�$�"dK5Hls���PdK�LC�ST
wV�F"dJ�"IH5�]P)P Yh -i-����%5QR��JM+1c($F�Oz �W�(+����O�F")P)��$,�����]P)�W%(���[c1����c1��H��5"djF+�P)�����5")��J�K5H5�]P)�]T#h+1Q[Ql���������F" XO�]�RJ���H������]PA�,��c������&�&"dK5H5�V$,KpKOs�$F�]"IHp�,+-j&%[�(+����O�F")P)��$,�����]P)�]T

5�
��$C�����
 O��¦M(��
�
9�����*m|i-����%5QR��JM+1c($F�\�(+����O�F")P)��$,�����]PO%(�]��c1����c1��H��5"djF+�P)�����5")��J�KOf
H5�]P)��")b-��H��lK5H5P Yn")bA" $V%(�]���&"d��������H��[�5")��J�K5H5�]P)�Wc���K5c1K5�v$�"dK5H5�]P�$,K

a = (m2
1 − n2

1)(m
2
2 + n2

2)
 

b = (m2
1 + n2

1)(m
2
2 − n2

2)
 

c = 2m1n1(m
2
2 + n2

2)
 

d = 2m2n2(m
2
1 + n2

1)
 

e = 2[m1n1(m
2
2 − n2

2) + m2n2(m
2
1 − n2

1)]
 

f = 4m1n1m2n2 + (m2
1 − n2

1)(m
2
2 − n2

2)
T

#�� C2C�� �-!'�{����b����1$,KE��"dJM+1���*��Th�A%O�{�5")��J�K5H5�]P)�
AC

��H��
BD

L\")P)P5s���c1����c1��H��5"djF+�P)���
$,Ka����j&%\K�$&%O���A")b���H��EK5H5P YC")b

θ3 = π/2−θ1
T�o_��H�j,�5 

sin θ3 = cos θ1
Th�A%O������b�K5���5 

L_�\c5+5$
m3 = m1 + n1

��H��
n3 = m1 − n1

"IHp�A%O�]K5����Q � ��H��n$&%O��Hl�5" X5"d���Es�Y
$&%O�EJ�������$,����$�j,K5Q[QlK5Hp�5" X5")�^K5��$,KpJ��M$�$&%O�_�,��c������&�&"dK5H5�{P)")��$,�]��T

U�b��R$,����c1����"¢+1Q �)$,����c1���&K("d���V")�*jvYOj�P)"dj� 1$&%O��Ht" $a")�*���]�FY�$,K��^�]�p$&%(��$a" $\Qp+���$
s��\")�^K(�^j,��Pd���]TWo_��H�j,�5 Ai-����%5QR��JM+1c($F�a$,����c1����"¢+1QR�{�����\")�^K(�^j,��Pd����$,����c1����"¢+1QR�3L\" $&%
"IH�$,�]J������&"d������ O�5")��J�K5H5�]P)�� 5��H��p�������1T
5�
��$C�����
 �tm3Hn"IH5�^j,�F"ds5��s5Pd�W$,����c1����"¢+1Q ")�3�pi-����%5QR��JM+1c($F�W$,����c1����"¢+1Q7")b1��H��RK5H5P Y
")b�$&%O�\�&"d��������H��[�5")��J�K5H5�]P)�{�����\c���K5c1K5�v$�"dK5H5�]P�$,K
a = c = (m2

1 − n2
1)(m

2
1 + n2

1)(m
2
2 + n2

2)
 

b = (m2
1 + n2

1)
2(m2

2 − n2
2)
 

d = 8m1n1m2n2(m
2
1 − n2

1)

+(m2
2 − n2

2)(2m1n1 + m2
1 − n2

1)(2m1n1 − m2
1 + n2

1)
 

e = f = 2(m2
1 + n2

1)[m2n2(m
2
1 − n2

1) + m1n1(m
2
2 − n2

2)]
T



� �

#�� C2C�� �-�A%O�3�&"d�����
AD

��H��
BC

�����VcO�����]P)Pd��P�")b���H��_K5H5P YC")b
θ3 = θ1

�d�^�]�{��"dJM+1���#���ST
o_��H�j,�5 AL_�[�^�M$

m3 = m1
��H��

n3 = n1
"IHr�A%O�]K5����Q � $,KrKOs�$F�]"IH�$&%O�[��s�K]XO�

�,��c������&�&"dK5H5�]TW´� �5���"�5��
=� �
���

i-����%5QR��JM+1c($F�[b�K�+1H��r�^�^XO�����]Pq"IQ[c1K5�v$F��H�$a�����,+�P $F�E"IH�XOK(P X5"IH�JRjvYOj�P)"dj\�(+����O�F"df
P)��$,�����]P)�]T��A%O�\������������QR��YR��H��ZK]YR���]�5")�^j,K]XO���F"IH�JW�^K5Ql�EK(b�$&%O��Q "IH�����c1��H�����H�$�P Y�T

