
�����

�����	��

�������

��������������� �"!$#%�'&��(�)�*�(�+�-,�.�� .0/$�21-34����# ��57698':��;��5�!4/<�=�>!?#@,(��AB,�1�#B�C��� ,�# ��5/��D3��=.E#F!<5��(�HG��=�I�KJE���?!<3L,E/$!��=.D.���AM# ���LJE/$!��=.E#@�=�).���AN!$.O#�!$P�:0/?#@�=.;��,'#'/C����������� �D#�6

Q�R%S�T�U@VLW�X�XZY9[ �=� \7]����Z^ _a`C�F�'�*��# ��5b��1-c0,E�=�L!��d�Ief��#��C!$.��g#(3dJ'hI`E,��L!?#ihIj��k,�.�3+� U
l�m(n

a
]
b
]
c
]
d o m�pkm'q�r7sEt�u o m'pLv�vFtCwFx�n�xEq'n

a2 + b2 + c2 + d2 ≤ 1
U�y pkz�{Emn�xEq'n

ab + bc + cd + da + ac + bd ≤ 4abcd +
5

4

U
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4 4
√

(abcd)2 ≤ a2 + b2 + c2 + d2 ≤ 1
]

q�s��-xOm's�w�m ] √|abcd| ≤ 1

4

] zEp
|abcd| ≤ 1

16

U �< g¡
¢=t�p4n�xOm�p ] m��Zt�q�r���n<���$v�q'nLnLq��?s�m����$s �< g¡ ��£)q�s��¤zEsEr�����£

a2 = b2 = c2 = d2
q�s��

a2 + b2 + c2 + d2 = 1 ¥ n�xEq'nH�?v ] �?£�q�s��-zEsEr �9��£
a2 = b2 = c2 = d2 = 1
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U
¢EzEpHpkm'q�r�sEt�u o m�pLv x
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y
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x + y ≤
√

2
√

x2 + y2
]

¨%��n�x@m��Et�q'r?��n����?£�q�s��ªzEsEr����?£
x = y ≥ 0

U*« vF�?s�¬In�xZ�$v0q�s���n�xOmK���������­�<s�m��Zt�q�r���n<� ]¨�m�z o nkq'�$s
(ab + cd) + (bc + da) ≤

√
2
√

(ab + cd)2 + (bc + da)2

=
√

2
√

(a2 + c2) (b2 + d2) + 4abcd

≤
√

2

√

(

1

2
(a2 + c2 + b2 + d2)

)2
+ 4abcd

≤
√

2
√

1

4
+ 4abcd =

√
2

2

√
1 + 16abcd

]
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ab+cd = bc+da ≥ 0
q�s��

a2+c2 = b2+d2 = 1

2

U
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(bc + da) + (ac + bd) ≤
√

2

2

√
1 + 16abcd

]
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bc+da = ac+bd ≥ 0
q�s��

a2+b2 = c2+d2 = 1

2

]q�s��
(ab + cd) + (ac + bd) ≤

√
2

2

√
1 + 16abcd

]
¨%��n�x�m��Et�q'r?��n��ª�?£Eq�s���zEsEr��ª��£

ab+cd = ac+bd ≥ 0
q�s��

a2+d2 = b2+c2 = 1

2
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ab + bc + cd + da + ac + bd

= 1

2
[(ab + cd) + (bc + da) + (bc + da) + (ac + bd)

+ (ab + cd) + (ac + bd)]

≤ 3
√

2

4

√
1 + 16abcd

] �<Wg¡
¨%��n�x�m��Zt�q�r���n<�M�?£%q�s���zEsEr��N�?£

ab + cd = bc + da = ac + bd ≥ 0
q�s��

a2 = b2 = c2 = d2 = 1

4

U
l�m(n

x = 1 + 16abcd
U ¢=pkzEu ��  ¡ ] ¨�m�xEq {Em

0 ≤ x ≤ 2
] q�s��-xOm�s�w+m

(x + 4)2 −
(

3
√

2
√

x
)2

= x2 − 10x + 16 = (x − 8)(x − 2) ≥ 0
]

¨%��n�xDm��Et�q'r?��n��;�?£�q�s��-zEsEr �9��£
x = 2

U �7xZt�v ]

3
√

2
√

1 + 16abcd ≤ 16abcd + 5
] � � ¡

¨%��n�xDm��Et�q'r?��n��;�?£�q�s��-zEsEr �9��£
abcd = 1

16

U
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ab + bc + cd + da + ac + bd ≤ 3
√

2

4

√
1 + 16abcd ≤ 4abcd + 5

4

]
¨%��n�x�m��Zt�q�r���n<� �?£Bq�s�� zEsEr�� ��£

a2 = b2 = c2 = d2 = 1

4

]
abcd = 1

16

] q�s��
ab+cd = bc+da = ac+bd ≥ 0 ¥ n�xEq'n��$v ] �?£Zq�s���zEsEr �ª�?£

a = b = c = d = ±1

2
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S = ab + bc + cd + da + ac + bd
U

¦0zEsOv��2�Om�pIn�xOm��CzZr �Os�zEu9�$q'r
A(x) = (x − a)(x − b)(x − c)(x − d)

