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Problem of the Month
Ian VanderBurgh

Et tu, Brute for e?
Problem (2008 Cayley Contest) The average value of
(a − b)2 + (b − c)2 + (c − d)2 + (d − e)2 + (e − f )2 + (f − g)2

over all possible arrangements (a, b, c, d, e, f, g) of the seven numbers 1, 2,
3, 11, 12, 13, 14 is
(A) 398 (B) 400 (C) 396 (D) 392 (E) 394
We learn how to al ulate averages early on in our mathemati s areers
{ add up all of the values and divide by the number of values. This isn't so
hard when you're trying to al ulate the average of your six marks at s hool,
but an be a real pain if there are signi antly more values to onsider.
In this problem there are 7! = 7(6)(5)(4)(3)(2)(1) = 5040 possible
arrangements of the seven numbers 1, 2, 3, 11, 12, 13, 14. We ould try to
al ulate the 5040 required values of
(a − b)2 + (b − c)2 + (c − d)2 + (d − e)2 + (e − f )2 + (f − g)2 ,

add them up, and divide by 5040. I think that you will agree that, in prin iple, we ould do this al ulation (the hard way!) by hand. Yes, it would take
a very long time. Yes, we would be liable to make a whole bun h of arithmeti mistakes. Yes, it would be extremely annoying. But, yes, we ould do
it, as the underlying mathemati s is not that hard. There must be a better
way!
One approa h would be to try to add the 5040 values without a tually
having to al ulate the 5040 values. If we did this, we ould then divide the
total by 5040 and get our answer.
Put another way, we an think of the brute for e approa h of omputing
the value of
(a − b)2 + (b − c)2 + (c − d)2 + (d − e)2 + (e − f )2 + (f − g)2

(∗)

for ea h of the 5040 arrangements and then adding these values as \adding
a ross then adding down". (In other words, ompute ea h value and then
add up the olumn of values.) But addition is ommutative, that is, we don't
have to add the values in the given order to get the orre t total, so we ould
even break up the values into omponents and add these in separately. Let's
give this a try.

Solution To determine the average value of the expression in (∗) we determine the sum of the values of this expression over all possible arrangements,
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and then divide by the number of arrangements. We determine the sum of
all of the values of (∗) by examining the ontribution of ea h possible term.
Let x and y be 2 of the 7 given numbers. In how many of these arrangements are x and y adja ent? Treat x and y as a single unit (xy ) with
5 other numbers to be pla ed on either side of, but not between, xy . This
gives 6 things (xy as a single unit and the 5 remaining numbers) to arrange,
whi h an be done in 6(5)(4)(3)(2)(1) or 6! ways. But y ould be followed
by x, so there are 2(6!) arrangements with x and y adja ent, sin e there are
the same number of arrangements with x followed by y as there are with y
followed by x.
Sin e we want the sum of all of the possible values of (∗), we an alulate the total ontribution of ea h possible term (x − y)2 and add up these
ontributions. When we add up the values of (∗) over all possible arrangements, the term (x − y)2 (whi h is equal to (y − x)2 ) will o ur 2(6!) times.
This is true for any pair x and y . Thus, the sum of all of the possible values
of (∗) must be equal to 2(6!) times the sum of all possible values of (x − y)2 .
The sum of all possible values of (x − y)2 is
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= 1372 .

Here, we have paired 1 with ea h of the 6 larger numbers, then 2 with
ea h of the 5 larger numbers, and so on. We only need to pair ea h number
with all of the larger numbers be ause we have a ounted for the reversed
pairs in our method above.
Therefore, 2(6!) times the sum of (x − y)2 over all hoi es of x and y
with x < y , divided by 7! is the average value. This average value is
2(6!)(1372)
2(1372)
=
= 392 .
7!
7

This is one of the powerful things about mathemati s { being able to
turn a problem that looks as if it is diÆ ult to solve in a short period of
time into one that has a reasonably qui k solution. We'll see another su h
problem in a ouple of months.
There is an interesting footnote to this problem. When reating a problem, but espe ially a multiple hoi e problem, it's not good to be able to get
the right answer for the wrong reason. As the CEMC was developing this
problem, the fa t it was multiple hoi e meant ddling the a tual numbers
to avoid this issue. Try redoing this problem with 1, 2, 3, 4, 5, 6, 7, 8 and
a suitably modi ed expression. You should get the answer 84. This is also
the answer you'd get by assuming that the average value of any one of the
squared terms is the average of (5 − 4)2 , (6 − 3)2 , (7 − 2)2 , and (8 − 1)2 .
This would be a urious wrong way to get the right answer.