� T[i-����%5QR��JM+1c($F�Oz �a����QR���,G]��s5Pd�nb�K5��Qp+�P)�pb�K5�V$&%O�n�������lK(b��ljvYOj�P)"djC�(+����O�F"df
P)��$,�����]P3")�n�&"IQR")P)���E$,K�o_����K5HAz �nb�K5��Qp+�P)�'b�K5�\��$,�F")��H�J�Pd�OT|mVj�$F+��]P)P Yt$&%O�rj,K5H�XO�����^�
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Ñ�u	{
λ
�7u�|�}¡|������ {���|��µ�9�-u&|�v�}��(yz�7u��'��¢�~0x���{.~�|&{

(
s

r

)2λ

s2 ≥ 33λ+1
(
s2 − 8Rr − 2r2

) �
�r~0u��-u

R
�
r
|�}7�

s
|��-u�{.~0urw-���-wD�(y/��|����@�7����{.~0u���}0��|����@�7�#|�}7��{.~0u���u�y!�E¸�²(u��D��yzu	{�u��

x��(|�{��D��|�}7�'vEu����-u&��²(u�w�{-� ©0u&v ���
¤�u	{�u��-y!��}7uJ{.~0urwD|���u&�Jx��§u	���7|�v�� {����
�WVR-�C87X&�$:Y *HZ[+:GL3�$�P��³��~0uPw�x�}7��� {-�Ex�}

λ > 0
��|��9|��7�7u��³��}W|C�;x0x�{�}7x�{�uz��}

���������9ÏI�:\�]6!�� !
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λ > 0
�#��~0u��'� ©0u�}

�-{D|&{�u�yzu�}�{k���Ju	���7� ©�|�vEu�}�{N{�x
(

s2

27r2

)λ

≥ 3

s2

(
s2 − 8Rr − 2r2

) � ¯8n'°

¬ax��!���-u�wD|�v�v�Ð*��u��-�-u	{D��u�}�o �J�µ}7u	���7|�v�� {-�Eu&�B¯W��n�p�p�q¡ÏIn� ��6!�°�Ï

16Rr − 5r2 ≤ s2 ≤ 4R2 + 4Rr + 3r2 �
tPuB|�v���x/~�|&©0u

R ≥ 2r ⇐=⇒ 4Rr ≥ 8r2

⇐=⇒ 16Rr − 5r2 ≥ 12Rr + 3r2 �
�r~��Ew.~9��y/²0v��Eu&�

s2 ≥ 12Rr + 3r2 �N�ru�}7w�u��

3s2 − 24Rr − 6r2 ≥ s2 ⇐=⇒ 3

s2

(
s2 − 8Rr − 2r2

)
≥ 1

�

tPuz}7x�{�u!{.~�|&{'�Nw�����w-��|�v�v �§��{.~����������-{��D�Ew�{-v �W�&�-u&|&{�u��J{.~�|�}
1
���N{.~0u!{��D��|�}7�'vEu¨����}7x�{

u	���7��v�|&{�u���|�v��
��~��7���(��}z{.~0u9|���rE�7�-{�u��C��}7u	���7|�v�� {��c¯8n'°.�(vEu	{

λ → 0
�¦�-x�yº|��7x�©0u0�i��~0u�vEu&��{.¸

~�|�}7�C�.�E�7u�{�u�}7���a{�x
1
�7�r~���vEu!�;x���|�}��P}7x�}7¸.u	���7��v�|&{�u���|�v*{��D��|�}7�'vEu�{.~0u!�D�E��~�{.¸.~�|�}7�

�.�E�7ui���J�-{��D�Ew�{-v �z�&�-u&|&{�u��N{.~�|�}
1
�d��~0u��-u&�;x��-u����;x��d��x�yzui²(x��.� {-� ©0u