= x4 − (a + b + c + d)x3 + Sx2

− (abc + bcd + abd + acd)x + abcd
U

§'�$s�w+m |p + iq| ≥ |p| ] ¨�m�z o nkq'�$s

|A(it)|2 =
∣

∣

∣
t4 + it3

∑

� ����� � �
a − St2 − it

∑

� ����� � �
abc + abcd

∣

∣

∣

2

≥
∣

∣t4 − St2 + abcd
∣

∣

2
U

� s9n�xOm�z=n�xOm�p)xEq�s�� ]

|A(it)|2 = A(it) · A(it) =
∏

� ����� � �
(a − it) ·

∏

� ����� � �
(a + it) =

∏

� ����� � �
(a2 + t2)

U
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∣

∣t4 − St2 + abcd
∣

∣

2 ≤
∏

� ����� � �
(a2 + t2)

U

§�m(n
t = 1/2

�?s9n�xZ�$v��?s�m��Zt�q�r���n<� ] q�s��9n�xOm's-t�vimªn�xOmª��������� �<s�m��Et�q'r?��n��Dq�s��9n�xOm¬ ��{Em'sbw+zEs��E��nk�2zEs;nkzDz o nkq'�$s
∣

∣

1

16
− 1

4
S + abcd

∣

∣

2 ≤
∏

� ����� � �

(

a2 + 1

4

)

≤
(

1

4

∑

� ����� � �

(

a2 + 1

4

))4

=
(

1

4
(a2 + b2 + c2 + d2 + 1)

)4 ≤ 1

16

U
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∣

1

16
− 1

4
S + abcd

∣

∣ ≤ 1

4
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S ≤ 4abcd + 5

4
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t&u0v

a wOx!y b z u|{�}�~��4v-� ��u|�-u w&�!x��!�fz u*��~�~ ����� v ��w v a < 2
K5� }��5u wU��� � x v-uO�*u*�

n ≥ 1
W � uFv xn = ban + bc

K�� �-}&��u�v ��w v7v � u�~�u&� � u x!� u {xn}n≥1 ��w ~ wOx � x���x �	v�ux��!�cz u&��}Q��v�u*� � ~�� � }�~�u�~ �!� }Q� y �+�F�	v-~��>~Su���u x K���� }Uv-u R bzc �>~�v � u��0�-u w v-u&~�v� x v-uO�*u*� x }Uv�u�� � uOu y � x � z
K �

� ]&k8pi�>jB]Un�bUd��&]U� �Q`&]Uni¡*q7¢<\�]i]U£Ok+dOn�q�¤[¥iqI¦ �F§ qD¨�j8��©ª_0]U��`�a!`O�+g0j;k�g�a!a!`&a�bUdª��©<``OaOj���]U\�K
«��

0 < a ≤ 1
W v � u x {xn} w ~r~ �!� u*~|u���u&�B¬c� x v-uO�*u*��� w*�;� uS�0�-u w v-u&��v ��wOx }��uO� �!w&� v-} ba + bc

W w&x!y v � u��-u*~ �i� v5�>~ ��� u w � � ¬�v�� � u K�­ u x!� u W ��u �fw ¬ w ~�~ �!� u|v ��w v
1 < a < 2

K$® � u x�w*�;� v � u�v-u&� � ~7}Q�Uv � u¯~�u&� � u x!� u {xn} w �-u y �>~�v-� x!� v K «+vh�>~7u w ~�¬�v-}��u&���;�4¬ � z ¬�� x!y���� v-�>} x }��D}Uv � u&�����>~ru � v ��w v$��}�� k ≥ 2
W u�� wU� v � ¬ ��w&� �!}Q�Uv � u 9(10k−1){�}�~��4v-� ��u�� x v�u&�*u&��~¯���4v � k y �>�F�4v�~ ��w ��u w&x u���u x ~ �!� }Q� y �+�F�	v-~ � wOx!y���w&� � ��w ��u w&x} y!y ~ �!� ��K® � u x��!�fz u*�D}Q�Uv�u*� � ~ xn

���4v � k y �>�F�4v�~��;~7uO� �!w&� v-}�v � u x��!�fz u*�D}Q��{�}�~��4v-� ��u� x v-uO�*u*��~ n
~ ����� v ��w v 10k−1 ≤ an + b < 10k

KI° u��-uF�����4v-u�v � u&~ru�� x u&� �!w*� �	v-�+u*~w ~
10k−1 − b

a
≤ n <

10k − b

a

K
«��

k
�>~ �;w �-�*u¯u x } � � � ~�}Iv ��w v 10k−1 > b

W v � u x�w&�4� � x v�u&�*u&��~ n
~ w v-�;~��4¬Q� x �7v � u wUz }&��u� x u&� �!w*� �	v-�+u*~ w �-u�{!}�~��	v-�	��u KD® � u x��!�fz u*��}Q�<~ ����� � x v-uO�*u*��~��;~ w v � u w ~�v

10k − b

a
− 10k−1 − b

a
− 1 =

9
(

10k−1
)

a
− 1

K
± � x!� u a < 2

W v � �>~ x��!�cz u&����� �;�Uz uI�0�-u w v�u*�<v ��wOx 9
(

10k−1
)

/2
��}�� w&�4� k ~ �i²c� �+u x v � ¬

�>w �-�*u � �>w �-�*u�u x } � � � ~�}�v ��w v 9
(

10k−1
)

>
(

1

a
− 1

2

)−1
��K
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k
v�t�� w+�$m�sZnkr �-r$q�pk¬'m ] n�xOm�sEt�u o m'p�zZ£�n+m'p+uDv

xn

¨%��n�x
k

�Z�2¬ ��nkv�$v%¬(pkm�q(n+m'p�n�xEq�s�n�xOmDsEt�u o m�p@zZ£
k
�=�Z�2¬ ��n@��zEvF��nk��{Em;�$sZnkm�¬'m'pLvf¨%��n�x�q�s�zO����v�t�u zZ£�E�$¬ ��nLv ] q�s�� xOm's�w�m-n�xOm'pkm�m����$v+nkv�q-n+m'p+u

xn

¨%��n�x
k

�E�$¬ ��nLv�q�s��¤q�s md{Em's vFt�u zZ£�E�$¬ ��nLv U �7xOm���m'vF�?pkm��9pkm�v�tOr�nH£�zZr�r2z�¨�v U
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�)�?