λ
{.~0ui��}7u	���7|�v�� {��

�7x0u&��}7x�{#~0x�vE���
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!'�\�^%OK�L	$&%(��$�$&%O�E"IH��]�(+��]P)" $vY[")�VX(�]P)"d�Rb�K5�

λ ≥ 2
T��A%O�_jF�]�^�

0 < λ < 2
")�

Pd��b)$VK5c1��H�T
�3" X5"d�5"IH�JR$&%O�'J�" XO��H�"IH��]�(+��]P)" $vY|s�Y

r2 ��H����^�M$�$�"IH�J x = (s/r)2
 q$&%O��"IH�f

�]�(+��]P)" $vY[s��]j,K5Ql���

xλ+1 + 33λ+1

(
8R

r
+ 2

)

≥ 33λ+1x
T

k�"IH�j,�
R/r ≥ 2

 �" $3�,+'$#j,����$,Knc���K]XO��$&%O�\��$,��K5H�J�����"IH��]�(+��]P)" $vY

t(tλ − 1) ≥ 2(t − 1)
 

L_%O�����EH�K�L
t = x/27

��H��[" $3")�WG�H�K�LEHn$&%(��$
t ≥ 1

T3k�"IH�j,�
tλ − 1 ≥ t2 − 1

��H��
�&"IH�j,�

t(t + 1) ≥ 2
 ]L_�E%(��XO�

t(tλ − 1) ≥ t(t2 − 1) ≥ 2(t − 1)
T

�A%O�����a")�{�]�(+��]P)" $vYlK5H5P Yn")b1$&%O�W$,�F")��H�J�Pd�E")�{�]�(+�")P)��$,�����]PvT
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R ≥ 2r ⇐=⇒ 16Rr − 5r2 ≥ 27r2
ª

�r¤X¢m��¶-° ��¦�¡��2�O������¬��=�O�&¶r�D�´�=� ��¬�¤���¬)¬�¤}�´© ��° ¬��G¤�� �m®���§ ®m�[¦X°	��
��:§ ���O© �=¦���¬���§ £�¬�© µ9·����O��¬��O�:¬�¤�� �
1
°�¦���m¦��
�G����¢}§ © ��¬��O���O©�¬���§ � �m·�© �O�Oª�� ¬-°�¦X© © ¦ �6�2¬�¤���¬2°�¦��!�O�X£G¤D�m¦��
�G����¢}§ © ��¬��O���O©�¬���§ � �m·�© �

ABC
¶�¬�¤}�O���@§ �/�=¦�¡´�

λ0

��¢n£G¤@¬�¤���¬&¬�¤}�:§ �m����¢m�O© § ¬pµ�¤}¦X© ®}�-§ °m� �m®D¦���© µ6§ °
λ ≥ λ0

¶��)§ ¬�¤D����¢m�O© § ¬pµ�¦���© µ6°�¦��
λ = λ0

ª�� �n© �O� ��© µr¶����¢m�O© § ¬pµ��O© �6��µ��^¤}¦X© ®}�^°�¦��!����¢}§ © ��¬��O���O©�¬���§ �}�X·�© �O�Oª �
�r¤}�+© § ¡+§ ¬6¦X°

λ0(a, b, c)
� �

a
¶
b
¶
c → 1

¶
1
¶
1
§ �

2

3

ª��2¸��O�@�O© ©�¬���§ � �m·�© �O�@¬�¤}�+© � ��·O�O��¬^¸X�O© ¢n�[¦X°
λ0

¶�� �m®+¤}�O�m£��@¬�¤}�6¡+§ ��§ ¡+¢m¡ ¸X�O© ¢n��¦X°
λ
°�¦����D¤X§ £G¤�¬�¤}�)§ �m����¢m�O© § ¬pµ�¤}¦X© ®}�/°�¦��!�O© ©}¬���§ � �m·�© �O��¶ § ��� ¬�¦����®�§ ·�§ ¬������

0.702543072697378209700856413
ª

�r¤X§ �^§ �^�X£G¤X§ �h¸�� ®D°�¦��!�@¬���§ � �m·�© �@�)§ ¬�¤���§ ®m�O�
1
¶
1
¶X� �m®