GIH�J���K�L�MONONQPSR�TUTOP�W!TOTQXFY Z�\�]*^D]O_F`OacbOdfehg�bU\�j�`�k�lm]O_�^�j>n�`�_0o�p*q�Z�gO\�j;_rq�sO\-g&n�o�`QK
� � x!y v � u�~ �fw*�;� u&~�v x } x���x u&� w v-� ��u�� x v�u&�*u&� n

��}���� � � ��� v � u*�-u�u��O�;~�v�~ w�x } x��� } x ~�v w&x v5� �!x!� v-�+} x f : � → [0, ∞)
~ ����� v ��w v5��}�� w*�;� � x v�u&�*u&��~ x wOx!y y

W
� w � f(xy) = f(x)f(y)

W w&x!y
� z � 2f(x2 + y2) − f(x) − f(y) ∈ {0

W
1
W
. . .

W
n}

K
� }���v � �>~5� w*�;� u�}Q� n

W ��x!yªw*�;� v � u|� �!x!� v-�+} x ~ f
� � � ��� ~ w v-�>~��4¬ � w � w&x!y � z �rK

� ]&k8pi�>jB]Un�bOd
	 j�o-©<`�k�¢<g��+g0j;k4k�`�q��D]�p�`Fniq�sU\�gOn<o�`�qh��]iaOj�
�`OacbOdª��©<`�`OaOj���]U\�K
® � u�~r} �;� v-�>} xS�fw�� u&~ � ~�u�}Q��v � u���} �4� }O��� x � �Ux }O� x �-u&~ �i� v K

������������� ��������� K «��
p
�;~m{!��� � u W p ≡ 3 (mod 4)

W wOx!y a w&x!y b w �-u�� x v�u&�*u&��~m~ �����v ��w v p | (a2 + b2)
W v � u x p | a wOx!y p | b

K
° u�~ � }O� v ��w v7v � u�~ �fw*�;� u&~�v n

�>~
n = 1

K
t&u0v

f : � → [0, ∞) z u w�x } x���� } x ~�v w&x v|� �!x!� v-�>} x ~ w v-�>~��4¬�� x � � w �rK ± � x!� u
f(1) = f(1 · 1) =

(

f(1)
)2
W ��u ��w ��u f(1) = 1

}��
f(1) = 0

K
 � v�v � u �;w v�v-u&�¬��>u �>y ~ f(x) = f(x · 1) = f(x)f(1) = 0
��}�� w*�;� x ∈ �

W � } x v�� wUy � � v-� x �|v � u�� wU� vv ��w v f
�>~ x }Uv � } x ~�v w&x v K «+v���} �4� }O��~�v ��w v f(1) = 1

K ± � � � �>w � � ¬ W f(−1) = 1 w&x!y
f(0) = 0

K
«��

n = 0
W v � u x f �-wOxix }Uv$~ w v-�>~��4¬ � z ��W ~�� x!� u 2f(x2 +y2) 6= f(x)+f(y)

��}��
x = 1 wOx!y y = 0

KI® � u�� �!x!� v-�+} x f0 : � → [0, ∞) y u ��x u y�z ¬ f0(0) = 0 w&x!y
f0(x) = 1

��}�� w&�4�Ox } x��"! u&�-}m� x v�u&�*u&��~ x
W �>~ x } x��r� } x ~�v wOx v wOx!y���� u w � � ¬|~ w v-�;~ � u&~ � w �rK# }��-uO}*��u&� W �4�

K0(x, y) = 2f0(x
2+y2)−f0(x)−f0(y)

W ��u ��w ��u K(x, y) = 0�;�
x = y = 0 $ }Uv � u&�����>~ru K0(x, y) = 2 − f0(x) − f0(y)

���4v �ªw v � u w ~�v�} x u�}Q�
f0(x)

W
f0(y)

u&� �!w*� v-} 1
K « x�w*�;�h��w ~�u*~ W K0(x, y) ∈ {0

W
1} w&x!y f0

~ w v-�;~ � u&~ � z �w ~5��u �4� K� }��
n = 1

��u���� �;� ~ � }O� v ��w v�� xcwOy!y �4v-�>} x v�} f0

W v � u�~r} �;� v-�>} x ~¯��}�� f w �-uv � u�� �!x!� v-�+} x ~ fp : � → [0, ∞) y u ��x u y�z ¬ fp(x) = 0
�;�

p | x w&x!y fp(x) = 1}Uv � u&�����>~ru W � � u*�-u p
�;~ª{!��� � u wOx!y p ≡ 3 (mod 4)

K ± ����� w � �!x!� v-�+} x fp

�;~
x }Uv � } x ~�v w&x v W w&x!y ~ w v-�;~ � u&~ � w ��� ~�� x!� u p | xy

� � { � �+u*~ p | x
}��

p | y
�rK t&uFv

Kp(x, y) = 2fp(x
2 +y2)−fp(x)−fp(y)

K «��
p | x wOx!y p | y

W v � u x p | x2 +y2

wOx!y Kp(x, y) = 0
K «��

p | x
W wOx!y p - y

W v � u x p y }iu&~ x }Uv y �	�Q� y u x2 + y2
W w&x!y

Kp(x, y) = 1
KI� � xiw*�;� ¬ W �;� p - x w&x!y p - y

W v � u x p - x2 + y2 z ¬ � �-}�{�}�~��4v-�>} x�%
W

wOx!y Kp(x, y) = 0
K « x�w&�4�&��w ~�u*~ Kp(x, y) ∈ {0

W
1} w&x!y fp

~ w v-�>~ � u*~ � z � $ � � u x!� u W
fp

�;~ w ~�} �4� v-�+} x K
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n�xEq'nªm'��n�xOm�p

f = f0

zEp
f = fp

£�zEpªvizEubm-�Opk�?ubm
p ≡ 3 (mod 4)

U ¢��$pLv+n ] ¨�m;¨%�?r�rKvdxOz�¨ n�xEq(n
f(x)

�?vm'��n�xOm�p
0
zEp

1
£�zEp>q�r�r

x ∈ � U l�m n
x ∈ �Mo m�v�tCwFx9n�xEq'n

f(x) 6= 0
U ¦�zEs��E��nk�2zEs � q ¡

�$uD�Or��2m'v)n�xEq'n
f(x2) =

(

f(x)
)2 q�s�� � o ¡ �Z�2m(r2�Ev

2
(

f(x)
)2 − f(x) = 2f(x2 + 0) − f(x) − f(0) ∈ {0

]
1}

U
�2n�£�zZr�r2z�¨�v7n�xEq'n

f(x)
�$v*m��Et�q'r'nkz

0
]
1
] zEp

1/2
£�zEp7q�r�r��?sZn+m�¬'m�p

x
U�� tEn7��£

f(x) = 1/2q�s��
f(x2 + 1) ∈ {0

]
1
]
1/2} ] n�xOm's � o ¡ �OzOm�v�s�z=n>xOzZr$�9£�zEp

y = 1
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� m ��n ] ¨�m ¨%��r?r�vdxOz�¨­n�xEq'n
f(2) = 1

q�s��
f(q) 6= 0

£�zEp;q�s=� �Opk�?ubm
q
]

q ≡ 1 (mod 4)
U §'�$s�w+m

f(1) = 1
] £2pkzEu � o ¡ ¨%��n�x

x = y = 1
¨�m�w+zEs�w+r?tC�Om%n�xEq'n

f(2) = 1
U ��£

q
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q ≡ 1 (mod 4)
] n�xOm�s-n�xOm�pkm;q�pkm��?sZn+m�¬'m�pLv

a
q�s��

kvFtCwFx�n�xEq'n
qk = a2 + 1

q�s��
2f(k)f(q) = 2f(kq) = 2f(a2 + 12) = f(a) + f(1) + ε

]
¨�xOm�pkm

ε
�?v9m��Et�q'rHn+z

0
zEp

1
U �7xOm�pkm(£�zEpkm ]

2f(k)f(q) ≥ f(1) = 1 6= 0
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f(q) 6= 0
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f(x0) = 0
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f(p′) = 0
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2f(p2 + p′2) ∈ {0
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1} ¥ ¨�xOm�s�w+m

f(p2 + p′2) = 0
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f(x) = 0
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b
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(ab + bc + ca)
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a

b2 + b
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b

c2 + c
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c

a2 + a
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−→u
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−→v
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2 ≥
(−→u · −→v

)2
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−→u =

( √
a

x + b
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√
b

x + c
,

√
c

x + a
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(√

a,
√

b,
√

c
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W ��u�} z v w � x

a
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(x + a)2
≥
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a

x + b
+
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√
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√
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√
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√
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√

b(x + c),
√

c(x + a)
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x + b
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x + c
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x + a
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a(x + b) + b(x + c) + c(x + a)
)
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=
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(x + ab + bc + ca)2
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��xOm's
∫ 1

0

(

a

(x + b)2
+

b

(x + c)2
+

c

(x + a)2
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dx ≥
∫ 1

0

dx

(x + ab + bc + ca)2
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a

b2 + b
+

b

c2 + c
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c

a2 + a
≥ 1

(ab + bc + ca)(1 + ab + bc + ca)
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3(ab + bc + ca) ≤ (a + b + c)2
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ab + bc + ca ≤ 1
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c2 + c
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b2 + 1
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+
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)
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1
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+
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+
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f : � → � v�tCwFx�n�xEq(n ] £�zEpIq'r?r
x ∈ � ]

f
(

f(x)
)

+ f(x) = 2x + a
]

¨�xOm�pkm
a
�$v�q�pkm'q�r7w�zEsOv+nkq�sZn U
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f(x) = x + 1

3
a
�$v�q�vdzZr�tEnk�2zEs � £�zEpq�s=�

a
¡ q�s���n�xEq(n ] �?£

a = 0
] q�s=��£$t�s�wknk�$zEs zZ£Kn�xOm-£�zEpku

f(x) = −2x + c
�$v�qvdzZr�tEnk�2zEs ] ¨�xOm'pkm

c
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f
�?vzEs�m �kn+z4�FzEs�m ] v��$s�w+m

f(x1) = f(x2)
�$uD�Or��2m'v

2x1 + a = 2x2 + a
] £2pkzEu ¨�xZ�$wFx¨�m;¬'m n

x1 = x2

U�� m'�?s�¬�q�r?vdz-w+zEsZnk�$sEtCzZt�v ]
f
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f

uDt�v+n@xEq {Em9q9r��$u9��n � �CsE��n+mDzEp��$sE��sE��nkm ¡ q�v
x → ∞ q�s���q�v

x → −∞
U

��£
lim

x→∞
f(x) = L ∈ � ] n�xOm's

lim
x→∞

f
(

f(x)
)