α
�D¤}�O���

α
§ �^��£�¦��}��¬�� �X¬/����¢m�O©�¬�¦+�X¨m¦X¢�¬

0.7737371414334076038911525396846671
ª

���O¦}� �[�O�)¤�� �D��¢m��¬�¤}�O�=�[��¢m¡´¨m�O���@¬�¤���¦X¢n·O¤�¬�¤}�!�p�X¸��O���=�[¯=µ�¡´¨m¦X© § £"�r�O© £�¢}© ��¬�¦��`�D� ¨}��§ ¬��}¶�� �m®���¬���¬��O�¬�¤���¬-¬�¤}�hµ�®m¦��m¦ ¬!� ¥m¥n�O� �$¬�¦+¨m�D¦}¨ ¸X§ ¦X¢m��© µ+����© ��¬�� ®6¬�¦+� �Xµ$# �m¦ �6�´£�¦��}��¬�� �X¬��Oª �
�r¤}�D£�¦��}��¬�� �X¬

α
¡���µ+¨m�@§ ®m�O�X¬�§ %r� ®�� �!¬�¤}�@¸X�O© ¢n�D¦X°

z
¡��h­ § ¡+§ &�§ �m·`¬�¤}�D��­X¥m���O�G��§ ¦��

log

[

3(3z2 − 4z + 4)

(z + 2)2

]

log

[

(z + 2)3

27z2(2 − z)

]

� �m®D¬�¤}�D¡��h­ § ¡+¢m¡ ¸X�O© ¢n�D¦X°m¬�¤X§ �`��­X¥m���O�G��§ ¦���§ �!¬�¤}�6�=¦X¢n·O¤ ¬����O° ¬��O�2¡��h­ § ¡+¢m¡ ¦X°
λ0

ª
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a
 

b
 

c
 

d
 

u
 

v ∈ � ��H��
a + c 6= 0

Tx���M$,����QR"IH��'�]P)P
j,K5H�$�"IH(+-K�+���bI+1H�j�$�"dK5H5�

f : � → � b�K5�hL_%("dj&% f(ax + b) + f(cx + d) = ux + v
T

, 0]�?95�:�,0:1(/��-������� 0'9�2'� 0]� 1�>50��[��981(����� >50]�)���
.5��2��\� 1-�v��4� a� %���132 ����2���,}(
(
� 0@7�� �h�87 B,�)� .��-�:�d� /��p���-�_�87���� 0:4

)
T

k�+1c�c1K(�^�
f
�&��$�")�&`1����$&%O�\���]�(+�"I���]�Rj,K5H��5" $�"dK5H�T ���M$

g(x) = f(x) − u

a + c
x +

1

2

(
b + d

a + c
u − v

) T
�A%O��H

g
")�Wj,K5H�$�"IH(+-K�+�����H��

g(ax + b) + g(cx + d) = ux + v − u

a + c

(

(a + c)x + (b + d)
)

+
b + d

a + c
u − v

= 0
T

����c1��H��5"IH�J{K5HC$&%O��X(�]P¢+-����K(b
a
 
b
 
c
 ���H��

d
 ^L_�Wj,K5H5�&"d�����1$&%5���]�{jF�]�^�����^��cO������$,��P Y"*

g-�]�^�*�d" �STCU�b
a = c 6= 0

��H��
b = d

 �$&%O��H
2g(ax + b) = 0

b�K5�3�]P)P
x ∈ � To_��H�j,�5 

g ≡ 0
��H��

f(x) =
u

2a
x +

1

2

(
b

a
u − v

) T
g-�]�^�p�d")" �STEU�b

a = c 6= 0
��H��

b 6= d
 ($&%O��H

g(ax + b) + g(ax + d) = 0
T

���M$�$�"IH�J
y = ax + d

 ]L_�W$&%O��HlKOs�$F�]"IH
g(y + b − d) = −g(y)

T�o_��H�j,�5 

f(x) = g(x) +
u

a + c
x − 1

2

(
b + d

2a
u − v

)  
L_%O�����

g
")�a�lj,K5H�$�"IH(+-K�+��\bI+1H�j�$�"dK5H��&��$�")�&b)Y5"IH�J

g(x + b − d) = −g(x)
Tp�d�A%�+��� 

g
")�_c1���F"dKO�5"djWL\" $&%'c1���F"dKO�

2(b − d)
T ���A%O�����p�����lj�Pd�����FP Yr"IH5`�H5" $,��P Y/QR��H�Y'�,+-j&%

bI+1H�j�$�"dK5H5� � b�K5���,����Q[cOPd�5 
g(x) = sin

(
πx

b − d

) T
g-�]�^�t�d")")" �ST~U�b

a 6= c
 �$&%O��H |a| 6= |c| �&"IH�j,� a 6= −c

s�Y��]�&�,+1Q[c($�"dK5H�T
!#" $&%OK�+5$qPdK(�&��K(b�J���H������]P)" $vYh �L_�{QR��Y\�]�&�,+1Ql�V$&%(��$ |a| > |c| T ���M$ p =

d − b

a − c

��H��

q =
ad − bc

a − c

Tq�A%O��H
ap + b = cp + d = q

T3�CK�LR �b�K5���]P)P
x ∈ �  ]L_�E%(��XO�

g(ax + q) = g
(

a(x + p) + b
)

= −g
(

c(x + p) + d
)

= −g(cx + q)
� � �

U�b
c = 0

 O$&%O��H
q = d

��H��
g(ax + q) = −g(q)

b�K5�V�]P)P
x ∈ �  1"IQ[cOP Y5"IH�J\$&%(��$

g ≡ 0
T�U�b

c 6= 0
 ]$&%O��HRPd�M$�$�"IH�J

x =
ay

c

 ]L_�EJ��M$�b:��K5Q � � �A$&%(��$

g

(

a
(a

c

)

y + q

)

= −g(ay + q) = g(cy + q)
T
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g

(

a
(a

c

)n

z + q

)

= (−1)n+1g(cz + q)

b�K5���]P)P
z ∈ � ��H��pb�K5���]P)P n ∈ � T ���M$

zn = zn(x) =
x − q

a(a/c)n

T��A%O��H

g(x) = g

((a

c

)n

zn + q

)

= (−1)n+1g(czn + q)
T �,���

k�"IH�j,� ∣
∣
∣
a
c

∣
∣
∣ > 1

L_�#%(��XO�
zn(x) → 0

�]�
n → ∞ T ���M$

n → ∞ $&%5��K�+-J�%#$&%O�
KO���[��H��'�^XO��Hl"IH�$,�]J������� -�����Sc1�]j�$�" XO��P Y�Ta�A%O��H#b:��K5Q �,������H��[$&%O�pj,K5H�$�"IH(+�" $vY�K(b

g
 

L_�nj,K5H�j�P¢+-���\$&%(��$
g(x) = g(q)

��H��
g(x) = −g(q)

b�K5�3�]P)P
x ∈ � T{�A%O������b�K5���5 

g(x) = g(q) = 0
Tq�A%�+��� 

g ≡ 0
��J��]"IHh (b:��K5QxL_%("dj&%n" $�b�K(P)PdK�L\�3$&%(��$

f(x) =
u

a + c
x − 1

2

(
b + d

a + c
u − v

) T
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R − 2r ≥ 1

12




∑

cyclic

√

2(b2 + c2) − a2 − s2 + r2 + 4Rr

R



 ≥ 0 �

�r~0u��-u
a
�
b
|�}7�

c
|��-ua{.~0ui�.�E�7u&�ax���|i{��D��|�}7�'vEu��0|�}7�

R
�
r
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s
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R − 2r ≥ 1

8




∑

cyclic

√

2(b2 + c2) − a2 − s2 + r2 + 4Rr

R



 ≥ 0
�

���-x�ymu&vEu�yzu�}�{D|��µ�/��u�x�yzu	{��µ�r�rua�7��ua{.~0u��;x�v�vEx�����}7�B�;x��-y¡�7v�|��&Ï

b2 + c2 = 2m2
a +

a2

2

|�}7�
s2 + r2 + 4Rr = ab + bc + ca

�
�r~0u��-u

ma
���k{.~0u�vEu�}7��{.~/x��7{.~0u�yzu�����|�}9{.~��-x�����~

A
�*tPuB��u	{

A =
∑

cyclic

√

2(b2 + c2) − a2 − s2 + r2 + 4Rr

R

�
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A = 2
∑

cyclic

ma − ab + bc + ca

R
= 2

∑

cyclic

ma −
2R

∑

cyclic
ha

R

= 2




∑

cyclic

ma −
∑

cyclic

ha




T

�(��K5Q � � � �1T �a��H��  OT � �O �L_�E%(��XO�
∑

cyclic

ma ≤ 4R + r
��H��

9r ≤
∑

cyclic

ha
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A ≤ 2 [4R + r − 9r] = 8(R − 2r)
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AF = z