+ f(x) = f(L) + L
� vF�?s�w�m

f
�$v

w�zEsZnk�?sEtCzZt�v ¡ ] ¨�xZ�2wFx�w�zEsZn+pLq��E�$wknkv
lim

x→∞
(2x+a) = ∞

U ��xZt�v ]
lim

x→∞
f(x) = ±∞

U
§'�$u9�?r?q�pLr�� ]

lim
x→−∞

f(x) = ±∞
U §'�$s�w+m

f
�?v�u-zEs�z=n+zEs�m ] m(��n�xOm'p

lim
x→∞

f(x) = ∞q�s��
lim

x→−∞
f(x) = −∞ ] zEp

lim
x→∞

f(x) = −∞ q�s��
lim

x→−∞
f(x) = ∞
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x ∈ �~o mªq�p o ��n+pLq�p<� o tEnI����m�� U ��m'��s�mfn�xOm%vim��ZtCm�s�w+m {un} q�v)£�zZr?r$z�¨�v [
u0 = x

]
u1 = f(x)

] q�s��
un+1 = f(un)

£�zEp%q�r�r
n ≥ 1

U ��xOm's¤n�xOm�¬ � {Em�s£$t�s�wknk�2zEsOq'r�m��Zt�q'nk�$zEs9�$uD�Or��2m'v)n�xEq'n ] £�zEpHq'r?r
n = 0

]
1
]
2
]
. . .

]

un+2 + un+1 = 2un + a
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t2 + t − 2 = 0
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1
q�s�� −2
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un = 1

3
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un = α + β(−2)n + 1

3
na

U
« vF�?s�¬

α + β = u0 = x
q�s��

α − 2β + 1

3
a = u1 = f(x)

] ¨�m�m�q�vF��r��D��s��Dn�xEq(n
α = 1

3

(

2x + f(x) − 1

3
a
) q�s��

β = 1

3

(

x − f(x) + 1

3
a
)

U�	 m�s�w+m ]

un = 1

3

(

2x + f(x) − 1

3
a
)

+ 1

3
(−2)n

(

x − f(x) + 1

3
a
)

+ 1

3
na
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f
�$v��?s�w�pkm�q�vF�?s�¬ ] n�xOm�vim��ZtCm�s�w+m {un} uDt�v+n o m�ubzEs�z=nkzEs�m ¥ n�xZt�v ] n�xOmvF�$¬(s�zZ£
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]
2
]
. . .
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x − f(x) + 1
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a = 0
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f(x) = x + 1
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a
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a = 0

U l�m(n
φ(x) = f(x) − x

U �7xOm�s
φ
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lim

x→−∞
φ(x) = ∞ q�s��

lim
x→∞

φ(x) = −∞ ]
¨�m��Om��ZtCw�m%n�xEq'n

φ
xEq�vfm ��q=wknkr �bzEs�m�pkm�q'r�pkzOz=n U �7xZt�v ] n�xOm'pkm�m����$v+nkvBq�t�sE�2�ZtCm�pkm'q�rsEt�u o m�p x0

vFtCwFxªn�xEq(n
f(x0) = x0

U ¢=pkzEu
2x0 +a = f

(

f(x0)
)

+f(x0) = 2x0

]¨�mªn�xOm'sbxEq {Em
a = 0
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l�m(n

g = f−1
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v0 = f(x)

]
v1 = x

] q�s��
vn+1 = g(vn)

£�zEp*q�r�r
n ≥ 1

U §'�$s�w+m
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f(y)
)

= x
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f
(
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)

+ f(y) = 2y
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x + g(x) = 2g

(

g(x)
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n = 0
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1
]
2
]
. . .

]
2vn+2 = 2g(vn+1) = 2g
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g(vn)
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= g(vn) + vn = vn+1 + vn
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f(x) − x
)
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3
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f(x) + 2x
)
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∣
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∣
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~ ����� v ��w v
%
K

f
(
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 u �!x u w ~�u&� � u x!� u {an}∞
n=1
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(
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x > 0

] v��$s�w+m
f(x) ≥ x

] ¨�m�xEq {Em
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f(x)
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≥ f
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f(x)
)

≥ f(x)
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f(3x) − 3x = f
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f
(

f(x)
)
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− x ≥ f(x) − x
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� � �?s��EtCwknk�$zEs ] ¨�mbn�xOm�s z o nLq��?s f(x) − x ≤ f(3nx) − 3nx
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n→∞
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f(3nx) − 3nx
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f(x) ≤ x
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x ≤ f(x) ≤ x
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x > 0
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√
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√
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54x + 7

5

K ± u0v�v-� x � f(x) = T (x)
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�>~ � } x ��u�� wOx!y g(x) ≤ f(x)
��}�� 2

27
≤ x < 1

K



\  �W

��£
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f(a) ≥ f
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√
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A
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B ∈ M2( � ) o m%vFtCwFx�n�xEq(n

(AB)2 = A2B2
UBy pkz'{Em@n�xEq'n

det(I + AB − BA) = 1
U
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q�s�� ]ubzEpkm�z�{Em'p ]

tr(S2) = 0
] vF�?s�w�m

tr(S2) = tr
(

(AB)2 − AB2A − BA2B + (BA)2
)

= tr
(

(AB)2
)

− tr
(

(AB2)A
)

− tr
(

B(A2B)
)

+ tr
(

B(ABA)
)

= tr
(

(AB)2
)

− tr
(

A2B2
)

− tr
(

A2B2
)

+ tr
(

(AB)2
)

= 0
]

¨�xOm�pkmªn�xOmªr$q�v�n)m��Zt�q�r���n<�Dpkm'vFtOr�nkv>£2pkzEu
n�xOm�x��O��z=n�xOm�v��$v
(AB)2 = A2B2

U
� ��n�xOm%¦�q �Er$md�5� 	 q�uD��r�nkzEs �7xOm�zEpkm'u ]

S2 −
(

tr(S)
)

S + det(S)I = 0 ¥ n�xEq'n�$v ]
S2 = − det(S)I

U �Oq ���?s�¬;n+pLq�w�m'v�¬ � {Em�v
0 = tr(S2) = −2 det(S)

U �7xZt�v ]
rank(S) < 2

q�s��
S2 = 0

U¤V ��5�!�/��=��� #�3+�=�-���(.�/�� ��xOzEvim�¨�xOz��Opkm'£�m'pBn+z�q {EzZ�2�n�xOm9¦�q �Er$md�5� 	 q�uD��r�nkzEs ��xOm�zEpkm�u w+q�s�z o vdm'p<{Em�n�xEq'n
tr(S) = 0

�$uD�Or��2m'v�n�xEq(n�n�xOmm'�$¬'m�s={Zq'r?tCm'vfzZ£
S

q�pkm ±λ
] ¨�xZ��r2m

tr(S2) = 0
�?u-�Er?�$m�v>n�xEq(n

2λ2 = 0 ¥ n�xOm�pkm(£�zEpkm ]
λ = 0

q�s��
S

�$v�sE��r$��z=n+m'sZn U _§�xOzZtOr2�
S = 0

] n�xOm�s
det(I+S) = det(I) = 1

U � n�xOm'p4¨%�?vdm ]
rank(S) = 1q�s��

S
�$v)v��$u9�?r?q�p nkz

T =

(

0 α
0 0

) £�zEpIvdzEu-m@s�zEs5�+©Fm'pkz;w�zEuD�Or$m��%sEt�u o m'p α
UI� ��£

u
�?v q�s�zEs5�k©Fm�pkz�{Em�wkn+zEpC�?s

range(S)
q�s��

v
�$v0vFtCwFx�n�xEq(n {u

]
v} �$v0q o q�vF�?v*zZ£ � 2

] ¨�mxEq({Em
Su = 0

� v��$s�w+m
S2 = 0

¡ q�s��
Sv = αu

£�zEp>vdzEu-m�w+zEu-�Er2m �
α
U ¡ �7xOm�pkm(£�zEpkm ]

I + S
�?v�vF�?uD��r$q�pIn+z

I + T =

(

1 α
0 1

) ] q�s��
det(I + S) = det(I + T ) = 1

U
��� ���m�����4��
���
��7�0�D6.� �Q#U�!�r6	%�'��|. �B����,�)>.�%���,r=	A0
�)+/�%r= 3r=;
�#*/�.	��
�)>��.	=	�-'i�-�-EF� . /�' �["U'5#O%8����������������m���! �"$#&%�'$#*)+�-,�� . /0
�/�1���2(/�3���.4,�25'�6 /�/���
�)8,�9;:�'O��,���=	)>. 32�<��"i $+�%��D�� $+I�-6 �<"U'	
r3�/�1(1�A*��,#&/r.4��
�)>��.4= ��'�
r3�/�1(1�A*��,-'4��A�. /�3(���r6�%��7"h#*'��0��� : �0��2(2I,�/�.	=	���0��� �	
81�
8'!�h. /0=;
�)<��3���
�/�'�����'<#&%��3�&3�/*�=	A0
�E0)B�-EO����
�)�?

GIH('IH�K|L-M&NUNUPªRiT�� )�WQViNON&Y Z�\�]*^D]O_F`OacbUd 	*©!g&ni¡c¥�p&niq 
mj>¡&© � o-©�]i]&k�g����+gQo-©�`&a��B]
� j / § n 	�j+gQ]��*]Uni¡�¦$nQj��&`F\�_�j8�+d&q � j / § n �Qj8�+d&q � ©!g&n � j;q �i©�j>n!giK

t&u0v
x1

W
x2

W
. . .