 
BD = x

 ���H��
CE = y

�d�&"dJ�H��]�[Pd��H�J^$&%(���ST �:m�P)�^KA 
AB = c

 
BC = a

��H��
CA = b

T �n�A%O��H
FB = c−z

 
DC = a−x

 ���H��
EA = b−y

T-m
L_��P)Pdf&G�H�K�LEHR$&%O�]K5����Q �:c���K]XO�]�[s�YR��c�cOP Y5"IH�JC$&%O�\$&%O�]K5����Q K(b�¡5Y�$&%(��J�K5���]�V$,Kn$&%O�
�&" �a$,�F")��H�J�Pd���{�,+-j&%p�]� 4PBD

�q")��$&%(��$

x2 + y2 + z2 = (a − x)2 + (b − y)2 + (c − z)2
 

�^K_$&%(��$
ax + by + cz = 1

2
(a2 + b2 + c2)

T
o_��H�j,�5 
1
4
(a2 + b2 + c2)2 = (ax + by + cz)2 ≤ (a2 + b2 + c2)(x2 + y2 + z2)

 
L_%O�����W$&%O�\P)�]��$���$,��cRb�K(P)PdK�L\�Ws�YE$&%O�_g-��+-j&%�Y�f&k�j&%�L\�����{UZH��]�(+��]P)" $vY�T��A%�+��� 

1
4
(a2 + b2 + c2) ≤ (x2 + y2 + z2)

T
eO�(+��]P)" $vY[%OK(Pd�5�3L_%O��H

a : b : c = x : y : z
 �L_%("dj&%n")�3L_%O��H

D
 
E
��H��

F
�����W$&%O�

QR"d��f,c1K("IH�$F�{K(bO$&%O�\�&"d������ 5QR��G�"IH�J
P
$&%O�_j�"I��jF+1Qlj,��H�$,���\K(b 4ABC

T
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ax+by + cz = 1

2
(a2 +b2 + c2)
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BAP
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CBP

��&=�
ACP

"-
<� � �6� &+�!�7
���� ��
 34���'� &�
������'� &!.
AP cos(∠BAP ) = AF

"
BP cos(∠CBP ) = BD

��&=�
CP cos(∠ACP ) = CE
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ABCD
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OA < OC
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OD < OB
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AC
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C
��H��

B
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c −→m ��H��
b −→n  ]L_%O����� b

 
c > 1

 ���H��h ��&"IH�j,�
M��H��

N
�����EQR"d��f,c1K("IH�$F�� ]$&%O�_c1K("IH�$F�

A
��H��

D
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(2 − c) −→m��H��
(2 − b) −→m  5j,K5�������Sc1K5H��5"IH�J�P Y�T
�A%O�{c1K("IH�$

E
P)"d���3K5H*s�K�$&%

AB
��H��

MN
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λ
��H��

µ
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$&%(��$
λ(2 − c) −→m + (1 − λ)b −→n = µ −→m + (1 − µ) −→n T

o_��H�j,�5 5s�YnP)"IH�������"IH�����c1��H�����H�j,�5 �L_�E%(��XO�
λ(2 − c) + (1 − λ)b = 1

 ��^K_$&%(��$

λ =
b − 1

b + c − 2

��H��
1 − λ =

c − 1

b + c − 2

T
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(b + c − 2) −→e = (2 − c)(b − 1) −→m + b(c − 1) −→n T
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F
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X
K(b

EF
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−→x =
(b − 1) −→m + (c − 1) −→n
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α(b + c − 2)b −→n + (1 − α)(2 − b)(c − 1) −→n + (1 − α)c(b − 1) −→m
= β(b + c − 2)c −→m + (1 − β)(2 − c)(b − 1) −→m + (1 − β)b(c − 1) −→n  

��H��*$&%O������b�K5���5 

α(b + c − 2)b + (1 − α)(2 − b)(c − 1) = (1 − β)b(c − 1)

��H��

(1 − α)c(b − 1) = β(b + c − 2)c + (1 − β)(2 − c)(b − 1)
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(c2 + 2bc − 3c − 2b + 2)β + c(b − 1)α = 2(b − 1)(c − 1)
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β
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α =
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D
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DA′ : AD = κ : 1
 