W
xn z u�{�}�~��4v-� ��u��-u w*�<x��!�fz u*��~¯~ ����� v ��w v

x1 + x2 + · · · + xn ≥ x1x2 · · · xn

K
� �-}&��u�v ��w v

(x1x2 · · · xn)−1
(

xn−1
1 + xn−1

2 + · · · + xn−1
n

)

≥ n−1
√

nn−2
W

wOx!yfy u0v-u&� � � x u�� � u x v � u*�-u��>~¯u&� �!w*� �	v�¬ K
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} ���4JO/$!<�=.���1 �(�O�d� } 3k:Z����#(�O�(�4P�hI�7,�1�#�!�5��ghI���OhB� } � U
¢EzEp

n = 2
] ¨�m�q�pkm�pkm��EtO�?pkm�� nkz��Opkz�{Em n�xEq'n

(x1x2)
−1(x1 + x2) ≥ 1�?£

x1 + x2 ≥ x1x2

U ��xZ�?v@�?vfn+pL��{Z�$q'r?r �-n+pktCm U � �Et�q'r?��n���xOzZr$�Ovf�$sbn�xZ�$vªw+q�vdm��?£Iq�s��zEsEr��;�?£
x1 + x2 = x1x2

U
§'t�����zEvdm�s�z�¨~n�xEq'n

n ≥ 3
U � �;n�xOmf�����=�>���<s�m��Zt�q�r���n<� ]

xn−1
1 + xn−1

2 + · · · + xn−1
n

n
≥

(

xn−1
1 xn−1

2 · · · xn−1
n

)
1
n

= (x1x2 · · · xn)
n−1

n

U
��xZt�v ]

(xn−1
1 + xn−1

2 + · · · + xn−1
n )

n(n−2)
n−1 ≥ n

n(n−2)
n−1 (x1 · · · xn)n−2 ] �< g¡

¨%��n�x9m��Zt�q�r���n<�;�?£7q�s��DzEsEr��;��£
xn−1

1 = xn−1
2 = · · · = xn−1

n

] ¨�xZ�2wFx��?vBm��EtO� {Zq�r$m�sZnn+z
x1 = x2 = · · · = xn

U
§'�$s�w+m

n − 1 > 1
] n�xOm y z�¨�m�pB��m'q�s �<s�m��Zt�q�r���n<�-¬ ��{Em'v>t�v

(

xn−1
1 + xn−1

2 + · · · + xn−1
n

n

)
1

n−1

≥ x1 + x2 + · · · + xn

n
¥

n�xEq'nH�?v ]

(xn−1
1 + xn−1

2 + · · · + xn−1
n )

1
n−1 ≥ n− n−2

n−1 (x1 + x2 + · · · + xn)
U �<Wg¡

� �Zt�q�r���n<�-xOzZr$�OvBxOm�pkm%��£�q�s��-zEsEr��;��£
x1 = x2 = · · · = xn

U
�¤tOr�nk�?�Or �E�?s�¬ ��  ¡ q�s�� ��W ¡ ] ¨�m�¬'m(n

(xn−1
1 + · · · + xn−1

n )n−1 ≥ nn−2(x1 · · · xn)n−2(x1 + · · · + xn)
U

��£
x1 + x2 + · · · + xn ≥ x1 · · · xn

] n�xOm�s�¨�m�w�zEs�w+r�tC��mªn�xEq(n
(xn−1

1 + · · · + xn−1
n )n−1 ≥ nn−2(x1 · · · xn)n−1

U
q�s���n�xOmDpkm��EtO�?pkm����?s�m��Zt�q�r���n<��£�zZr�r2z�¨�v U ¢�t�pLn�xOm'p+u-zEpkm ] ¨�m-xEq({Em-m��Zt�q�r���n<����£Hq�s��zEsEr��-�?£

x1 = x2 = · · · = xn

q�s��
x1 + x2 + · · · + xn = x1x2 · · · xn

] ¨�xZ�$wFxzOw�w+t�pLvf�?£*q�s���zEsEr��b��£0n�xOmDw+zEu-u-zEs-{Zq'r?tCm
x

viq(nk�$v��7m'v
nx = xn

U �7xOm�pkm(£�zEpkm ] ¨�m
¬'m(n>m��Et�q'r?��n��9��£�q�s��-zEsEr��;��£

x1 = · · · = xn = n
1

n−1

U
��� ���������4��
���
�� ��6.�0�����������B�<6;���r��'Q�U��,r
�/�'���)>3�/09�
��Q��6 %��7"h#*'��0��� : �0��2(2I,�/r.4= � �0��� �	
81�
8'�$. /*=4
�)h�h3r��
�/r'5����'�#O%8���O3�/0�I= A*
�E0)B�-EO����
�)�?��-A*
$. /*
��F,�3�� .4= ����/�� � C 3���E0)B�r��
���
�� �["i���5�!���6��U�i%�%r6>�8��'�%�= )>3���
���,�);1�'���)>3�/09�
��������r�	��
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�' ���r��
�)>' ���Q'¯#&%��3�$3�/0� 
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Q�R�����U@VLW�X�XZY9[ ��� � ]=\ X=X _a`C�F�'�*��# ��5b��1 � ����,E5E1 � �4/2h } ,�.��(��# � hK� � hB� } � U
l�m(n

k > −1 o m-q9����m���pkm�q'rIsEt�u o m�p U l�m n
a
]
b
] q�s��

c o mDs�zEs5�Fs�m�¬(q'nk� {Empkm�q'r7sEt�u o m'pLvBvFtCwFx�n�xEq'n
a + b + c = 1

q�s��
ab + bc + ca > 0

U ¢��$s��

min

{

(1 + ka)(1 + kb)(1 + kc)

(1 − a)(1 − b)(1 − c)

} U

} ���4JO/$!<�=.���1��¤!�3k:7�g�I�7,E/2,(!?�����ghK�*�CJE� .OhIj=�L,�.73��gh0���O5�!$����5b��1D/�:7����5�!�/��=� U
��xOm�pkm��EtO�?pkm��Du9�$sE�?uDt�u �?v

min
{

1

8
(k + 3)3, (k + 2)2

}

U
¢=�?pLv�n ] ¨�m�m'v�nLq o r?�?vdx�n�xOm%£�zZr�r2z�¨%�?s�¬@�?s�m��Zt�q�r���n<� [