L_%O�����
κ
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� T
B′ ")���*c1K("IH�$�K5H BE
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c���KO�(+-j,�]�Rs��^YOK5H��

F
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FC′ : CF = κ : 1
T

¡1��K]XO�n$&%(��$
[A′B′C′] ≤ (3κ+1)2
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[ABC]

 AL_%O�����
[PQR]

����H�K�$,���_$&%O�l�������tK(b
4PQR

T
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AD
 
BE

 ���H��
CF
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+1H�$�")P1�]b)$,���3%(��X5"IH�JE���^XO��PdK5c1�]�_$&%O�E����Pd�^X(��H�$��������_b�K5��Qp+�P)�]�]T
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D
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BC
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(1−m) : m

2
E
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CA
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(1−n) :

n
2��:1 7

F
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(1 − p) : p
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A′ 2 B′ 2
C′ �8B3� 1����-�*B��:�O�v������1-�
08;^*54 00/]����� ,��$.���6 .]�-��1

[DEF ]

[ABC]
= mn + np + pm − (m + n + p) + 1

� � �
��H��

[A′B′C′]

[ABC]
= [mn + np + pm − (m + n + p) + 3](k + 1)2

−3k − 2
T �,���

#�� C2C��^T{�5K5��$&%O�_c���KOK(b�L_�E"IH�$,��KO�(+-j,�_s5���ZYOj,��H�$,�F"djV�d�������]P ��j,KOK5���5"IH5��$,���3L\" $&%
A(1, 0, 0)

 
B(0, 1, 0)

 
C(0, 0, 1)

b:��K5QxL_%("dj&%_L_�_KOs�$F�]"IH
D(0, m, 1 − m)

 
E(1 − n, 0, n)

 
F (p, 1 − p, 0)

 
A′(−k, m(1 + k), (1 − m)(1 + k))

 5�M$,j�T
�A%O������b�K5���5 

[DEF ]

[ABC]
=

∣
∣
∣
∣
∣
∣

0 m 1 − m
1 − n 0 n

p 1 − p 0

∣
∣
∣
∣
∣
∣

= mn + np + pm − (m + n + p) + 1
 ©��H��

[A′B′C′]

[ABC]
=

∣
∣
∣
∣
∣
∣

−k m(1 + k) (1 − m)(1 + k)
(1 − n)(1 + k) −k n(1 + k)

p(1 + k) (1 − p)(1 + k) −k

∣
∣
∣
∣
∣
∣

= [mn + np + pm − (m + n + p) + 3](k + 1)2 − 3k − 2
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[A′B′C′] = (k + 1)2[DEF ] + k(2k + 1)[ABC]
T �G���
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CFj,K5H�jF+1� � s�YRgh�^X(�Oz �3�A%O�]K5����QxL_�E%(��XO�

1 − m

m
· 1 − n

n
· 1 − p

p
= 1

 5K5���]�(+�" X(�]Pd��H�$�P Y

(1 − m)(1 − n)(1 − p) = mnp
 5K5� � � �

mn + np + pm − (m + n + p) = 2mnp − 1
�A%�+��V�db:��K5Q $&%O�CP)�]��$�P)"IH��\K(b-� � ���& �L_%O��H_$&%O�aJ�" XO��Hpj,�^X5")��H5�3�����aj,K5H�jF+1������H�$� ��]�(+���f
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[DEF ]

[ABC]
= 2mnp

[A′B′C′]

[ABC]
= 2(1 + k)2(mnp + 1) − 3k − 2
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m = n = p = 1
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[DEF ]
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[DEF ] = 2mnp[ABC]
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$&%O�\QR���]"IQp+1Q K(b�$&%O�Ec���KO�(+-j�$
mnp
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(mnp)2 = mnp(1 − m)(1 − n)(1 − p)
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R1 = u2(u2 − v2) R2 = v2(u2 − v2)

O2Q = v2(u2 + v2) O1Q = u2(u2 + v2)
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R1 = (u + v)2 (2uv) R2 = (u − v)2 (2uv)

O2Q = (u − v)2 (u2v2) O1Q = (u + v)2 (u2 + v2)
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O2Q =
R2(R1 + R2)

(R1 − R2)
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