4(ab + bc + ca) ≤ 1 + 9abc
U ��  ¡

« vF�?s�¬fn�xOm%£2q=wknIn�xEq'n
a + b + c = 1

] ¨�m�¬'m n
1 − 4(ab + bc + ca) + 9abc

= (a + b + c)3 − 4(a + b + c)(ab + bc + ca) + 9abc

= a(a − b)(a − c) + b(b − c)(b − a) + c(c − a)(c − b) ≥ 0
]

¨�xOm�pkmªn�xOmªr$q�v�nKr?�?s�mª�$vB§�wFxZt�p � v@�<s�m��Zt�q�r���n<� U ��xZ�?vB�Opkz�{Em'v ��  ¡iU
� m�q'r$viz9w+r$q'�$uan�xEq(n

ab + bc + ca ≥ 9abc
U ��W ¡

�<s���m�m�� ]
ab + bc + ca = (ab + bc + ca)(a + b + c)

= a2b + ab2 + b2c + bc2 + c2a + ca2 + 3abc

≥ 6abc + 3abc = 9abc
]

¨�xOm�pkmªn�xOmª�$s�m��Et�q'r?��n��;£�zZr?r$z�¨�v o �9q�sDq��O�Or��2wkq'nk�$zEs-zZ£Cn�xOmf�����=�>���<s�m��Zt�q�r���n<� U
�Ot�p+sE�?s�¬ o q=w��9n+zbn�xOmD�Opkz o r$m�u ] ¨�mDs�z=nkm;n�xEq(nf��n��$vªs�z=nf�CzEvFvF� o r$m;£�zEp

a
]
b
]zEp

c
nkz�m��Et�q'r

1
U ��£

a = 1
] £�zEp�m���q�u-�Er2m ] n�xOm's

b = c = 0
] ¨�xZ�2wFx ubm'q�sOvfn�xEq(n

ab + bc + ca = 0
] q�w+zEsZn+pLq=�Z�2wknk�$zEs U �7xZt�v ]

a
]
b
]
c ∈ [0, 1)

U l�m n

Q(a, b, c) =
(1 + ka)(1 + kb)(1 + kc)

(1 − a)(1 − b)(1 − c)

=
k3abc + k2(ab + bc + ca) + k + 1

ab + bc + ca − abc

= k2 + (k + 1)
k2abc + 1

ab + bc + ca − abc

U
� z=nkmªn�xEq(n

Q
(

1

3
, 1

3
, 1

3

)

= 1

8
(k + 3)3

q�s��
Q
(

0, 1

2
, 1

2

)

= (k + 2)2
U


�������� U
k2 ≤ 5

U
� mD��pkz'{Em;n�xEq'n

Q(a, b, c) ≥ Q
(

1

3
, 1

3
, 1

3

)

U §'�$s�w+m
k + 1 > 0

] q-v�n+pLq'�2¬'x=n"�£�zEp4¨�q�pk�-w+q'r2w+tOr?q'nk�$zEsDvixOz�¨�v)n�xEq'nKn�xZ�?v>�$s�m��Et�q'r?��n��;�$vBm��EtO� {Zq�r$m�sZnKn+z
k2(ab + bc + ca − 9abc) + 27(ab + bc + ca − abc) ≤ 8

U � � ¡
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��xOm%nkm�pku"�$s={EzZr {E�?s�¬
k2

�?vBs�zEs5�Fs�m�¬(q'nk� {Em ] �?s;{E�$m ¨	zZ£ �<Wg¡dU §'�$s�w+m
k2 ≤ 5

] n�xOm%r2m(£?nvF�$��mbzZ£ � � ¡ �$v�q(nªu-zEv�n
8
(

4(ab + bc + ca) − 9abc
) q�s�� � � ¡ £�zZr�r2z�¨�vª£2pkzEu �< g¡iU

��xZt�v ]
Q
(

1

3
, 1

3
, 1

3

)

= 1

8
(k + 3)3

�$v)n�xOm%uD�?sE�$u9t�ua{Zq�r�tCm�zZ£
Q
U


�������� U
k2 ≥ 5

U
� m���pkz'{Em�n�xEq(n

Q(a, b, c) ≥ Q
(

0, 1

2
, 1

2

)

U §'�$s�w+m
k + 1 > 0

] ¨�m���s��-n�xEq(nn�xZ�$v>�$s�m��Et�q'r?��n��;�$vBm��EtO� {Zq�r$m�sZnKn+z
1 + 4

(

abc − (ab + bc + ca)
)

+ k2abc ≥ 0
U

��xZ�?v xOzZr$�Ov o � ��  ¡ o m�wkq�t�vim k2 ≥ 5
U ��xZt�v ]

Q
(

0, 1

2
, 1

2

)

= (k + 2)2
�$v9n�xOmuD�?sE�$u9t�ua{Zq�r�tCm�zZ£

Q
U

� z=nk�$w+�$s�¬fn�xEq(n
1

8
(k + 3)3 − (k + 2)2 = 1

8
(k + 1)(k2 − 5)

]
¨�m vim�mDn�xEq'n 1

8
(k + 3)3 ≥ (k + 2)2

��£
k2 ≥ 5

q�s��
(k + 2)2 ≥ 1

8
(k + 3)3�?£

k2 ≤ 5
U ��xOm�q�sOs�zZt�s�w�m��-pkm'vFtOr�nH£�zZr�r2z�¨�v U
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